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In recent years, there has been a revival of interest in the phenomena of scattering at high frequencies. 
The simplest problems of this sort, in which the obstacle is either a circular cylinder or a sphere, are 
treated here. The treatment is limited to the total scattering cross sections, even though the method is by no 
means restricted in this way. The specific problems treated here include the scattering of a plane electro- 
magnetic wave by a perfectly conducting circular cylinder (two possible polarizations) or a perfectly con- 
ducting sphere, the acoustic scattering by a rigid sphere, and the quantum-mechanical scattering by an 
impenetrable sphere. 

By considering the creeping waves as defined on the universal covering space, the scattering cross sections 
of a circular cylinder may be expressed by asymptotic expansions for vanishingly small wavelengths. 
Analogous calculations yield the corresponding results for a sphere. It turns out, as expected, that the 
resulting expressions are accurate even for fairly large wavelengths. The first six terms of the asymptotic 
series are explicitly found in each case. 

In conclusion, the application of the method to the determination of the approximate current distribution 
on the obstacle is considered briefly; also some generalizations about the scattering cross section are con- 


jectured. 





1. INTRODUCTION 


N the electromagnetic theory of light, two distinct 
disciplines are often invoked to find the scattered 
field. One is the theory developed from the Maxwellian 
field equations which are supposed to be valid for all 
frequencies. The other is the theory of geometrical 
optics, valid only for very high frequencies, i.e., for 
wavelengths that are short compared with the size of 
the obstacle. In this paper, the scattering cross sections 
as given by geometrical optics are modified to extend 
their region of validity to lower frequencies for a circular 
cylindrical obstacle and a spherical obstacle with 
special properties. 
In connection with the study of this problem, the 
relevant sequence of papers consists of those of Mie, 
Debye, White, Rubinow and Wu, and Kear,! arranged 


* Work supported in part by the Office of Naval Research, 
the Signal Corps of the U. S. Army, and the U. S. Air Force. 

¢ Gerard Swope Fellow of the General Electric Company. Now 
Junior Fellow of the Society of Fellows, Harvard University. 

1G, Mie, Ann. Physik 25, 377 (1908). P. Debye, Miinchener 
dissertation, 1908 (unpublished); Ann. Physik 30, 57 (1909). 
T. T. Wu and S. I. Rubinow, Cruft Laboratory Scientific Report 
3, Harvard University, 1955 (unpublished); J. Appl. Phys. (to 
be published). G. Kear, New York University Research Report 
EM-86, 1955 (unpublished). 


in chronological order. Briefly, Debye showed that the 
scattering cross section of a sphere, as determined from 
the field equations, indeed approaches the result of 
geometrical optics in the limit of very short wave- 
lengths; and White succeeded in finding the first cor- 
rection to the geometrical-optics cross section of a 
sphere. In the last two papers listed, the result of White 
was essentially rediscovered by different methods, 
perhaps with a little addition in mathematical rigor. 
Accordingly, when the present investigation was initi- 
ated, the state of knowledge was limited to the assertion 
that at very high frequencies the difference between 
the exact scattering cross section of a circular cylinder 
or sphere and the approximation of geometrical optics 
is asymptotically given by some known constant multi- 
plying the two-thirds power of the wavelength. Further- 
more, neither the method of White nor that of Rubinow 
and Wu can be generalized readily to give higher-order 
corrections. The work of Kear actually was not available 
until after this investigation was completed; it does 
not seem feasible to get these corrections of higher 
order through his method either. 

In the present treatment, a practical procedure is 
developed to find any number of terms of the asymp- 


1201 





1202 TAI 
totic series for the cross sections of a circular cylinder 
or a sphere with simple boundary conditions. This is 
accomplished through a new technique, which is by no 
means restricted to the calculation of the scattering 
cross sections. However, in this paper the discussion is 
limited to the scattering cross sections, except for a 
passing remark in the last section about the surface 
current. Five terms in the asymptotic series are evalu- 
ated explicitly in addition to the leading term provided 
by geometrical optics. 

The method to be used here is briefly as follows. 
First, the much-discussed concept of the creeping wave 
around an obstacle is reconsidered from the standpoint 
of physics, in the sense that it is formulated in accord- 
ance with the intuitive concept and then asymptotically 
evaluated for high frequencies. In view of the question- 
able nature of the usual identification of creeping waves 
with the terms of a series, this is interesting for two 
reasons. The concept of the creeping wave is extended 
to all wavelengths, not necessarily small as compared 
with the size of the obstacle. And, even more important, 
the asymptotic formula for the creeping wave thus 
obtained is essentially different from the usual expres- 
sion given, for example, by Franz.’ At least in the case 
of the circular cylinder, the asymptotic formula for the 
far-zone field is much easier to obtain for the creeping 
waves separately. This is probably true for an arbitrary 
obstacle. By taking an appropriate sum, it is then easy 
to get the asymptotic formula for the forward far-zone 
field, and hence that for the total scattering cross 
section. 

Because of the lack of physical content in some of 
the rather tedious mathematical manipulations that are 
necessary, the detailed development is not presented 
here. Readers interested in the mathematical manipu- 
lations are referred to the author’s thesis’ or to a 
technical report,* which is available for distribution 
on request. 


2. PRELIMINARIES 


In this section, the plan of attack on the problem of 
creeping waves is outlined and the simplest problem of 
this sort is solved explicitly for later use. In the study 
of the diffraction of a plane wave by a conducting 
half-plane, Sommerfeld‘ used the fictitious two-sheeted 
Riemann space® to simulate the effect of the screen. 
More recently, Friedlander,® in studying the diffraction 
of a pulse by a circular cylinder, made important use 
of the infinite-sheeted Riemann space covering the 


2 W. Franz and K. Depperman, Ann. Physik 10, 361 (1952). 

3T, T. Wu, thesis, Harvard University, 1956 (unpublished) ; 
Cruft Laboratory Technical Report 232, Harvard University, 
1956 (unpublished). 

*A. Sommerfeld, Optics (Academic Press, Inc., New York, 
1954), p. 249 ff. 

5 Not to be confused with Riemannian space in general rela- 
tivity. See, for example, B. B. Baker and E. T. Copson, Huygen’s 
Principle (Clarendon Press, Oxford, 1950), p. 129. 

*F. G. Friedlander, New York University Report EM-64, 
1954 (unpublished). 
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exterior of the cylinder. Since the solution for the 
harmonic time-dependent problem can be obtained by 
integration once the pulse solution is known, the total 
field due to the diffraction of a cylindrical harmonic 
wave by a circular cylinder also has a definite meaning 
on this artificial Riemann space. Alternatively, this 
total field may be found more directly by solving the 
reduced wave equation (A+’)y=0 on the Riemann 
space instead of the conventional Euclidean space. 

This consideration naturally suggests the following 
procedure, at least for two-dimensional problems. Con- 
sider the diffraction of a known field by a set of non- 
intersecting impenetrable domains (closed sets). The 
appropriate linear field equation—in particular, the 
reduced wave equation—is solved not on £, the region 
outside of all these impenetrable domains, but on the 
universal covering space’ of E. This solution then gives 
complete information about the creeping wave structure 
of the total field. The term “creeping wave” is used in 
this paper to denote a wave creeping around the 
obstacle. This is intuitively clear but the precise 
formulation is not entirely trivial and is given in the 
Appendix. Loosely, the universal covering space of E 
may be thought of as the simply-connected many- 
sheeted space with the same local structure as E. If 
the creeping wave structure is known, that is, the 
solution is known on this universal covering space, then 
the required solution on E may be found by adding up 
the values of the solution on the universal covering 
space at the corresponding points. The situation may 
be easily visualized in the simplest case where the 
space £ is doubly connected. In this case, consider a 
stack of identical copies of Z. Let each of them be slit 
along some line and then glue each edge to that of the 
next copy in the simplest manner. The resulting simply- 
connected space is the required universal covering 
space. To get the final answer on £, it is only necessary 
to add up the values of the solution at the corresponding 
points of the various copies of E. If the space E is of 
higher connectivity, then the process of slitting and 
gluing will be more complicated, although not funda- 
mentally different. Of course the diffracted field on E 
may be found by subtracting the incident field from 
the total field on EZ. The diffracted tield in general has 
no creeping-wave structure by itself, because the inci- 
dent field may not be defined on the universal covering 
space. 

A serious complication arises from the fact that no 
radiation condition is known for a space that is not 
Euclidean. A good rule to follow is to use Hankel 
functions of the first kind, even if the index is not 
integral. In the remainder of this section the simplest 
nontrivial creeping-wave problem is solved, namely, 
the problem of the diffraction of a scalar plane wave by 
an infinite straight line or cylinder of zero radius. In 
this case, the total field is verified to be actually causal ; 


7 This deviates somewhat from the standard terminology. 
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this indicates that it is admissible to follow the 
above rule. This problem is interesting since in the 
proposed line of investigation a knowledge of its solution 
is @ prerequisite to the study of the creeping waves 
around a circular cylinder of finite radius. For this 
purpose, let a polar coordinate system be set up as in 
Fig. 1. The set E consists of the entire Euclidean space 
except the origin. This is a doubly-connected region 
and it is clear what its universal covering space R is. 
Let the polar coordinate be extended onto R in the 
obvious manner. The fundamental sheet of R, defined 
by —1<0<€ 1, 0<r<~™, is called Ro and has a natural 
one-to-one correspondence with E. 

The resulting total field is constructed by taking the 
limit of the Green’s function for R. For that purpose, 
let a unit source-point be at (7,0), and the induced 
field be G(r,ro; 0). Let rs be the larger one of r and fo, 
both positive, and r< the smaller one. Since for »20 


2 
(A+R?) J, (kr<)H,™ (krs)e+i”? =—8(r—ro)et”?, 
To 


it is clear that 


1 C4) 
G(r,ro; 6) --f Ji» (kr<)H\,\ (krs)e*”*dy. (2.1) 
4 


@ 


And hence the total field due to the plane wave e~*** 
is given by 


1 
y*°t(r,0) = lim G(r,ro; 8) rf —Hy™ (kro) 
ry 4 


=2f J, (kr)e-’*? cosvOdv. (2.2) 
0 


This is the desired expression for the creeping waves. 
As an application, it may be remarked that the solution 
of the problem of diffraction by a wedge of arbitrary 
angle may be obtained from (2.2) by summation. 

A few things may be done with this result. First, 
the various creeping waves may be added together. 
Thus, by the Poisson summation formula, 


ao 


: yt(r, 6+2nr) = ge ikr cos8 — Wine(y @), 


n=O 


(2.3) 


Note here that since the left- and the right-hand sides 
are defined on different spaces, they can only be com- 
pared through the correspondence between Ro and E 
or through the polar coordinate system. Equation (2.3) 
is a well-known result. 

Secondly, the total field induced by the scattering of 
a plane pulse by a line may be found. A subscript k 
may be used to indicate the wave number. When & is 
replaced by —&, it follows from Wxi"°(r,0) =p_xi®™ (1,0) 
that y,'°t(r,0)=y_.t°*(r,0) where * means complex 
conjugate. This is satisfied formally for (2.2) provided 
the value of J, is taken on the principal Riemann 
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Fic. 1. Coordinate system for the scattering by a 
cylinder of zero radius. 


sheet. For the plane pulse, the field is represented by 
Wa'n°(r,0; )=68(r cosd-+ct). Therefore 


1 oo 
vs't(r,0; p-—f Pit°t(r,P)e-iRetdk 
2r/_» 


-f F(r,v; t) cosvOdy, 
where . 


1 C) 
F(r,v; panei f J, (kr)e—**e'dk. 
us —oo 


The function F may be found by integration as follows: 


F(r,v; t) 


2 T ct 
-(r—f)-} cose(“+sin-*— ) for r>ct, 
2 r 


Tv 


2 r : 
—=(¢#—1y4(—__— ) sine for r<ct. 


7 at+(e?—r*)! 
Another integration gives, for r>ct, 


5(r cosé+ct) for 


|0| <x, 
pst (r,0 ; t) - 
0 


otherwise. 


Correspondingly, for r <ct, 





1 6—7 
tot(r 9; 1) =-(CP—# +( 
sili “ a [cosh!(ct/r) P+ (@—7)? 





O+7 
[cosh~!(ct/r) P+ ee 


These two formulas verify that the field is indeed 
causal by definition. 

Thirdly, asymptotic formulas for the total field are 
found, to be used later. If r—© with @ fixed, there 
are three distinct cases depending on the relative 
magnitude of 6 and =. First let |@| >2. It is found that 


Pi 


0 
—argH,®(kr)>0, ——argH,® (kr) <0, 
Ov ov" 


Tv 


0 
—argH™(kr)|,.o=— for v20. 
Ov 2 
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Fic. 2. Coordinate system for the scattering by a circular cylinder. 


Hence if J, is replaced by }(H,%+H,®) in (2.2), the 
resulting integrals have no point of stationary phase, 
and an integration by parts gives 


Ho™(kr) for |0|>x (2.4) 


as kr—+e. Equation (2.3) furnishes the required infor- 
mation for all the other cases. Thus, as kro, 


Y't(7,0) ver ttr cont. —__H74()(er) for |6|<m, (2.5) 


and 


yt(r, +1)~hetitr— * A (kr). (2.6) 
4 


3. CROSS SECTION OF AN INFINITE 
CIRCULAR CYLINDER 


In this section, the radiation field caused by the 
scattering of a plane wave by an infinite circular 
cylinder is studied. The polarization is first assumed 
to be such that the electric field vector is parallel to 
the axis of the cylinder. The other polarization is 
considered in the next section. Let a polar coordinate 
system be set up as in Fig. 2, and the boundary condi- 
tion to be used is that ¥*°t(a,0)=0, where y**t is defined 
on R as before. The simplest procedure here is to use 
the total field, given by (2.2), as the incident field yi"*. 
It then follows directly from the boundary condition 
that 


¥*°(1,8) =y'°*(7,0) —y'?°(r,) 
“ H,™ (kr) 
=—2] J,(k 
f (ka) H,™ (ka) 


As kr—, this gives the radiation field 


€-”*2 cosvbdy. (3.1) 


v*°(r,0)—>—2H™ (kr) {= €-** cosvOdv. (3.2) 


H oa a) 


Therefore, the far-zone field is completely specified by 
the function 


fO)=fi@)+2 fz Patan: (3.3) 


, (ka) 
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where, according to (2.4-6), 

wi/(P—2*) for 
i/4a for 
As a shorthand, let 


x f= f0-+2nm); 


then the scattering cross section op is given by 
op = (4/k) Red’ f(x), (3.4) 


where “Re” means “the real part of.” Note that 


f@)=f(-@). 
Let «= ka for simplicity ; then 


|0| #m, 


fi@)= 1 lalad. 


A 
f(0)= fu(0)+ in| f e-*”* cosvOdv 


1H) 
Hf 7° var] ee 


The second integral in this expression diverges as 
A-—>. In this case and a number of other cases, it is 
very desirable to give a meaning to divergent integrals 
of this variety in order to save the trouble of compli- 
cated limiting processes, which tend to obscure the 
real issue at hand. For the problems treated here, it is 
simplest perhaps to use the Abel summability, i.e., 


r= fp 


in the Abel sense if 


0,2 
= ji el x] 
lim [10 dx. 


In this sense, (3.5) may be rewritten as 
(‘1 p® Hy (x) 
-f ——¢ (9) dy 
2/_.. H,™ (x) 


1 A H,® (x) 
-lim [4+ ant" | for 0=7. 
ar —« Hy (x) 


In case 9>-, the integral may be reduced to a residue 
sum by closing the contour of integration by a large 
semicircle in the upper half-plane. The result is that 


H,®(k) 
H,® (x)’ 


where yv; is the jth zero of H,“(x). This equation is 
exactly true. However, as x->~, each term in the series 
is exponentially small compared with the previous term. 
Hence, in the sense of Poincaré,’ the asymptotic 

8 See, for example, E. T. Whittaker and G. N. Watson, A 


Course of Modern Analysis (The Macmillan Company, New York, 
1943), p. 151. 


for 6>0 and 07, 


(3.6) 





fO)=ni Ze lim (v3) (3.7) 





HIGH-FREQUENCY SCATTERING 


expansion for f(@) is completely identical with that of 
the first term. The leading terms in the asymptotic 
series for v; are 


wfisen()} 


where x is the first zero of Jiys+J_1/3; numerically, 
x= 2.3834466. Hence the asymptotic expansion of f(@) 
is of the form 


am V3re'r/3 Jus() (=)~ 
J 23(*) —J—2j3(x) \ « 


Xexpl —435/6y2/3,1/3 (6—- 1) | 
Xexp{ix(@Q—r)[1+4(3x/x)?*]} 


X {1+-power series in x}. 


(3.8) 





(3.9) 


The existence of the exponentially decaying factor in 
this formula is the basic reason why the concept of 
creeping waves is particularly useful at high frequencies. 
From geometrical optics, it is known that x=O(> f(x)) 
as x0, Hence it can be shown that, in the sense of 
Poincaré, the functions }> f(r) and 2f(7) must have 
exactly the same asymptotic series in inverse powers of 
k as x. This observation is most important in the 
determination of the asymptotic series of the scattering 
cross section. Physically, it means that, for a circular 
cylinder in the high-frequency limit, the scattering 
cross section is determined entirely by the grazing rays 
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in the terminology of geometrical optics; all of the 
more complicated creeping waves around the cylinder 
contribute nothing. It may be conjectured that this is 
true for any impenetrable convex obstacle provided its 
boundary curve is infinitely differentiable. 

The remaining part of this section is devoted to the 
determination of the asymptotic expansion for f(z). 


From (3.6), 
Ps) : 2 
dv+ f «) dy. 
0 H,™ (x) 


Vo 1 ~ (2) ) 
fart 
xs H,™ (x) 

This is true for any vo, which will be chosen later. For 
the asymptotic evaluation of (3.10), the formulas of 
Cherry® may be used. Without worrying about routine 
rigor, it can be seen that f(a) may be obtained correctly 
with appropriate order of magnitude for the error, when 
the Cherry formulas are directly used in (3.10). For 
this purpose, it is clear that the variable of integration 
should be changed from » to the new variable v= v*¢, 
using Cherry’s notation. It is thus necessary to express 
v in a series involving »v. The first six terms in the 
expansion for v has been found, the leading term being 
x. The number six is a compromise, for, on the one 
hand, the required amount of labor increases rapidly 
with the number of terms, and on the other hand, six 
terms seem to be sufficient for all reasonable purposes 
at the present time. The main idea is to perform a 
perturbation calculation on the series for ¢. To get six 
terms, one perturbation is enough. The result is 


2% 
NM 
7361 n\ 08 
ome 
2 


23284800 


(3.10) 


281 29 
25200 





73769 





This can be used in (3.10), with vo chosen such that v(vo)=0, or 
vo=KL1— (1/70)x?+ - - +]. 


Consequently, f(7) is given by 
A,(e-**!8y) dy 

fte)=-| mf Seek 
A, (e®*/8y) dv 
where dy/dv is a polynomial in ». If 
M.= f 


A; (em i27/8y) 


A ,(e*/y) 
then from (3.11-13) 


2f(x) 1 ~~. = a\ 3 1 
-1+-11o(*) +—us(*) - (et — 
K 2 2 60 2 2800 280 


K\ ~8/8 
ag oe 
2 4191264000 





281 29 
a ( M;3+ 
2268000 25200 
This gives the desired answer when the electric field is parallel to the axis of the cylinder. 
*T. M. Cherry, Trans. Am. Math. Soc. 68, 224 (1950). 
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- A,(v) dy 
—de— f ¢-aeh___. __ do} (14009), 
A A;(e®*!%y) dp 


sad A,(v) 
f gq trht__% d: 
0 A,;(e**/8y) 


MG) 


7361 
11642400 


73769 
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4. ALTERNATIVE PROCEDURE AND THE SOLUTION 
FOR THE OTHER POLARIZATION 


Although the procedure presented in the last section 
is a natural one, it has the serious limitation of depend- 
ing critically on Cherry’s formula. If the incident field 
is polarized such that the magnetic field vector is 
parallel to the axis of the cylinder, it is necessary to 
have a corresponding formula for the first derivative of 
the Bessel function in order to carry through the 
analogous calculation. Such a formula probably does 
not exist, since the differential equation for Z,’(x) has 
an apparent singularity” at x=. In any case, it is very 
desirable to have an alternative approach and for this 
purpose the formulas of Schébe" may be used. With the 
formulas of Schébe, the investigation of the case of the 
other polarization can be made along the same line, 
although it is somewhat more complicated. On the 
other hand, there is some uncertainty about the region 
in the v,« plane where the Schébe formulas are valid. 
The check of the answers in the first case shows the 
validity of the procedure, although it may be necessary 
to use the uniform asymptotic series of Olver" in the 
second case in order to be mathematically rigorous. 

To apply the Schébe formula, integrals of the 
following kind have to be evaluated: 


i P(&)p1(€) +O (é)pr'(&) . 
0 — P(8)pa(t)+0(pr/() 


where p; and p2 are two solutions of the Airy differential 
equation 





(@/d?— &)p,(€)=0, (4.1) 


p’ (€) = (d/dé)p(€), and Q(£) is assumed to be small com- 
pared with P(&) in some sense. Let 


R(é)=Q(é)/P(é), 
p(t) =pi(£)/p2(€); 
then the integral under consideration is 
” - 1’ (€)/p1(€) — 2’ (€)/p2(E) 
fo otoaet [oon ee 
0 0 1+R(E)ps' (£)/p2(€) 


The second integral here may be written as 


4 1 1 “fee tee 
[Teeowein) Gees 
; ‘ae : Va 
@i@ 


1 
4-—Rt—_4.—_ Ra 
6 d#& 24 de 


(4.2) 
(4.3) 


and 





+:: a 


If P(é) and Q(€) are the series given by Schébe, then 
a direct algebraic calculation together with an inte- 


0 See, for example, E. L. Ince, Ordinary Differential Equations 
(Longmans Green and Company, London, 1927), p. 406. 

1 W. Schébe, Acta Math. 92, 265 (1954). 

2 FW. J. Olver, Trans. Roy. Soc, (London) A247, 328 (1954). 
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gration by parts yields the following result : 
: Pm) +m (® 
0 P(E)pa(€)+Q(E)p2'(é) 


to 1 fe. 3 K\ Hl 
-{ o(@| 1+—2(-) - (5) 
0 30 \2 1400 \2 
281 29 i 
ZN) 
1134000 126007 \2 


73769 7361 x\ 88 
(setae aN) 
2095632000 5821200 2 











a, 


1 sey 1 
-—(*) 6(0)-——9'(0)._ (44) 
140 \2 39200 

Equation (3.15) then follows directly from (3.10), the 
formulas of Schébe, and (4.4), with the terms involving 
p’ (0) cancelled out. 

Attention is now directed to the problem of the other 
polarization, namely, the determination of the asymp- 
totic expansion for the scattering cross section of a 
perfectly conducting cylinder with the incident plane 
wave polarized such that the magnetic field vector is 
parallel to the axis of the cylinder. Let a bar be used 
to designate quantities pertaining to this problem as 
distinguished from the corresponding quantities for 
the problem in the last section. Thus, for example, 
pin°(r,6)=yine(r,@). Since the boundary condition is 
(0/dr)y*t(a,0) =0, it corresponds to (3.3) that 


© J,’ (ka) se 
{O=f:)+2 d H,”’ (ka). cosvOdy. (4.5) 


In particular, analogously to (3.6), 


AH)’ (x) 


—drl. (4.6) 
_@ H®' (k) 


1 
f(r) =-lim E + 
2 An 


By reasoning completely analogous to that in the 
beginning of Sec. 3, it is found that, in the sense of 
Poincaré, the functions } f(x) and 2f(x) have exactly 
the same asymptotic expansion in inverse powers of x 
as KO, E 

The determination of the asymptotic series for f(7) 
is even more laborious than for f(a). When Schébe’s 
formula is used an evaluation of the following kind of 
integral is necessary : 


¢ P(e)p1()+0(8)p1' (0) 
0 P(£)po(¢)+(2)pr'(8) a 


where P(£) and Q(£) are again the series given by 
Schébe in connection with the formulas for Z,’(x). This 
is formally the same as the previous expression, except 
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that P(£) is assumed to be small compared with Q(é). 
Thus let 
b(E)=pr'(£)/pe' (€); (4.7) 


f P(é)p1(€)+Q(8)p1' (8) 








hoo +00 
2 az=( p(eaet [- 
© POp()+00r'(® f ‘ “t ( 





281 611 
-( Dan acon 


g 
4536000 126000 3000 ~ 3000" 


120000 
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The long integral is not further integrated by parts. 
The reason will be clear later. If (4.8) is used to evaluate 
(4.6), it may be seen that for <0, p(£) has the form 


ss nf Ai(e-2=ls é Ai(e2*/3 
coon [aie *8)] rs spitilerene)} 


and for ¢>0, it has the form 


—i2 * Ai d e i2 13 
~e at TAK] [ia ng). 


Hence p’(€) has the same form for <0 and &>0. 
Because of the complexity of (4.8), let the symbol 
lim.40/ be introduced to mean the finite part in the 
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Finally, substitution of (4.8)—(4.11) in (4.6) gives 
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then a similar calculation gives, with the lower limit of 
integration replaced by a small positive « to avoid 


divergence, 
—4/3 
“390 
2 


1679 
1108800 


56299 
g 
24948000 


73769 
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limit e—0 in the sense of a Laurent series expansion. 


For example, 
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This is the desired answer when the magnetic field is 
parallel to the axis of the cylinder. 


5. SCATTERING BY A SPHERE 


In the last two sections, the scattering cross section 
of an infinitely long circular cylinder has been obtained 
in two cases of physical interest. It is natural, then, to 
try to do the same for the sphere. Unfortunately, for 
reasons to be given in the Appendix, the present 
method of solving creeping wave problems does not 
work satisfactorily for three-dimensional obstacles of 
finite size. An alternative, and admittedly less satis- 
factory, procedure is given in this section for the 
determination of the scattering cross section of a sphere. 
The main idea is to compare the problem of a sphere 
with that of a cylinder. This is another reason why 
the scattering cross section of a cylinder has been 
considered first. 

There are essentially three different problems of 
scattering from an impenetrable sphere, depending on 
the nature of the incident plane wave. Of the three, 
the most important is the quantum-mechanical scat- 
tering of a free particle by an impenetrable spherical 
core. This approximates some nucleon-nucleon scatter- 
ing at very high energy. Mathematically, the solution 
of this kind of problem is the determination of a 
function satisfying the reduced wave equation with the 
Dirichlet boundary condition ¥(a,0)=0. Secondly, there 
is the problem of the acoustic scattering by a rigid 
sphere. In this case, the velocity potential satisfies the 
Neumann boundary condition (0/dr)y(r7,0)=0 for r=a. 
Thirdly, there is the problem of the scattering of a 
plane electromagnetic wave by a perfectly conducting 
sphere. These three problems are now studied in turn. 

In the first problem the function of interest is 


jn(x) 


F\= 
x ” mH) n(x)’ 


n=0 


(5.1) 


where x=ka as before, and j and h® are spherical 
Bessel functions of the first and third kinds, respectively. 
The quantity F, is actually the forward scattering 
amplitude. The scattering cross section is related to 
F 1 by 


op = (4r/k*) ReF. 
The analogous expression for the cylinder is 
2 én Jn(x) 
o=02 Hy (sr) 


(5.2) 


By comparison with (3.3), it can be seen that the 
Poisson summation formula should be applied to (5.1) 
to yield 


o oO 


F\= > 
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Accordingly, from (5.3), insofar as the asymptotic 
series in the sense of Poincaré is concerned, 
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o "TO 
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(5.6) 


The last term may be evaluated as follows: 


> is pe@t(r—t) andy — :s (—ayee f pe2™*"dy 
0 0 
~ (—1)*4 1 

=>) =—, (5.7) 
1 2n'n? 24 

This answer may also be obtained from lim[>- (n+) 

— f vdv], if the limiting process is understood to be in 

the sense of second-order Cesaro summability. Substi- 

tution of (5.7) into (5.6) yields 


F\~Gi, (5.8) 


4H) A) 1 
G= lim| jf a shy (5.9) 


Equation (5.9) is very similar to (3.6). 
If Cherry’s formula is used to evaluate G;, the 
procedure is straightforward and the result is 
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This is the desired answer for the scattering cross The corresponding G functions are 

section of an impenetrable spherical well in quantum 

mechanics. 2 “fe 17,2) (x)] 
The other two cases will now be treated together. A? 

Referring to (5.1), the corresponding function for the 2= lim Ses — ata 


acoustic or Neumann case is 
“Oe 1H, (x)] 
jn’ (x) 
F,= 3 (2n +1) : (5.11) a 
n=0 h,®’ (x) “FAH, (x)] 
d that for the el ic case i ‘ 4 0K A? 1 
and that for the electromagnetic case is G3:= lim f yp——————dv+— +e (5.15) 
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By comparison with the case of the circular cylinder, 
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It is now required to consider integrals of the following kinds: 
ans fl ‘ (<) | ; [ oe (: ) se (5.19) 
wd ICP (8)a(8)+O(6ps' (OPLP(ox(8)+O@ps'(®) 7 ; 


with O<n< 3. Integrals of this type may be evaluated by the procedure given in the last section. A few more 
pages of calculation yield the following results: 
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and 
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These formulas give all the desired information about the scattering cross sections for the acoustic scattering 
by a rigid sphere and the electromagnetic scattering by a perfectly conducting sphere. 


6. CONCLUSION AND DISCUSSION 


With the procedure outlined, it is only necessary to 
evaluate the integrals M, and M,, in order to get the 
desired numerical answers for the scattering cross 
sections. The main idea of the evaluation is to convert 





Mo=1.25507437e!*!3, 
M.2=0.0935216, 
M = 1.0992¢%*'3, 
M,=—0.93486491e""®, M, 


M;= —0.757663e'"", M 





the integrals into residue series. It is rather complex 
to carry out the conversion because of the necessity of 
interpreting the integrals in a special manner. After 
the numerical summation of the residue series, the 
results are 


M ,=0.53225036e?*'s, 
M;=0.772793¢e'*', 
M = —1.088874119e*"!8, 


—0,1070199, 
—1.1574¢2*!5, 


M_2= —3.70409389e-**/8,  M_3=0.41682138¢-**!3, 


M_.=3.17579652, 
M_¢=2.06575721¢e-®*'8, 


M_s= 2.55965945+3.12247506¢-‘*!, 
M_s= —1.36515171—2.94764528¢-i*8, 


The expressions for the total scattering cross sections are then 


op /4a= 1+0.49807659 (ka) *—0.01117656(ka)—** —0.01468652 (ka)? 


+0.00488945 (ka)-8°+-0.00179345(ka)-W84-.., 


on /4a=1—0.43211998 (ka)-**—0.21371236(ka)—*+-0.05573255 (ka) 


—0.00055534(ka)-®*+-0.02324932(ka)-14 . . 


op”) /2ma?= 1+0.99615319(ka)-?* —0.35764983 (ka)—**+-0.2275982 (ka)? 


—0.0072753 (ka)-**— 0.007443 (ka)-4.-- «, 


ov /2ma?= 1—0,86423996 (ka)-2*—0,4162852(ka)—”*+-0.7352097 (ka)? 


— 0.0298539 (ka)~*/*+-0.058616 (ka) - - -, 


og) /2ma?= 1+0.06595661 (ka)~**+-0.7797489 (ka) — 2.8713350(ka)~ 


These series are asymptotic expressions for ka—. In 
each of the numbers given above, the last place may 
be inaccurate. The values of the Airy integrals are 
taken from a table by Miller.” 

Since exact computations exist only for intermediate 
values of ka, a comparison is made for 1< ka< 20. This 
is given in Fig. 3 for the first four of the above cases. 
For ka< 10, the exact curves are computed from known 
values of the phase shifts.‘ Additional points for 
ka=15, 20 are obtained by direct summation of the 


J. C. P. Miller, British Association Tables (Cambridge 
University Press, Cambridge, 1946), Part-Volume B. 

“A, N. Lowan ef al., National Defense Research Council 
Report NDRC 62. 1R, 1945 (unpublished), 


—0.3385447 (ka)-**-+.0.058460(ka)-24 + «, 





series expansions. The agreement is excellent as shown 
in Fig. 3. The exact curve for the fifth case has not 
been computed. 

Perhaps a most interesting fact is that, for a circular 
cylinder, the contribution to the asymptotic expansion 
for the forward field comes entirely from the grazing 
rays. In a talk presented at the URSI Symposium, 
Michigan, 1955, J. B. Keller has conjectured this to be 
true for the first term of the asymptotic expansion. If 
this is considered to be a general property of high- 
frequency scattering phenomena, then the following 
conjecture may be stated. Consider the two-dimensional 
scattering problem of a scalar wave by an obstacle 
with either Dirichlet or Neumann boundary condition. 
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Fic. 3. Comparison of scattering cross sections. (a) The scattering cross section of a circular cylinder with Dirichlet 
boundary condition; (b) the scattering cross section of a circular cylinder with Neumann boundary condition; (c) 
the scattering cross section of a sphere with Dirichlet boundary condition; (d) the scattering cross section of a sphere 
with Neumann boundary condition. In these diagrams, curve I gives the result obtained by geometrical optics with 
one correction term, and curve II gives the result obtained by geometrical optics with two correction terms. 


If the obstacle is strictly convex and_the boundary 
curve is infinitely differentiable, then 


(\)=o(0)+ 5 antrnn, 


n=0 


where \ is the wavelength. Furthermore, a, depends 
only on the first »+2 derivatives of the boundary curve 
-at the shadow boundary points. In particular 


ao= C(ri'+r2!), 


where r; and re are the radii of curvature at the two 
shadow boundary points, and C is to be determined by 
comparison with the case of the circular cylinder If 
the obstacle is symmetrical about the shadow boundary 
points, ¢,=0 for all odd n. 

As an application, consider the case of an elliptic 
cylinder as shown in Fig. 4. Then the foregoing con- 
jecture leads to 

op*/4b= 1+0.498076595 (kb?/a)-!+- - -- 
and 

on*/4b= 1—0.43211998 (kb?/a)-?+ - - -, 
for all positive a and b. Similar statements may be 
made for three-dimensional problems with an axis of 
symmetry. 


Finally, the possible development from procedures 
of this type may be anticipated. For the case of a 
circular cylinder or sphere, the machinery as developed 
here is in no way restricted to the computation of the 
total cross section. For example, it may be used to 
study the structure of the creeping wave at finite points. 
Or else it may be used to obtain the asymptotic expan- 
sion of the current near the shadow boundary, in the 
cases of electromagnetic scattering. For the cylinder, 
the result is as follows. The first approximation to the 
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Fic. 4. Scattering 
by an elliptic cylin- 
der. 


INCIDENT 
PLANE 
WAVE 





1212 


current is the Fock current," and higher order approxi- 
mations are furnished by appropriate combinations of 
the derivatives and integrals of the Fock current. When 
the near-zone calculation is carried out, it is found that 
the general structure is rather independent of the fact 
that the obstacle is of the particularly simple shape. 
At least for convex obstacles with analytic surfaces and 
bounded radii of curvature, this yields an extension of 
the eiconal solution"*® into the shadow region. This kind 
of consideration may also decide the validity of the 
above conjecture about the scattering cross section. 


ACKNOWLEDGMENTS 


For their guidance and encouragement, the author 
is indebted to Professor Ronold W. P. King and 
Professor John H. Van Vleck. He also wishes to thank 
Mrs. Gisela M. Thomas, who either carried out or 
checked most of the numerical calculation. 


APPENDIX. CONCEPT OF CREEPING WAVES 


In this Appendix, the relation between creeping 
waves and the spaces E and R is discussed for rather 
general situations. In Fig. 5 are drawn three curves 


c 


Fic. 5. Wave paths. 


connecting the points Py) and P. Each curve remains 
in E. Loosely, a wave originating at Po may arrive at 
P through any of these curves. In the intuitive sense, 
and also suggested by the work of Friedlander, it is 
expected that it is impossible to distinguish between 
waves arriving at P through curve B or curve C, but 
the wave through the curve A is of a different nature. 


%®V. A. Fock, J. Phys. (U.S.S.R.) 10, 130 (1946). 


16 Keller, Lewis, and Seckler, New York University Report 
EM-81, 1955 (unpublished). 
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This intuitive feeling is the basis for the concept of 
creeping waves, and may be restated as follows. In the 
scattering by impenetrable obstacles, the path of the 
wave should be regarded as the homotopy class of 
curves joining the initial point and the end point. 
Topological concepts are very useful in this discussion, 
although they are avoided in the main text. 

Next, how is this idea of a wave path related to the 
space R? To answer this question, it is necessary to 
give a brief definition of the universal covering space. 
Let E be a connected, locally arcwise connected, 
metric space. Let Po be a point in E. Define the metric 
space F to be the class of all continuous functions on 
the closed unit interval [0,1] into EZ such that 0 goes 
over to Po. The metric is given by 


(fi, fe) si — p(fi(t), fe(d)), 


where p is the metric in EZ. Let R be the set of all arc 
components of sets of functions satisfying f(1)=P with 
P in E. Then there are unique mappings M from F to 
R and N from R to E such that f is in M(f) and 
MN f=f(1). The space R has a natural topology, and 
in fact has a local metric structure similar to that of 
E because every little disk D in E has a one-to-one 
correspondence with any component of N-'(D). The 
space R is here called the universal covering space of 
E. With this definition, the correlation with the physical 
situation is simple. The space F is just the class of all 
continuous curves (parametrized) in the physical space 
E, and the space R is just the set of all wave paths 
mentioned before. Since the various creeping waves 
must satisfy the same field equations as the total field, 
they may be found by solving the field equations in R. 
This makes sense when the field equations are differ- 
ential equations (of finite order), because R has the 
same local metric structure as £. In the simple two- 
dimensional problem where the obstacle is a point, E is 
the punched plane, and R is the familiar Riemann 
surface associated with the punched plane. 

It should be noted that this idea works only in the 
case of two-dimensional problems. In the case of three- 
dimensional problems, the space £ is in most cases 
simply connected, and hence R is homeomorphic to E. 
Yet somehow from intuition, there should still be a 
nontrivial creeping wave structure. There is still a 
certain amount of work to be done in this direction. 
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Values of a/p, the first Townsend coefficient divided by the 
pressure, reproducible to a few percent were measured in hydrogen 
and nitrogen by the standard Townsend procedure for the range 
of pressure fp times electrode separation d of 100 to 800 mm 
HgXcm. Values of a/p were obtained for the range of field 
strength to pressure ratio E/p of 14 to 22 and 30 to 45 volt cm 
(mm Hg) in hydrogen and nitrogen, respectively. Current- 
voltage measurements at constant values of » and d taken to 
within 0.05% of the breakdown potential check the consistency 
of the a/p measurements and demonstrate the existence of the 
second Townsend coefficient y for pd values as high as 750 in 
nitrogen and 800 in hydrogen. The primary multiplication at 
breakdown is only about 10° for both gases, and the existence of 
7 is necessary to account for total multiplications of 10° measured 


just below breakdown. The values of y are reproducible to within 
about 20% for fixed values of », d, and E/p, provided the nickel 
cathode used is not unduly abused by heavy currents. The values 
of y are about 10% for values of E/p of about 20 in hydrogen and 
40 in nitrogen, and were found to be unfalsified by space charge. 
Measured values of the breakdown potential in both gases are 
given within experimental error by the Townsend condition 
(e*4—1) = 1. Variations of the state of the nickel cathode for both 
gases at constant and d give rise to changes in both y and the 
breakdown potential in accord with the Townsend condition. 
Alternately, values of the breakdown potential may be used with 
accurate values of a to obtain precise values of y from the 
Townsend condition. 





INTRODUCTION 


NTIL recently, it had been generally accepted that 
at values of products of pressure p and electrode 
separation d greater than 200 mm HgXcm,' gas 
amplified currents in uniform dec fields up to breakdown 
follow the Townsend equation 
I=Ie*, (1) 
where a is the first Townsend coefficient, J is the current 
in the gas, and J» is the initial electron current at the 
cathode.2~* Equation (1), which represents a current 
without a secondary mechanism, is inadequate to 
account for the phenomenon of breakdown, and failure 
to observe experimental deviations from this equation 
up to breakdown at pd>200 led, among other con- 
siderations, to the development of the streamer theory 
to account for breakdown in the high pd region.° 

However, recent measurements of formative time 
lags of uniform field breakdown at low overvoltages in 
a number of gases at values of pd>200 indicate the 
existence of a secondary mechanism preceding break- 
down.*-* This secondary mechanism was identified as 

* Supported by the Office of Naval Research. For a preliminary 
report of this work see Phys. Rev. 100, 1227 (1955). 

1 The units of p and d are given in mm Hg and cm, respectively, 
throughout the paper; the unit of field strength E is given in 
volts/cm. 

2L. B. Loeb and J. M. Meek, The Mechanism of the Electric 
Spark (Stanford University Press, Stanford, 1941), p. 29. 


3L. B. Loeb, Spark Breakdown in Uniform Fields (Office of 
Naval Research, Department of the Navy, Washington, 1954), 
69 


P L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley and Los Angeles, 1955), p. 751. 

5 J. M. Meek, Phys. Rev. 57, 722 (1940); H. Raether, Arch. 
Elektrotech. 34, 49 (1940); Z. Physik 117, 375, 524 (1941). See 
also references 2 and 3. 

®L. H. Fisher and B. Bederson, Phys. Rev. 75, 1324, 1614 
(1949) ; 81, 109 (1951); H. W. Bandel, Phys. Rev. 95, 1117 (1954) ; 
M. Menes, Phys. Rev. 98, 561 (1955). 

7G. A. Kachickas and L. H. Fisher, Phys. Rev. 88, 878 (1952); 
91, 775 (1953). 

8. Lessin and L. H. Fisher, Phys. Rev. 93, 649 (1954). 


photoelectric action at the cathode. In fact, a satis- 
factory equation for describing quantitatively the 
formative times of breakdown as a function of over- 
voltage was derived on the basis of such a secondary 
mechanism.’ Furthermore, recent static ionization cur- 
rent measurements in air and in nitrogen at pd~600, 
using the standard Townsend method, indicated directly 
the existence of a secondary mechanism below break- 
down by deviations from Eq. (1). These measurements 
permitted some evaluations of the second Townsend 
coefficient y from the equation 


I =Ige%4/[1—y(e%4—1) ]. (2) 


In the present work, prebreakdown currents in 
hydrogen” and nitrogen were measured with the pur- 
pose of verifying Eq. (2) at high pd with potentials as 
close to breakdown as practicable. An experimental 
procedure somewhat different from the standard one of 
Townsend, and having certain advantages over the 
latter method, was used for determining y. In addition, 
the corresponding breakdown potentials were measured 
to test the Townsend breakdown condition. As a by- 
product of this work, self-consistent values of a/p for 
our gas samples were obtained." 


APPARATUS AND PROCEDURE 


Unless otherwise noted, the apparatus used is essen- 
tially as previously described.’ A thickness of } inch of 


* F. Llewellyn Jones and A. B. Parker, Proc. Roy. Soc. (London) 
A213, 185 (1952); Dutton, Haydon, and Llewellyn Jones, Proc. 
Roy. Soc. (London) A213, 203 (1952). 

During the course of the present work, reports of measure- 
ments of y (and a/p) in hydrogen were given by Wilkes, Hopwood, 
and Peacock, Nature 176, 837 (1955), and by Crompton, Dutton, 
and Haydon, Nature 176, 1079 (1955); Proc. Phys. Soc. (London) 
B69, 2 (1956). 

"The values of a/p obtained for hydrogen during the course 
of the present experiments have been reported briefly by Rose, 
DeBitetto, and Fisher, Nature 177, 945 (1956). 
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Fic. 1. Relative vacuum photoelectric current vs 
electrode separation at constant arc intensity. 


the flat surface of the brass cathode was replaced by 
nickel. Gas currents were measured by means of a 
Keithley electrometer in parallel with Victoreen pre- 
cision high resistors. By monitoring the output of the 
Hg arc lamp with a photocell, the initial illumination 
was kept constant to about 1%. The image of the arc 


on the cathode was about 10 cm*, but this is a lower 
limit if the possibility of reflections of ultraviolet light 


from the anode and walls on to the cathode is con- 
sidered. The photoemissivity of the cathode changed 
under bombardment by the larger dark currents 
measured (~10~* amp) unless previously conditioned. 
This conditioning was accomplished by glowing at 
pressures of a few millimeters in the gas to be studied at 
a current of about 1 ma for a few hours. The cathode 
was illuminated only when a current measurement was 
being made in order to keep the effects of dark currents 
on the cathode to a minimum. Linde commercial tank 
hydrogen and Linde water pumped tank nitrogen were 
used.” 

a was measured by the standard Townsend method 
of measuring the slope of a semilogarithmic plot of J vs 
d taken at constant Jo, p, and E below the region of d 
where y is important. Measurements were taken at 
relatively high pd values to assure a high degree of 
accuracy in the a measurements; this required voltages 
up to 30 kv. As a result, the problem was encountered 
of measuring small currents with fluctuating voltages 
coupled into the electrometer system by means of the 
interelectrode capacitance. The effects of the fluctu- 


12 Mass spectrographic analysis of the hydrogen and nitrogen 
were made through the cy ! of E. E. Francois of the Bell 
Telephone ae, The hydrogen analysis one per- 
centagewise: H:—99.6; Nx—0.39; CO2—0.005; A—0.005 ; H 
0.0007; the nitrogen pha yielded percentagewise N:—99.9; 
A—0.002; CO.—0.002; CO—0.03; H,O—0.005; NH;—0.004; 
aliphatic hydrocarbons—0. 002. 
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ations were eliminated by an electronic compensating 
device described elsewhere." 

In early runs made to determine a, the In J vs d graphs 
were found to be very nonlinear for all values of d. It 
was found that J» changed appreciably with d at 
constant arc intensity even in vacuum. This is believed 
to be a consequence of sidewise illumination giving 
reflections from the walls and the movable anode on to 
the cathode. Figure 1 shows the relative vacuum current 
measured as a function of d at constant arc intensity at 
a constant E of about 100. When this correction is 
applied to the gas currents measured at each d, the 
previously nonlinear In J vs d graphs are transformed to 
straight lines for both gases. This is illustrated for 
hydrogen in Fig. 2; the dashed lines represent the 
measured currents and the solid lines represent these 
currents corrected by means of Fig. 1 and not nor- 
malized in any other way. Measurements below d=0.5 
were never taken because it was felt that the rapid 
decrease of J» below this value of d would lead to large 
inaccuracies in the corrected ionization currents; for 
this reason a was evaluated in each run for at least two 
and as many as four different values of E/p with the 
same arc intensity. This procedure helped to determine 
the slopes of the lines more accurately than if only one 
value of E/p had been studied in each run, since the 
lines must have a common intercept at the d=0 axis. 

In both gases, a few values of a/p were also obtained 
by varying p at constant d, E/p, and J» as illustrated in 
Fig. 3 for hydrogen. In order to keep d constant during 
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4D. J. DeBitetto, Rev. Sci. Instr. 26, 986 (1955). 








TOWNSEND 





HYDROGEN 
d=2 cu 


% 


Ef =20 “ 


“p = 0.00740 


CURRENT (AMP) 


% 





169 } | 
o 60 150 
PRESSURE (ww He) 








Fic. 3. Gas current vs pressure in hydrogen at constant electrode 
separation. The resulting values of a/p are given at their respec- 
tive values of E/p. 


these measurements, it was found necessary to readjust 
the electrodes at each pressure to compensate for 
changes in d (by at most 0.5%) caused by changes in 
internal pressure. The results of the two procedures are 
in good agreement for both gases, as is illustrated for 
hydrogen by the values of a/p given in Figs. 2 and 3 
for corresponding values of E/p. This suggests that the 
technique of measuring a/p in chambers whose elec- 
trodes are fixed is a precision method worthy of 
exploitation. 

Values of y were obtained by the following procedure. 
For fixed values of p, d, and Jo, the voltage (and con- 
sequently E/p) was raised in steps to within 10 volts 
of breakdown while the corresponding currents were 
measured. Since it is possible to set voltage to one part 
in 10‘ while d cannot be set to better than one part in 
10°, using voltage as the independent variable instead 
of d as is used in the Townsend procedure allows a much 
closer approach to breakdown. In these close approaches 
to breakdown, it was found necessary to superimpose 
manual regulation of the voltage on the existing elec- 
tronic regulation. Equation (1) is used with the meas- 
ured values of a/p to give a value of Jy at every current- 
voltage measurement in the voltage range where this 
equation is adequate. In the voltage range where Eq. (1) 
is inadequate, Eq. (2) may be used to calculate values 
of y using the previously measured values of a/p and 
an average value of J) obtained in the same run. 

The effects of field distortion due to geometric 
factors were minimized by working at separations such 
that sparks (confined filamentary discharges) when 
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allowed to occur always passed in the uniform region 
of the gap. 
All measurements have been corrected to 22°C. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Figures 4 and 5 show the results of the present a/p 
measurements in the E/p region of 14 to 22 in hydrogen 
and 30 to 45 in nitrogen, respectively ; for comparison, 
the results of some other workers are also included." 
As may be seen from Fig. 4, a single curve is sufficient 
to describe the a/p observations in hydrogen of Wilkes, 
Hopwood, and Peacock,’ Rose," and the present 
authors in this E/p range, while the observations of 
Crompton, Dutton, and Haydon” are larger. As is seen 
in Fig. 5, the situation in nitrogen is not as satisfactory 
for the E/p range shown. Some of our points in both 
gases represent average values obtained by repeating 
runs as many as four times with different gas samples 
at different pressures; all values obtained were re- 
producible to within a few percent. 

We now proceed to a discussion of the y measure- 
ments. Figure 6 shows a typical current-voltage curve 
for hydrogen at p= 400 and d= 2; such a series of meas- 
urements will be called a y run. Actually each point in 
Fig. 6 is the average of two measurements, one obtained 
with increasing voltage and the other with decreasing 
voltage. With increasing voltage, current-voltage meas- 
urements were discontinued when the curve became 
almost vertical, and about ten determinations of the 
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“4K. Masch, Arch. Elektrotech. 26, 587 (1932); D. Q. Posin, 
Phys. Rev. 50, 650 (1936). See also references 9, 10, and 11. 
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Fic. 5. a/p vs E/p for nitrogen. 


breakdown potential Vg were then made with Jo due 
to background alone. The spread in the observed 
values of Vg for any one run is about four volts; the 
average value of Vz for a run will be denoted by 
(Vs)w.® Occasionally a spark was allowed to pass. 
After (Vs), was determined, the second half of the run 
was made with decreasing voltage. Figure 7 shows the 
data of Fig. 6 replotted where the ordinate is the 
measured current divided by e*4, the latter quantity 
being obtained from our a/p measurements. The 
initial horizontal section of the curve in Fig. 7 demon- 
strates the self-consistency of the a/p measurements. 
The average values of Jo ((Jo)w) for the increasing and 
decreasing legs of this particular y run were 2.93 10-” 
and 2.62X10-” amp, respectively, showing a decrease 
in the photosensitivity of the surface of ten percent, 
Each current-voltage measurement within two percent 
of breakdown was used to calculate a value of y from 
Eq. (2) (using the value of (Jo) corresponding to the 
leg of the run in which the measurement was made). 
The important range wherein self-consistent values of 
were obtained with the present equipment, where 
y(e*4—1) is between 0.5 and unity, occurs within about 


18 With the experimental equipment used, the first evidence of a 
luminous discharge throughout the work in both gases was not 
the commonly reported filamentary spark (hereafter referred to 
simply as a eet) but a visible glow, sometimes covering the 
anode, and sometimes completely filling the gap. These glows 
have been previously observed in nitrogen’ and hydrogen 
[I. Lessin, Ph. D. thesis, New York University, 1953 (unpub- 
lished) ]. The visible glows have been found in the present work to 
be associated with self-sustained currents of the order of 1 ya. 
These self-sustained currents and glows were found to be steady 
in nitrogen but fluctuated in hydrogen; these phenomena are 
presently under investigation. It appears that the threshold 
voltages for the appearance of the glow (which we call Vg) and 
the spark are very close. 
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2% of breakdown for the values of pd studied; the 
voltage control in the present work permitted an 
approach to within 0.05% of breakdown. The average 
values of y ((y)w) so obtained from the y run of Fig. 6 
(spreads in y will be discussed later) were 1.21107 
and 1.25X10~ for the increasing and decreasing legs 
of the run, respectively, for an average E/p ((E/p)w) of 
20.3.6 Figure 8 shows a curve for nitrogen similar to 
Fig. 7 for p= 300, d=2 with an (Jo) of 6.5X10-" amp 
from which self-consistent values of y were also ob- 
tained. Figure 8 was obtained from a curve similar to 
that shown in Fig. 6; this particular y run in nitrogen 
yielded values of (y)w of 1.43 10-* and 1.37X10~ for 
the increasing and decreasing legs of the run, respec- 
tively, for an (E/p)x, of 41.7. As is illustrated by the 
above results, values of y for both gases do not change 
appreciably as the result of the heavy breakdown glow 
currents and a spark or two. The above results are 
typical of all y runs made; almost all of the y runs were 
made at p=400, d=2 in hydrogen and at p=300, d=2 
in nitrogen. y runs made at other values of p and d will 
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Fic. 6. Measured gas current vs voitage for hydrogen at constant 
electrode separation, pressure, and initial current. The breakdown 
potential (16 332 v) is given by the vertical dashed line (V5). 


16 Since values of (y)4 for any one y run in this work were 
obtained from individuai y values (usually 25 in number) at 
slightly different individual values of E/p, wherever a value of 
(y)w is given, the average of the corresponding values of E/p 
((E/p)m) is also given. Throughout the paper, (y)ay (and (Jo)sy) 
may either refer to the average value of y (and J) over a leg of a 
single run or over both legs ae single run, depending on which is 
more appropriate. The average values of (y)ay, (Jo)ay, and (Va)ay 
for more than one run will be denoted by (y)w*, (Jo)w*, and 
(Vs)w*, respectively. 
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be discussed later. As will be seen, the values of y are 
not falsified by space charge distortion. 

Distribution “A” in Fig. 9 represents a typical 
distribution’ of 102 y values for hydrogen obtained by 
the method outlined above in four y runs in the same 
gas sample at about the same value of (E/p)«, (20.3) at 
p=400, d=2. The condition of the cathode throughout 
this series of runs was reasonably constant as was 
indicated by the values of (Jo) and (vy), obtained. The 
value of (y)w* of the distribution is 1.07X10-*, the 
distribution showing a half-width of 14%. For these 
runs, the value of (Vxg)s* is 16364 volts and the 
maximum spread in (Vg) from run to run is 20 volts. 
Figure 10 represents the distribution of 55 values of 
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Fic. 7. Measured gas current of Fig. 6 divided by e*¢ plotted 
against voltage. The breakdown potential is given by the vertical 
dashed line (Vz)sy. Resulting average value of second Townsend 
coefficient for this run is 1.23 107%. 


for nitrogen obtained in three typical y runs at an 
(E/p)w of about 41.7 in different samples of gas at 
p=300, d=2. The value of (y)w* for Fig. 10 is 9.20 
X10~, the distribution showing a half-width of 20%. 
For the runs of Fig. 10, the value of (Vz)a* is 25 165 
volts, and the maximum spread in (Vg) is 45 volts. 
This test for reproducibility of y in both gases was 
required to make meaningful the subsequent investi- 
gation of the variation of the second Townsend coefh- 
cient with E/p and with changes in the state of the 
cathode now to be described. 

The variation of (y)~ with (EZ/p)\ was investigated 

17 In Fig. 9 (as well as in Fig. 10) the histograms represent the 


observed frequency distributions; the smooth curves have been 
freely drawn to represent the corresponding distribution curves. 
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Fic. 8. Measured gas current divided by e@¢ vs voltage for nitro- 
gen at constant electrode separation, pressure, and initial current. 
The breakdown potential (24 990 v) is given by the vertical dashed 
line (Vs). The resulting average value of the second Townsend 
coefficient for this run is 1.40 107. 


in both gases in the following manner. In hydrogen, a 
y run was made at an (E/p)w of 20.3 (p=400, d=2). 
Some gas was then pumped out and another y run was 
made immediately in the residual gas at an (E/p) of 
21.2 (p=300, d=2). The value of (y)y at the higher 
value of (E/p) was larger than that obtained at the 
lower value of (E/p)w. To make certain that the 
cathode had not changed throughout the above meas- 
urements, a new hydrogen sample was admitted to 
p=400 (d=2) immediately after the p= 300, d=2 run, 
and a y run was made again at (E/p)w=20.3. This 
entire procedure was carried out half a dozen times for 
the same values of p and d at widely different times with 
different states of the nickel cathode for about the same 
values of (E/p)y. The two values of (vy), made at 
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Fic. 9. Distribution of y values obtained in hydrogen at constant 
pressure and electrode separation for three different states of the 
nickel cathode. 
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Fic. 10. Distribution curve of y values obtained in nitrogen at 
constant pressure and electrode separation for a number of runs in 
different gas samples. 


(E/)w==20.3 at any one time showed a spread of at 
most and often less than 13%. However, the values of 
(y)w obtained at (E/p),221.2 were always higher, on 
the average by 24%, than those obtained at (E/p)w 
20.3. Since this represented a rather large variation 
in (y)w with (E/p)», two of the above sets of 7 runs 
were immediately extended to include y runs at 
(E/p)w2=25.1 (p=100, d=2) to check this rapid 
change.'* The resulting value of (y)a* at (E/p),2=25.1 
was 2.24 times that obtained at (E/p),<20.3, in accord 
with the variation previously found between (E/p)w 
of 20.3 and 21.2. It is concluded that the second 
Townsend coefficient in hydrogen varies by about a 
factor of two with a 25% change in E/p in this range. 
Hence distribution “A” of Fig. 9 should have at least 
a natural breadth of about 10% resulting from the 
present method of measuring values by varying E/p 
over a 2% range in any one run. The variation of (y)w 
with (E/p), was not studied as extensively in nitrogen 
as in hydrogen. Two successive y runs in nitrogen at 
(E/p)m of 41.7 (p=300, d=2) yielded a value of (y)a* 
of 9.12 10~*. The pressure was then reduced to p= 200 
(d= 2, same gas sample) and a y run at (E/p)» of 44.5 
yielded (y)s= 10.110; a new gas sample at p= 300, 
d=2 gave (y)w=9.35X10- at (E/p)y=41.7. The 
electrode separation was increased to 2.5 cm (pd=750) 


18 Since the values of a/p in the present work were obtained for 
values of E/p< 22.0, extrapolation of the a/p vs E/p curve was 
required: to E/p25.1 to enable calculation of y values for the 
p=100, d=2 runs. Use of the extrapolated curve to E/p of 25.1 
is justified by the excellent agreement so obtained with the a/p 
measurements of Wilkes, Hopwood, and Peacock” and Rose." 
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and a y run was made at (E/p),,=40.3 whose resulting 
value of (y)4 was 1.05X10-*. The indications are that 
the second Townsend coefficient is an insensitive 
function of E/p in nitrogen in this range. The values of 
(Io) for the above runs were about 10-” and 10-” amp 
for hydrogen and nitrogen, respectively. 

To investigate the possibility of the falsification of 
the experimental values of y by space charge distortion 
of the field, it was desired to change the initial current 
density Jo by some large factor. After a y run with a 
value of (Jo)~ of about 10— amp in hydrogen at p= 400, 
d=2, (Jo)m was reduced by a glass filter by an order of 
magnitude, and another y run was made in the same 
gas sample. The two values of (7), so obtained agreed 
to within two percent. The above conclusion was 
verified by repeating this experiment at a later time and 
with a different state of the nickel cathode. In nitrogen, 
it was decided to study the effect of space charge on 
by changing J» (and Jo) by two orders of magnitude. 
However, decreasing J) from 10-" amp in nitrogen led 
to currents too small to measure conveniently; it was 
found possible to first increase the photoelectric sen- 
sitivity of the surface (by glowing in hydrogen at low 
pressure and then outgassing at p< 10~ for a period of 
two weeks). With the resulting surface of improved 
photosensitivity, and with values of (J), of about 10-” 
and a reduced (Jo)4 of about 10-” amp, two y runs 
were made in nitrogen. The values of (y) so obtained 
with the two values of (Jo),4, agreed with each other to 
within four percent, although the value of (y)«* for 
these two runs was about 50% higher than the value 
obtained with the original surface ((y),* of Fig. 10). 
For a given ultraviolet flux incident on both the 
original and photosensitized cathodes, (Jo)4 for the 
photosensitive surface was about four times that of the 
surface used to obtain Fig. 10. Thus increasing the 
photosensitivity of the nickel cathode in nitrogen 
increases the value of the second Townsend coefficient 
somewhat. (Vz) for these two runs in nitrogen with 
the photosensitive cathode agreed to within 40 volts of 
each other, and the resulting (V g)«* was 195 volts lower 
than the value of (V s)«* of Fig. 10 obtained with the less 
photosensitive cathode. The photosensitive cathode 
was then further conditioned by allowing heavy break- 
down glow currents (~10~-* amp) to pass in the same 
gas sample at high pressure, and it was found that the 
cathode photoemissivity was slowly reduced to about 
1.5 times the value of the original cathode of Fig. 10. 
With this resulting surface of decreased photosensitiv- 
ity, another y run was carried out yielding a (y)w 
differing from the (y)«* of Fig. 10 by only three percent. 
(Vs)w for this iast run agreed with the value of (Vz)a* 
of Fig. 10 to within 35 volts. Thus these experiments in 
nitrogen not only demonstrate the absence of space 
charge effects on the second Townsend coefficient in 
the present experiment, but also show the dependency 
of the second Townsend coefficient and the breakdown 
potential on the nature of the cathode, Since all meas- 





TOWNSEND IONIZATION COEFFICIENTS 


urements reported in this paper were made with values 
of Io of about 10- amp or less, it is concluded that 
space charge effects on all results are negligible. 

The dependency of the second Townsend coefficient 
and the breakdown potential on the state of the cathode 
was studied in hydrogen in a more detailed fashion; 
relatively large changes of the state of the nickel cathode 
were obtained by low pressure high current glowing. As 
soon as the y runs giving rise to distribution “A” in 
Fig. 9 were completed, the gas was pumped out and 
the chamber was glowed in hydrogen at 1.50 mm at 
0.1 ma for 1.5 hours. After flushing and refilling the 
chamber with hydrogen to a pressure of 400 (d=2), 
two y runs were taken whose resulting value of (y)a* 
was 38% higher than that of distribution “A” of Fig. 9, 
and whose (V g)~* was 100 volts lower than that corre- 
sponding to distribution “A” of Fig. 9. The resulting 
distribution of the 66 determinations of y made in these 
last two y runs is given as distribution “B” in Fig. 9. 
The hydrogen was then removed, and the electrodes 
were conditioned by glowing in seven mm of dry air 
at 70 wa for one half hour. After flushing and refilling 
with hydrogen to 400 mm (d=2), three y runs then 
yielded a value of (y),,* which was about 55% less than 
the previously determined (y),* of distribution “B” 
with a corresponding increase of (Vz)w* of 260 volts. 
The resulting distribution of the 72 evaluations of y 
made in these last three runs is given as distribution 
“C” in Fig. 9. The average half-width of these three 
distributions is about 15%. Throughout the measure- 
ments leading to the three distribution curves of Fig. 9, 
the electrode separation was not readjusted. The values 
of (Jo)w*X10" for distributions “B,” “A,” and “C” 
are 46, 14, and 4.8, respectively, while the corresponding 
ratio of the values of (y)* is 2.20/1.58/1.00, respec- 
tively. These results indicate a rough correlation of the 
second Townsend coefficient in hydrogen with the 
photoemissivity of the cathode. Figure 9 shows quite 
clearly in distribution form the cathode dependency of 
the second Townsend coefficient (and consequently the 
breakdown potential) in hydrogen at p=400, d=2. It 
is concluded from the present studies in hydrogen with 
various conditions of the cathode that the breakdown 
potential in hydrogen at high pd, just as in nitrogen, 
depends on the nature of the cathode. It is also clear 
that values of standard breakdown potentials will 
eventually have to specify the nature and condition of 
the cathode at large values of pd. 

Therefore, it is quite impossible to take the measure- 
ments of 7 of one experimenter and apply them with 
confidence to the surface of another even though both 
are using electrodes of the same material. Even a single 
experimenter will have to convince himself that his own 
values of y are being applied to a surface in the same 
state for which the values of y were obtained. For this 
reason, detailed comparison of our values of y with 
those of other observers is not particularly meaningful. 
However, the values of y obtained recently by other 
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workers in hydrogen and nitrogen are of the same order 
of magnitude as obtained in the present work.®” 

The effect of sparking on y was investigated in hydro- 
gen by passing 140 sparks at p=400, d=2; the value 
of (y)4 measured in a y run following these sparks was 
within three percent of the value measured in a y run 
before the sparks in the same gas sample, although the 
photoemissivity of the cathode was found to have 
increased by about 25%. Thus it appears that heavy 
pre-breakdown currents spread out over the whole 
discharge volume change the nature of the cathode in 
hydrogen more effectively than the passage of a con- 
siderable number of localized sparks with our circuit. 

Since in all runs made in determining y, breakdown 
potentials were also measured, it was possible to see 
if the Townsend condition y(e*?—1)=1 is fulfilled at 
breakdown. The average of all values of y(e*?—1) at 
breakdown is 1.018 for hydrogen, and 0.975 for nitrogen. 
If y(e*?—1) is set equal to unity for either of these gases 
and the resulting breakdown potential is calculated 
from the measured value of a/p and the value of 
(y)w obtained from a single run, the breakdown poten- 
tial agrees with the experimentally determined (V3) 
for the same run to within a few tenths of a percent. 
Alternately, (Vz)w for a run may be used with ac- 
curately known a/p values to determine a value of y 
which agrees with the experimentally determined 
value of (y)w. 

All y runs discussed so far (with the exception of one 
in nitrogen) were made with d=2. Further experiments 
were made to determine whether the second Townsend 
coefficient is independent of d at constant pd and at 
approximately constant E/p. In nitrogen, values of y 
were deduced (by means of the Townsend breakdown 
condition from values of a/p and measured values of 
(V s)w) for pd= 600 at values of d varying from 1 to 4 cm. 
The resulting values of y were in good agreement and 
showed no systematic variation. On the other hand, 
a similar study in hydrogen for the same value of pd 
over the same range of d yielded values of the second 
Townsend coefficient which increase with increasing d. 
Several y runs in hydrogen verified this variation. Thus 
two y runs in hydrogen yielded (y),, of 4.89 10~ for 
p= 600, d=1 and (7), of 9.95 10~ for p= 300, d=2 in 
the same gas sample. The cause of this variation of 
with d at constant pd in hydrogen is not clear at the 
present time. The variation cannot be due to geometric 
field distortion or the same effect would have been 
observed in nitrogen. Regardless of the reason for the 
variation of y and Vg with d at constant pd in hydrogen, 
the value of Vg and the corresponding value of y ob- 
tained by extrapolating the (Vs), vs d curve to d=0 
should be representative of the ideal values for infinite 
plane parallel electrodes. Thus all the values of y for hy- 
drogen given in this paper at d=2 may be corrected to 
ideal values by dividing by a factor of 2.4. Since varia- 
tions in the state of the cathode may give rise to a varia- 
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tion in y by a factor of two, the variation of y with d at 
constant pd cannot be considered any more important 
than the state of the cathode in determining absolute 
values of the second Townsend coefficient. It is in- 
teresting to note that even though the measured values 
of y in hydrogen depend on d, the Townsend condition 
for breakdown holds at any separation providing the 
value of y inserted into the condition is measured at 
the corresponding value of d. 

For both gases, the value of e*¢ at breakdown is of 
the order of 10°, and at 2% overvoltage is only of the 
order of 2X10*. In the present work total multiplica- 
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tions of 10° (due to first and second ionization coeffi- 
cients acting simultaneously) have been measured 
below breakdown. To attain this multiplication of 105 
by a primary ionization process alone would require an 
overvoltage of about ten percent. In formative time lag 
work, two percent overvoltage in these gases has been 
shown to lead to a spark within a fraction of a micro- 
second.”'* Hence, it is concluded that a secondary 
mechanism is necessary not only to describe pre- 
breakdown currents but is also necessary to describe 
the buildup process preceding a spark up to over- 
voltages of the order of 10% in these gases. 
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A simple expression is deduced for the Cerenkov radiation caused by magnetic and electric dipoles. The 
effect is very small. In the visible spectrum for a fast neutron, the energy loss per unit path per unit fre- 
quency range is about 10~* times that of a fast electron. The expression for the energy loss does not contain 
explicitly the mass of the moving particle. Consequently, this method cannot be used to try to detect whether 
or not the neutrino has any trace of a magnetic moment. 


I 


N this note we shall discuss the radiation caused by 
neutral particles endowed with a magnetic moment, 
which move through matter. As in the discussion of 
Cerenkov radiation, we shall be interested in the case 
when the velocity of the particle is constant, and 
exceeds that of light in the medium. Though it turns 
out that the effect is too small to be observed, we think 
the results are of interest. 

In Sec. II we give a rather intuitive derivation of the 
energy radiated per unit path length. In Sec. III we 
derive this expression from Maxwell’s equations. In 
Sec. IV we give a brief numerical estimate. 


Il 


If an electron moves with the constant velocity 
v>c/n, through a medium of index of refraction n, the 
energy lost per unit path length by radiation with 
frequency between w and w+dw will be given by’: 


(€/n*)(Bn?—1)(w/v)dw/v, (8=0/c). (1) 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

1 After completion of this work, my attention has been called 
to a paper by V. L. Ginsburg, J. Phys. (U.S.S.R.) 2, 441 (1940). 
In this article the author quotes the results of his calculations (by 
a different method) concerning this effect. His results are identical 
with ours for a dipole if the dipole axis is parallel to the direction 
of motion, but differ from ours if the axis is normal to it. Though 
Ginsburg does not give details, one suspects an error, since 
according to his expression the radiated energy would be propor- 
tional to the dipole moment and not to its square. 

2 See, e.g., L. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 265. 


We pose now the question: Can one derive from Eq. 
(1) by some simple intuitive manipulation the energy 
loss per unit path length for an electric dipole moving 
under similar conditions? (If one is able to do this for 
an electric dipole, one can do it immediately for a 
magnetic dipole as well.) The answer is yes. 

For, observe first that (1) contains the time average 
of the Poynting vector, integrated over a surface. The 
Poynting vector in turn contains products of the field 
strengths. Now we can obtain the field of a dipole by 
taking the space derivatives of the field of a charge 
and multiply it by, say, g, the separation of the charge 
in the dipole. Now, in the expression for the field of the 
charge each coordinate will appear, for dimensional 
reasons, multiplied by a characteristic length s. Hence 
each operation on the field will bring in a factor q/s. 
Since the whole physical situation is stationary, (¢/s) 
will be a constant, and will not be influenced by the 
time averaging. Thus we expect that (1), containing the 
products of fields, will acquire a factor (¢/s)*. Also, if the 
dipole is directed normal to the direction of motion, 
we expect the field to have an angular dependence cosg 
and sing (¢ being an angle in a plane normal to the 
direction of motion). The squares of this factor, aver- 
aged, will bring in another factor 3. Let us find now s, 
the characteristic length. We expect that this will be the 
distance the electron has to travel (as seen by the 
electron) to emit a wave of frequency w. The time to 
emit one wave of frequency w is 1/w; however, for the 
electron this duration will change into 1/[w(6?n?—1)#] 
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[the factor (6°n’—1)! taking the place of the usual 
Lorentz factor in this case ].? Consequently, the distance 
traveled by the electron (as seen by it) while emitting 
a wave of frequency w, will be v/[w(6*n?—1)!]. This is 
our characteristic length s. Putting the pieces together, 
we may conjecture that the energy loss per unit path 
length will be given by something like 


3 (b/n)?(G?n*—1)?(w/0)*(dw/2), (2) 


b being the electric dipole moment of the moving 
dipole. 
Then, for a magnetic dipole of strength g we get 


immediately 
38° (6?n?— 1)? (w/0)* (dw»/2). (3) 


The factor (1/n)* is missing; since, while the effective- 
ness of the electric dipole moment is decreased by the 
electric polarization of the medium (expressed by the 
factor 1/n?), there is no magnetic polarization which 
would decrease the magnetic dipole moment. 

If the moving particle has but a magnetic moment 
at rest, it will acquire an electric one as well (normal 
to the magnetic dipole), just as a purely magnetic field 
receives some electric components if it is viewed from a 
moving frame of reference. We suppose now that both 
dipole moments are normal to the direction of motion. 
Under such conditions the electric fields due to each 
dipole will be mutually orthogonal, and so will be the 
magnetic fields. If this be the case, the fields due to each 
moment will not interfere and the total energy loss 
will be simply the sum of the energy losses suffered by 
the field of each moment. Adding (2) and (3), we obtain 


finally 
3 (B’n?— 1)*L g°+- (b/n)? }(w/v)* (dwr/2). (4) 


In the next section, we shall show that this expression 
is actually exact. 


Ill 


We want to find solutions of Maxwell’s equations 
representing the field of a moving particle which has 
only a magnetic moment if at rest. We assume that the 
particle moves in the positive z direction with a constant 
speed v>c/n, in a medium of index of refraction n. Its 
magnetic and electric moments (the latter induced by 
the motion) should point along the positive « and y axes, 
respectively. (We know from the Dirac theory of the 
electron that this is true for the expectation values of 
the electric and magnetic moments of a fast electron.) 

We shall restrict our interest to those components of 
the fields which will be needed for the calculation of 
the energy loss due to radiation. As mentioned in Sec. 
II, we shall do that by differentiating the solutions 

This can be seen in many different ways. Compare, for 
example, the z component of the electric field in empty space due 
to a charge moving with uniform velocity v along the z axis, with 
that of a charge moving in the same way inside matter, if »>c/n. 
The first is proportional to (1—*) (vt—z)/R*, where R?= (z—vt)* 
— (y?+2*) (62—1); while the second is proportional to (6n?—1) 
X (vt—2)/R’, where R= (z—vt)*— (y?+-2x*) (6*n?—1). 
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obtained for the Cerenkov electron. Moreover, by a 
suitable interchange of the electric and magnetic field 
components, we shall get the field of the magnetic 
dipole as well. 
The relevant field components in cylindrical coor- 
dinates for a Cerenkov electron are given as! 
te ¢* 
E,f=— 
22? J. 


1 
eiw(t-2/0) 5-1) 
Bn? 

ry 20s da 
a= —— f ete (t-2/0)__qiy 

ye on Op 
a= —iH,®(p/s), 
a=iHy™ (p/s), w<0; 
s=w/(fn?—1)}, 


HH)“, Ho® are Hankel functions. 
If we have an electric dipole along the +y axis, the 
relevant field components will be 


0£,° wer? 1 wy da 
6,°=—¢ =e ceo) 1 de 
oy 2E J» Bn? p Op 
=—(ib/2¢)P(y); (6) 
OH, ge ¢” 0° 


RTO dfs 
eie(t2/v)_ dd y= (b/2c)Q(y). 
p Op? 


Bn>1; w>O0; 


RyY=— 


——— 
oy 2c? —0 


Here b=ge is the electric dipole moment of the moving 
dipole. 

If we have a magnetic dipole pointing in the + 
direction, we obtain the relevant field quantities by 
performing the substitution 


e"=—-K,'/n, KH,"=n6,°, (7) 


where in 6&,*, K,* we exchange e with np (p being the 
pole strength in electromagnetic units), and x with y. 
(This is an obvious generalization of the well-known 
transformation E*>H"; H*->—E™, valid in empty 
space.) If m is a function of w we should think of per- 
forming this substitution for each Fourier component, 
which would bring the factors n inside the integral sign. 
Since we take, for simplicity, n constant, we may leave 
the n’s where they are. 
The substitution gives 


8 "= — (q/2c)Q(z), 


(8) 
H,"= — (in?g/2c) P(x); 
g=4qp being the dipole moment of the moving magnetic 
dipole. 
The complete field components, as far as they are 
needed for the computation of the energy losses, will 
be given by the superposition of (6) and (8). The 


‘TI. Tamn, J. Sci. (U.S.S.R.) 1, 409 (1939). 
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amount of energy, dW, radiated per path length di is 
given by 


dW =dlp f ¥ dg f : S,dt. (9) 


S,, the p component of the Poynting vector, is 
= (c/4r) (6,5C,— Hy) 
= (c/4m)(E "Ha" — 8," Hy’) 
= (in*/16mc*)[g°P(x)Q(x)+ (P/n*)P(y)Q(y)]. (10) 


Performing the necessary substitution and integrating 
over ¢, we get 


dW = — (ipn®/16c2)(1—B-*n-) (¢?-+-n8")R dl, (11) 


where R is given by the following string of expressions, 
each following rather obviously from the other: 


R= fi dof aa| f aevor] 


\ 22 
eg tone a(w) 


Op Op? 


(12) 





@ du 


© da(—w) Fa(w) | 
= —tef ip Po 





d ae (—w) a(—w) da(w) 
a af (= a a ~ = ) te 


Substitute_now from (5) the corresponding values 
for a. Then, making use of the recurrence formulas for 
Hankel functions, and finally of their asymptotic 
expansions. This gives, for R, 


R= (8i/pc*)n?(1—B-2n-*) f wdw; (13) 


and for dW, 
dW /dl=4(64n?— 1)2(g2+8°/n?) f (w/2)%de/o. 


This expression is divergent since we have assumed 
no dispersion, which makes possible the radiation of 
arbitrarily high frequencies. We can now introduce a 
cutoff, say the Compton wavelength of the particle, or 
we can discuss the energy loss per unit frequency range, 
simply leaving off the integral sign. If we do this, we 
recover Eq. (4). 

If the dipoles are normal to each other and normal 
to the direction of propagation, as we have assumed, 
one has the following relation between g, b, and go (the 


N:' LL. BALAZS 


latter is the magnitude of the magnetic moment if the 
particle is at rest and is equal to g in this case): 


b=Bg=B£go. (14° 


This gives our fundamental expression for the energy 
loss per unit path length, per unit frequency range: 


(PW /dldw) = 3(1—1/6?n*)?(1+-6?/n*)gc’w*(n/c)*. (15) 


Observe that the term (8/n)* contains the effect of the 
electric dipole induced by the motion. This will be of 
about the order 3 for fast particles in water. This shows 
that although the effect of the electric dipole is smaller 
than that of the magnetic one, it cannot be neglected. 

For completeness we give also the energy losses for a 
magnetic dipole which moves in the direction of its 
moment. Under such conditions the electric moment is 
zero and we obtain 


(PW /dldw) = 5 (Gn? —1)g°(w/0)*(1/2). 


Here g is the magnitude of the moving magnetic dipole 
pointing in the direction of motion. 

However, we can see from the transformation for- 
mulas of the polarization tensor (of which g is a com- 
ponent) that for large velocities g will tend to zero if 
the magnetic moment is finite in the rest frame. This is 
readily understood if we realize that in this situation 
the separation between the poles goes to zero on 
account of the Lorentz contraction. 


IV 


Instead of evaluating expression (15) as it stands, let 
us take the ratio of (15) and (1). This will immediately 
show us the magnitude of the effect, and will also give 
some indication why it is so small. Furthermore, let us 
express go in nuclear magnetons, and put w~Rc/2r, 
where R is the Rydberg constant. The required ratio is 


3n*(1—1/6?n*) (1+ 6?n*) (m/M)?(e?/ch), 


where m is the rest mass of an electron, and M is the 
rest mass of a proton (entering through the nuclear 
magneton). As we see, the very serious and unfavorable 
factors are the last two. The fine structure constant 
raised to the fourth power gives about 2X10~*, while 
the mass ratios squared will give a factor about 2 107’. 
Neglecting factors of order unity (if 8~1), we finally 
get for the ratio about 10~*. The expression is inde- 
pendent of the mass of the moving particle. Thus, even 
if a neutrino would have a small magnetic moment (it 
cannot have a large one, since then we would have 
observed it already), this method could not be used to 
detect it. 

I wish to express my thanks to Dr. V. L. Telegdi for 
his helpful comments. 
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The phenomenological theory of the thermoelectric effects in a 
cubic or isotropic electronic conductor is developed. It is shown 
that, as a consequence of the appropriate Onsager relation, the 
“gauge” adopted here for the thermoelectric coefficients of a single 
substance is such that the second Kelvin relation takes a specially 
simple form for a single substance. The general formulas obtained 
are applied to the theory of thermoelectricity in a two-band 
semiconductor, and the formulas for the thermoelectric power 
stated in a previous paper are derived. The Onsager principle leads 
to a general relation between two phenomenological transport 
parameters for a single carrier band, one (y) measuring the ratio of 
thermodiffusion coefficient to drift mobility, the other (8) speci- 
fying the thermal energy transported with the current due to an 
electric field. The modification of these results needed to take 


account of the variation of band-edge energies with temperature 
is discussed. The evaluation of thermoelectric data for mixed 
semiconductors, on the basis of the present results, is discussed : 
some experimental data for germanium are analyzed from the 
point of view arrived at. The effect of a strong magnetic field, and 
the effect of strain, on the thermoelectric power are treated. It is 
pointed out that shear strain should change the activation energy 
for an impurity binding a carrier in a “‘many-valley” band, by 
decoupling the orbitals associated with different valleys and inter- 
acting through the chemical shift effect, and that this change 
should, among other consequences, appreciably change the 
thermoelectric power at very low temperatures. Exact formulas 
for this decoupling effect are obtained for donors in germanium. 





N the preceding paper of this series,’ which will be 
referred to here as “II,” a general expression for the 
thermoelectric power of isotropic or cubic electronic 
conductors? was quoted without proof, and the deriva- 
tion from it of the required formulas for a two-band 
semiconductor was sketched. The plan of the present 
paper is to present a discussion of the Seebeck, Thom- 
son, and Peltier effects in isotropic or cubic electronic 
conductors,’ thereby justifying and interpreting the 
general formula quoted in I, and to discuss the applica- 
tion to semiconductors in more detail. 


1. PHENOMENOLOGICAL FORMULAS 


Phenomenological analyses of thermoelectricity have 
been put forward by Callen,’ who established the conse- 
quences of the Onsager reciprocal relations, and by ter 
Haar and Neaves.‘ The object of this section is to arrive 
at useful formulas relating the thermoelectric coeffi- 
cients to those phenomenological transport parameters 
which may be most readily calculated from specific 
models of particular classes of substance. [Thus the 
result (17), together with (18’), leads, by means of 


1p, fF Price, Phys. Rev. 102, 1245 (1956). The first paper of this 


series | P. J. Price, Phil. Mag. 46, 1252 (1955) ] will be referred to 
as “oy” 

* The meaning of the qualification “electronic” is that we will 
restrict the analysis to the case of conductors in which the current 
is carried by electrons only, and not by other ions in addition. In 
the general analysis in Sec. 1, and for most of the applications in 
the following sections, we confine ourselves to isotropic conductors, 
or to conducting crystals with cubic symmetry. The generalization 
of the transport equations to anisotropic conductors, and of the 
scalar transport parameters to tensors, will be obvious by inspec- 
tion. The relation of a parameter such as thermoelectric power, 
when it is a tensor, to experimental results in particular physical 
arrangements is not so obvious. It is carefully and thoroughly 
discussed by C. A. Domenicali, Revs. Modern Phys. 26, 237 (1954). 

3H. B. Callen, Phys. Rev. 73, 1349 (1948). 

4D. ter Haar and A. Neaves, Advances in Phys. 5, 241 (1956). 
The treatment at the beginning of §1 of this paper corresponds 
to that of Sec. 1 here. I am obliged to Dr. ter Haar for an advance 


copy. 


the expressions for ¢ and L, to the result (39) of Sec. 2 
giving the thermoelectric power for our two-band 
model of a semiconductor in terms of the properties 
of the bands. ] 


a. Seebeck Effect: Tauc’s Method 


This subsection deals with the calculation of the 
thermoelectric power (TEP). It is useful to begin with 
a statement of our sign convention, which is made with 
reference to Fig. 1. The latter shows a couple made from 
a wire of substance A and two wires of substance B. The 
junction regions, 1 and 2, are uniformly at temperatures 
T1, T2, respectively. The other ends of the B wires end 
at terminals By, Bz which are at the same temperature 
(T3, say). When no current flows in the wires, let the 
electric potentials at By, Bz be ¢1, ¢2, respectively. Then 
the limit of (¢:1—¢2)/(T1— T2) when T;>T and T;-T 
is the TEP of the couple at temperature T, 0,3 (T). 
(It is, of course, independent of 73.) Our sign conven- 
tion is then as follows: if the above limit, Q,8(T), is 
positive, then the TEP of B is said to be greater then 
that of A: Op(T)>Qa(T). 

The analysis here follows the method introduced by 
Tauc.® We now consider the physical system repre- 
sented by Fig. 1 in its actual three-dimensional exten- 
sion in space, but still on a macroscopic scale. Then at 
each point there is an electric field intensity E. When 
the system is all at the same temperature, and also 





Fic. 1. The sign convention 
is defined in the text with 
reference to this circuit. 


5 J. Tauc, Phys. Rev. 95, 1394 (1954). The method was subse- 
quently used by H. Y. Fan, Solid State Physics, edited by F. 
Seitz'and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, Sec. 16, p. 283. 
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otherwise in equilibrium, we must have curlE=0 (since 
otherwise power could be extracted from the system, in 
contradiction to the second law of thermodynamics). 
Hence 

E= —grad¢, 


where ¢ is the electric potential. Suppose now that the 
“nature of the substance” (whatever difference between 
A and B gives rise to a Seebeck emf) varies so slowly in 
space that intensive equilibrium thermodynamic func- 
tions can be ascribed to each “point” (in a macroscopic 
sense) and are the same as for an indefinitely large 
homogeneous sample having the same nature as at that 
point. This assumption refers to the inhomogeneous 
parts of the couple, regions 1 and 2 of Fig. 1. It is neces- 
sary to the argument here, but the final result of the 
argument, Eq. (5), gives equally the TEP of a couple 
for which the assumption is invalid.* Then the condition 
for equilibrium is that the chemical potential of the 
electrons, y, be constant: grady=0. The dependence of 
y on the electric potential ¢ is given by 


where ¢ is the chemical potential for some conventional 
standard state at temperature T for which we take ¢ 
to be zero (most conveniently, that for which there is no 
potential difference between “infinity” and the interior 
of the substance). Thus the condition for equilibrium is 


E=—grad(¢/e). (2) 


We require to know the value of the field E when the 
system is disturbed from equilibrium by a temperature 
gradient and an electric current small enough for the 
change in E to be a linear function of them. Then, by 
(2), the field will be given by an equation of form 


0 
E=— (- *) —(Q gradT+%-gradT]+pJ, (3) 
T 


ore 


where the first term on the right is numerically identical 
with the right-hand side of (2). In this formula the two 
terms in the square bracket are so defined that the first 
alone gives the contribution from gradT for a homo- 
geneous substance. The tensor % is zero for a homo- 
geneous system, and at a point where the “nature of the 
substance” is varying in space it gives the difference 
between the local value of E and the value it would have 
for a homogeneous substance of the same composition 
as at that point and with the same temperature gra- 
dient. We shall make no use of this tensor term, but (3) 
would be incorrect without it.? We now rewrite (3) in 
* The conditions for applicability of the result are that the homo- 
geneous regions of the wires be large enough for their intensive 
thermodynamic functions to have the same values as if they were 
indefinitely large, and that measurements be made when the 
temperature gradients are not so large that there is appreciable 
departure from thermal equilibrium, beyond that expressed by the 
linear transport equations (see footnote 13 and the Appendix). 


7 We ought, strictly, to have added a corresponding tensor term 
to the final term pJ. 
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the form 


1 dg ig 
B+{0—- —| grad T+grad(-) =pJ—U-gradT. (3’) 
e 


é 


For the couple represented by Fig. 1, the right-hand 
side of (3’) vanishes.® Also the line integral from B, to 
Bz of the last term on the left is zero, since ¢ has the 
same value at Be as at B:. Consequently we have 


Be Be 


1 dt 
¢2—¢1= — B-dr= f (a--—) (gradT)-dr 
Bi Bi e dT 


Tar /1 dt 1 d& 
-£1CE-),-C2-9) 
7; L\e dT p \edaT A 
By the definition of the TEP of the couple, it is equal 
to the integrand of this last integral over T: 


Qa®(T)= (- <2) - (- <2). (4) 


It is consistent with this result (4) and with the present 
sign convention to write for the TEP of a single sub- 
stance 


1 df 


~~ (5) 


Qs? =Qn—Qa. (S’) 


The value of Q as defined by (5) is not affected by a 
conventional change in the zero level of the Hamil- 
tonian of the substance, which results in an equal change 
in the zero level of ¢. A change in the zero of entropy 
(which would result from a conventional change in the 
weighting factor of all energy levels in a canonical 
ensemble) would result in a corresponding change in the 
zero of the expression (5). However, such a change has 
for consistency to be made equally for all substances, 
and the formula for the TEP of any couple is then un- 
affected. (It is known that such a change in the con- 
ventional weighting of levels and zero of entropy, if 
made universally, does not affect the predicted result 
of any observation.) From the way the formula (5) for 
Q has been arrived at, from the formula for the TEP 
of a couple, it is evident that it would be legitimate to 
add to it any universal function (one the same for all 
possible cases) of temperature. We shall see below that 
the formula (5) actually proposed has a property which 
entitles the magnitude which it defines to be termed the 
absolute thermoelectric power of the substance. 


so that 


b. Thomson Effect 
When a homogeneous conductor is subjected to an 
electric field and a temperature gradient simultaneously, 


8 Because gradT is zero in regions 1 and 2, the only places where 
% is not zero, and because we are considering the situation for zero 
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currents of electric charge and of energy flow and heat is 
generated in the substance. If the electric field and 
temperature gradient are small enough for the currents 
to be linear functions of them, then the rate of genera- 
tion of heat, @, is a bilinear function of them. For the 
present purpose it is convenient to write it in the 
(equivalent) form of a bilinear function of electric 
current and temperature gradient: 


O=pJ*?—ZJ- gradT+div(K gradT). (6) 


Here K is the thermal conductivity, as will appear on 
comparing (7) with (11). The term in J-gradT repre- 
sents the Thomson effect, and the coefficient 2 is the 
Thomson coefficient. To obtain a convenient expression 
for = in terms of the coefficients of a linear transport 
equation, we formulate a phenomenological equation 
for the energy flux W: 


W=(L+¢)J—K gradT, (7) 


where the coefficient Z is the new transport parameter 
which we are prepared to calculate. Then 


@=—divW=—J-grad(L+¢)+div(K gradT), (8) 


since for a steady state’ divJ=0. We now substitute in 
(8) from 


gradL= (dL/dT) gradT (9) 
and [Eq. (3) for homogeneous material ] 
grad@= —E= —pJ+0 gradT. 
Then we find 
O=pJ*— (Q+dL/dT)J- gradT+div(K gradT). 


(10) 


(11) 
Comparison of this last equation with (6) shows that 
==0+dL/dT. (12) 


The value of 2 given by (12) is unambiguous. It applies 
of course to a single substance, the Thomson effect 
being defined operationally for a single substance 
whether or not it forms part of a thermocouple. 


c. Peltier Effect 


Adding (5) and (12) yields the equation for a single 
substance: 


__ df/e+L) 


Q+z (13) 


dT 


This result invites comparison with the first Kelvin 
relation 
(14) 


where II,48(T) is the Peltier coefficient of the couple. 


Qx8 +2 p—La=dl,8/dT, 


current at the terminals. We do not go into the question of possible 
“parasitic” local currents and their effect. 

® Of course for a true steady state we ought, strictly speaking, 
also to have @ =0. It seems obvious that a more careful formula- 
tion would lead only to the same results as will be obtained here. 
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By the definition of the latter—with the sign convention 
adopted here—the heat evolved per unit time at junction 
1 when a total current J (small enough for the transport 
equations to be linear) is flowing from B, to Bz through 
the couple is J1I,2(7T;). It is evident from (7) that this 
is I[Lp(T:)—La(T:)+ (@s—¢a): ]. But from (2) we 
have 


e(oa—Ga)i=fB(T1)—fa(T)). (15) 


Hence, 
TB = (L+$/e)p— (L+$/e)a. (16) 


By combining (5’), (13), and (16) we obtain (14). 
It follows from (16) that we may regard the magnitude 


N=L+{¢/e (17) 
as the Peltier coefficient of a single substance, so that 
42 =I1p—TIIa. (17’) 


Again, we might have added a universal function of 
temperature to the right-hand side of (17), just as 
with (5). 


d. The Second Kelvin Relation 


The second Kelvin relation for a couple is, for the 
present sign convention, given by the formulas 


TQ,3= I,”, (18) 
TdQ,®/dT=Z3—2a, (19) 


[where (19) follows from (18) when II,® is eliminated 
by substitution from (14) ]. It is a consequence of the 
arbitrariness in the definition of Q and II for a single 
substance that they may be chosen so as to satisfy the 
relations 


Q+2=dll/dT, 
TQ=Il, 


(14’) 
(18’) 


and 
TdQ/dT=%. (19’) 


The only latitude left after this requirement has been 
imposed on our “gauge” for a single substance is that 
represented by the transformation 


Q-0+C, I-I+CT, 


where C is an arbitrary constant. 

It turns out that the choice of “gauge” represented 
by Eqs. (5) and (17) is such that they satisfy (14’), 
(18’), and (19’). This may be demonstrated as follows: 
The condition for (18’) to be satisfied by (5) and (17) is 


e(TQ+L)=Tdg/dT—f. (20) 


By (13), Eqs. (5) and (17) already satisfy (14’). 
Hence (20) is the condition for all three of Eqs. (14’), 
(18’), and (19’) to hold. As might have been expected, 
(20) turns out to be equivalent to the Onsager relation 
appropriate to simultaneous electric and heat currents. 
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This Onsager relation is given in Callen’s paper (Sec. 
II of reference 3). Equations (13) and (18) of that 
paper are equivalent to (7) and (10) here, with Callen’s 
J replaced by —1/e times our J and his u replaced by 
our y [see Eq. (1) here]. Then Callen’s equations may 
be written 


J (=) dy (=) ar] 
=e| { — } grady—( — } grad7}, 
T ' T? . 


w (=) dy-+ (— =) - 
= {| ————— } era —__——_ : 
i: T? waa 


By comparing Eqs. (21), after substituting for y from 
(1), with (7) and (10) we find 


Lu=To/e’, 
Lo2=To({+eL)?/e—T’K, 
Ly=LyT (dt /dT—eQ), 
Ly=Lyu(f+eL). 


It follows from the last two of Eqs. (22) that (20) is 
the expression in terms of our transport parameters 
of the Onsager relation, Z;2=L2, for Eqs. (21). Thus 
the “gauge” represented by the choice (5), (17) for 
the thermoelectric functions of a single substance is 
necessarily such that (14’), (18’), and (19’) are satisfied, 
according to Onsager’s principle.” In virtue of this 
property, it seems appropriate to call the functions 
defined by (5) and (17) the absolute TEP and Peltier 
coefficient of the substance. Since Eq. (20) connects 
thermoelectric magnitudes which may be calculated 
directly from the transport theory of a particular 
model of a substance, it might be valuable as a test 
of the worth of some approximate version—as is 
usually necessary—of the transport theory for the 
model." As the foregoing discussion elucidates, the 
application of Onsager’s principle to thermoelectricity 
yields more information than Kelvin’s analysis. The 
latter applies to a couple, and leads only to (18) and 
(19), whereas the former applies to a single substance 
and hence leads to the result (20), and hence to (18’) 
and (19’) with the present “thermoelectric gauge,”’ for 
a single substance [ see, however, the discussion around 


Eq. (35)]. 


It seems worth mentioning here that, as we shall see in Sec. 
2, the same conclusion may be arrived at by applying Kelvin’s 
formula (18) to our results for the model of a mixed semiconductor 
considered in Sec. 2: one finds that (20) must hold for the system 
described by this model, and may thence infer that it holds uni- 
versally. The difference in the logical statuses of these two deriva- 
tions of (20) is that one rests on Kelvin’s theory of the thermo- 
couple and the other on Onsager’s theory applied to the coupled 
transport processes represented by Eqs. (21), 

4 The same point has been made by E. H. Sondheimer, Proc. 
Roy. Soc. (London) A234, 391 (1956), Sec. 3. Sondheimer applies 
this test to the published theories of the phonon drag effect : some 
comments on his remarks will be found in the notes added in 
proof to IT. 


(21) 


(22) 
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2. APPLICATION TO MIXED SEMICONDUCTORS 
a. Formulas for Q and L 


We now apply the foregoing results to the model of a 
semiconductor analyzed in I and II, subject to the 
same assumptions, which were stated at the beginning 
of I (briefly, that we have a single electron band and a 
single hole band, and that Boltzmann statistics may be 
applied to the carriers in them). 

On passing from the phenomenological equations for 
a general conductor, considered without reference to its 
internal structure, to those for a component carrier band 
(conduction or valence) of a semiconductor we have 
to take account of the fact that there are three band 
transport “driving forces”: the electric field, E, and 
the temperature gradient, gradT, which we have 
already introduced, and in addition the gradient of 
concentration of carriers, gradw, (the subscript labels 
the band, as in IT). The system is, however, “redundant” 
in the sense that the current density J, and carrier 
flux density N, are not independent but strictly 
proportional”; 


N,=7J,/e. 


Consequently, although we may formally write down 
three linear transport equations, for J,, for N,, and for 
W, (the contribution from the band labeled by s to W), 
corresponding coefficients in the first and in the second 
are strictly proportional and it then follows immediately 
by application of the appropriate Onsager relation that 
these transport equations must contain E and gradn, 
only in a definite, thermodynamically determined, 
linear combination. For Boltzmann statistics this linear 
combination is 


E’,=E+ (k7/e) grad(logn,). 


[This result is, of course, equivalent to the Einstein 
relation, D,= (kT/e)us..| The phenomenological equa- 
tion for the drift velocity then reads 


(23) 


(24) 


(25) 


where D,” is the band thermodiffusion coefficient. The 
contribution to (25) from gradm,, in the situation of 
simultaneous electric field and temperature gradient in 
a homogeneous semiconductor and at a point remote 
from boundaries, comes from the dependence of the 
equilibrium concentration, n,(T), on T. Accordingly we 
substitute, in (24) and (25), the relation 


grad (logn,) = [d(logn,)/dT ] gradT. 


u,= Fu,E’,—D," gradT, 


(26) 


As in I and II, we also express D’ in terms of a dimen- 
sionless phenomenological magnitude y: 


DJt= (k/e)usys- 


(27) 


The substitution (26) is appropriate for the derivation 
of the linear equations which are studied in the present 


# As in I and II, the upper sign refers to electrons (s=1), the 
lower to holes (s=2). 
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paper. Any deviation of the concentration from its 
equilibrium value will, for the assumed condition of 
homogeneous electric (and, equally, magnetic) field, 
be such as to contribute only to higher order terms in 
the transport equations. This is shown in the Appendix, 
where a formula for the deviation is obtained. Then™ 


u,= —u.{+E+ (k/e)[Td(logn,)/dT+y7, ] gradT}. (28) 


It is convenient to substitute for 2,(T) in (28) from the 
formula (valid for Boltzmann statistics, that is when 
the exponential factor is small compared with unity) 


n,=2(2rm,kT/h*)' expl+ (¢—€05)/kT]. (29) 


In the present discussion we substitute (29) in (28), 
making the assumption that the band scheme of levels 
does not vary with temperature. The consequences of 
such a variation will be considered later [see the 
discussion around Eq. (48) ], and will lead to modifi- 
cations of Eqs. (28’), (31), (34), and (36). Thus for the 
present we differentiate (29) with respect to T holding 
the density-of-states mass m, and the band-edge energy 
€os fixed. Then 


u=Fu-n(-)[ + 


(€oe+Tdf/dT—$) 
kT 


+ye+ 1 fruar. (28’) 


By substituting (28’) in the formula for the current 
density, 
(30) 


one obtains an equation for J, as a linear function of 
E and grad7, which by comparison with (10) yields 
the results: 


kfoi/ 0 
a=-|"(= 4143) 
eLo \kT 


02 €02 (Tdt/dT—¢) 
-"(-S+1r+8)+——|_ on 
kT kT 


o 


J=e(nou2— mu), 


(where 1/p=o=o1+02, o,=eu.Ns, as in I and II). 

To obtain the corresponding phenomenological 
formula for L it is sufficient to consider the energy flux 
W due to an electric field alone, without a simultaneous 
temperature gradient. The carriers whose mean ve- 
locity is given by (25) or (28) transport energy which 
may be separated conceptually into the following 
contributions: (a) electrostatic energy ed; (b) the 
band-edge energy -+te,; (c) excitation energy 

13 Tt might seem inconsistent to make use of (26), but not to take 
explicit account of the effect of relaxation processes changing the 
number of carriers in the band, in (28). It is shown in the Appendix 
that this is in fact permissible so far as transitions between the 
band and localized states (impurities and defects) is concerned. 
If interband transitions were to result in appreciable coupling 


between the transport equations of the two bands then obviously 
the whole system of equations would need reformulation. 
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+[e,.(p)—€o. ]=w,(p) whose mean value is of order kT; 
(d) at the lower temperatures, a contribution from the 
entrainment of lattice quanta due to carrier-lattice 
mode collisions (the Gurevich, or “phonon drag,” 
effect). We combine these last two contributions, 
which one may call the “thermal” ones, and denote 
their value averaged over the perturbed velocity 
distribution by 6,87, thus introducing two further 
dimensionless phenomenological magnitudes 6, and 
52.4 On combining all these contributions one finds 


W(E) = — nui E(—eb+ €0:+kT75;) 

+ nook (eb— €o2+kT 52) = — (015 /ce) (—ebt+en+hkT6;) 
+ (oJ /ce)(eb—€o2+kT52). (32) 

Hence, by (7), 


1 fo, a2 
L= —— | (eu-+475) + (on—#78) (33) 
eto Co 


On combining (31) and (33), we find 


df 
e(T2+L)— (7—-+) 
dT 


01 02 
i at| oto) ——(v2+$—62) | (34) 
o o 


We wish to compare this result with Eq. (20), which is 
the condition for the gauge given by (5) and (17) to 
satisfy (14’), (18’), and (19’). Now the general result, 
which follows" rigorously from the Kelvin relation (18) 
is 


e(TQ+L)— (rr) 


=a universal function of temperature. (35) 


The reconciliation of (34) and (35), allowing for the 
arbitrary variations of o;/¢ and o2/¢ which are possible, 
compels the following two conclusions'®: (a) the 
“universal function of temperature” on the right of 
(35) must be zero. Hence we arrive at (20). The 
foregoing argument is the second proof of (20), the 
proof from Kelvin’s second relation, referred to in 
footnote 10; (b) the 6, and the y, are not independent 
parameters, but are related by the formula 


5.=7.+3. 


This result (36) is, for a semiconductor described by 


(36) 


4 For either band, kT6 is the same magnitude as is denoted by 
| Aer| in Herring’s paper (reference 36). 

16 Strictly speaking, we conclude that +(y,+$—6,)=a uni- 
versal function: that is, the expression in parentheses equals the 
same function of T for all conduction bands and equals minus this 
same function for all valence bands. We are, however, bound to 
conclude from this latter result that the function must be zero. It 
should be added that it comes out to be zero for the classical model, 
and hence again, from the above result, must be zero for all cases 
for which the assumptions leading to (34) are valid. 
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the present model, the effective form of (20) for the 
application mentioned at the end of Sec. 1, the evalua- 
tion of the worth of some particular microscopic 
treatment of transport theory. [See, however, Eq. (49) 
and the discussion leading to it. ] 


b. Formulas for the TEP: Doping Curve 


The TEP for a mixed semiconductor according to 
the present model may now be derived from (5), or 
from (17) and (18’). The latter alternative is the 
simpler.!* From (17), (18’), and (33) we have at once 


(37) 


C1 02 
eTQ={——(€01 +761) ——(€02—&T 52). 
o o 


This result is the same as is given in II, as Eq. (32) 
there. (This will be evident by inspection, on substi- 
tuting from (36) here and remembering that 0:+-02=<.) 
It should be noted that (37) does not depend on the 
detailed assumptions of the present section, except the 
assumption of a single valence band and a single 
conduction band, and in particular does not depend 
on the assumption of Boltzmann statistics. The alter- 
native formula given in II, Eq. (31) there, is valid only 
for Boltzmann statistics: it follows at once from (37) 
here on substituting for ¢ the expression 


£=}(€o1t €o2) +347 log (m1/m2) —§ log (m/mz) ]. 


Let us write this alternative formula in the form 


o(Yo2)-C)-i} 


a= (€01— €02)/kT+8:+-52= A/kT+56:+5:, 
E=log(u1/u2)+§ log(m,/m2)+61— 52. 


Evidently, from (39), one may hope to determine 
a(T) by constructing “doping curves” of the TEP of 
the semiconductor, relative to a fixed reference metal, 
for a range of conductivities at fixed temperature—over 
the temperature interval where a sufficient range of 
conductivity ratios, 01/02, can be covered and where a 
and £ do not vary appreciably over the doping range. 

For the conditions postulated for the doping curve, 
Q according to (39) depends only on the conductivity 
ratio 01/2. The curve of Q versus o is symmetrical about 
the line Q=—(k/2e)é. The theoretical doping curve 
may be constructed by substituting for the conductivity 
ratio in (39) the solution of the equation 


(01/02)*+ (02/01)*=20/a0, 


where oo(7) is the minimum value of o on the curve. 


(38) 


where 


(39’) 


(40) 


16 This is pointed out by Herring (reference 36), who quotes C. 
Wagner, Z. Physik. Chem. B22, 195 (1933). The results (37), (39) 
may also be derived directly (in terms of the y, rather than the 
6.) ben (5), (31), and (38), as in IT. Also an expression for 2 may 
be derived from (12); and then, subject to (36), one may verify 
(19’). 


PP. J. FSerce 


The asymptotic form of (39), for o>oo, is 
(¢/k)Q+3 (Eta) ~ +log(20/a0). (41) 


The complete curve has the form shown in Fig. 2. 
(The shape of the curve shown is as calculated for 
a=30.) The region of the crossover, X, and to the 
right of it, is merely an idealization, since it would be 
realized only at impurity concentrations which are out 
of reach—or, at least, for which our assumptions do not 
apply. (For example, for germanium at 300°K one 
calculates that the point X would be reached for a 
density of ionized uncompensated impurities of ~10?° 
cm~ or more.) One would expect that in practice the 
n and p branches do not in fact cross. There are two 
simple ways of determining a from the “thermo- 
electric loop” of Fig. 2. The first is to measure the 
maximum chord M,Mz. Then 


Qm2— Qui==Llale- 2)}#—log{a—1+[a(a—2) }}}] 


mw [a—1—log(2a)+0(1/a)], for a>1. (42) 
é 


This method may require that good absolute values 
(in the sense of scale rather than of zero level) of Q be 
obtainable. From a rough advance value of a, the 
conductivity om, about which the conductivities for 
the samples selected to be measured should cluster, 
may be calculated. The second method requires that 
ox be determined (by extrapolation from ]ower conduc- 
tivities) and that a» be known. Then a is a function of 
o/c, given by the condition for the first two terms 
in the square bracket of (39) to cancel. This function 
is in general complicated, but it simplifies for large 


values of a: 
a=2log(2ex/o0), a>1. (43) 


For germanium at 300°K there exist enough data, 
obtained by Geballe and Hull,” to at least try out these 








109 0, 109m, log Oy logo 
Fic. 2. Theoretical doping curve for thermoelectric power, 


according to Eq. (39). The curve shown was calculated for a=30. 


1" T. H. Geballe and G. W. Hull, Phys. Rev. 94, 1134 (1954). 
The values of TEP given in their paper are for a germanium- 
annealed copper couple. Figure 3 here actually shows Qae—Qcu. 
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ideas. Figure 3 shows QT versus loge plotted for these 
data. The anticipated loop illustrated by Fig. 2 is 
clearly apparent. The two methods described above lead, 
respectively, to the values 


a=30 (MM), 


(44) 
a=27} (OX). 

It turns out, however, that the whole collection of 
points does not lie exactly on a theoretical curve 
according to (39). Figure 3 also shows the theoretical 
curves for a= 29 and a= 31, calculated for a maximum 
resistivity po=59 ohm-cm.'® (A better fit to the data 
could have been obtained if we were free to choose an 
optimum value—about 50 ohm cm—for po, and also had 
multiplied the experimental values of Q by a fixed 
scale factor supposed to correct for a presumed corre- 
sponding departure of these from true values; but it was 
felt that this procedure would have been an arbitrary 
treatment of data one is not in a position to evaluate 
and control, and was not justified.) Since the points lie 
between or not far outside these two curves, one may 
tentatively infer a value 


a= 30+1. (45) 


The values A= 0.65 volts,® 6,=6:= 2, give 
a= 25 2+6:+6.= 29.2. From the positions of the center 
lines of the curves, we have 


QxT=—0.01s volts. (46) 


The foregoing analysis of existing data is given to show 
the correspondence of theory to the published measure- 
ments. Evidently with more extensive data, carefully 
evaluated for this purpose, more accurate values of 
a and QxT might be obtained. 

In order to infer the value of ¢ from the value of 
Qx (Fig. 2), and hence to obtain information about the 
substance from the second of Eqs. (39’), it is necessary 
to infer from the data for a thermocouple the absolute 
values of Q for the substance. If this be once achieved 
for any one temperature, the Kelvin relation (19’) 
makes it then possible to compute absolute values for 
other temperatures from measured values of the 
Thomson coefficient.” (The high resistivity of semi- 
conductors presumably makes measurement of = for 
them impracticable. It is, however, only necessary to 
know 2(T) for a convenient reference metal or group 
of metals. The required measurements were made and 
applied to this purpose by Borelius et al.) In order to 
obtain the necessary single value of the absolute TEP 
for one substance, Borelius et al.*° introduced the 
hypothesis that the absolute thermoelectric coefficients 
are zero in a superconductor. From the tables of results 
given by Borelius ef al. it appears that the absolute 


18 P. G. Herkart and J. Kurshan, RCA Rev. 14, 427 (1953). 
19 F, Herman, Proc. Inst. Radio Engrs. 43, 1703 (1955), Sec. 15. 


* Borelius, Keesom, Johansson, and Linde, Koninkl. Akad. 
Wetenschap. Amsterdam 35, 10-33 (1932). 
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Fic. 3. The thermoelectric loop (doping curve) for germanium at 
300°K. The circles represent Geballe and Hull’s measured values of 
the TEP of a germanium-annealed copper couple. Each is for one 
sample germanium crystal, and is labeled according to the same 
code as is used in Geballe and Hull’s paper.!? The curves are cal- 
culated from Eq. (39), assuming a maximum resistivity po of 59 
ohm-cm. The inner curve is for a=29, the outer for a=31. The 
positions of the center lines of the curves (corresponding to values 
of £) are chosen empirically to bring the datum circles as close as 
possible to the curves. 


value of Qcu at 300°K is of order one microvolt per 
degree. The change in the result (46), in converting 
from the Ge-Cu couple to the absolute value for Ge, is 
then less than the uncertainty in the result. The value of 
& obtained from (46), taking the latter to give the 
absolute value of Qge, is 1.4. This result, when combined 
with the experimental value of 1/u2 and the ratio of 
density-of-states masses derived from the cyclotron 
resonance experiments, should yield a value for 6;—52. 
The calculation is not made here because the un- 
certainty in the present value of QxT is so great that 
the result would hardly be significant. It seems likely, 
however, that good enough values of £ could be obtained 
from the thermoelectric loop with a more favorable 
distribution of sample resistivities—in particular, with 
points grouped about the maximum chord. (For 
germanium at 300°K, sample resistivities in the range 
5 to 20 ohm-cm are needed.) 


c. Variation of Band Energies with Temperature 


One might hope that, as suggested in II, a sufficiently 
accurate value of a, combined with a value of A obtained 
independently, would make possible the determination 
of 6:+62 (or yi+/72). There is, however, the following 
difficulty: the value of A in practice appears to be a 
decreasing function of temperature. If we write 


A(T)=A(0)—ohkT, (47) 


then evidently for germanium w~2 or 3.%! Any 
corrections to a from this effect are likely to be of the 
order of magnitude of w, and hence comparable with 
5:+42. One can get some distance in discussing this 
question without a very definite idea of the correct 
physical interpretation of the temperature shift. Since 


21 F, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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¢ and the m, are well-defined magnitudes, one might 
propose to so define the ¢€o, as functions of the tempera- 
ture that (29) is satisfied, with the m, constant.2? We 
are further entitled to so define the 6, that (32) and (33) 
then remain true. Then Eqs. (37), (38), and (39) are 
preserved unchanged. So long as the parameters a and £ 
of (39) remain constant along the constant-temperature 
doping curve we have discussed,” the determination of 
a is unaffected. Also the definition (39’) of @ is un- 
changed; but A is a function of temperature. The 
question is how A(T) as so defined is related to the 
forbidden energy defined and measured in other ways. 
For the transport phenomena discussed in this series, 
a clear answer may be obtained: on repeating the 
analysis of this section, one finds that the €, in (28’) 
and (31) must be replaced by 


T (d€0,/8T) p. (48) 


The new terms appear in (34) in such a way that (36) 
becomes 


Rae 
€0s = €0s— 


5+ (1/k) (Be0./8T) P= yet §. (49) 


(It seems to be correct to take the derivatives in (48) 
and (49) at constant pressure, P, rather than at constant 
volume for example, since to a good approximation the 
crystal subject to a temperature gradient will be in 
equilibrium when the thermodynamic pressure is 
constant along the temperature gradient.) Thus Eqs. 
(50) and (51) here are correct, with the present defini- 
tions of the €o, and 6,, but in Eqs. (34), (33) of II, to 
which they respectively correspond, the €, must be 
replaced by the eo,’ defined in Eq. (48) here. [The 
results (50), (51) here are then obtained by substi- 
tuting from (49) here. ] Equations (32) and (35) of IT are 
corrected in the same way, but Eq. (36) of II is not 
affected. Where A appears explicitly in results such as 
Eqs. (12’), (31), and (31’) of II, they are corrected by 
replacing A by 


A’=A—TdA/dT. (48’) 


Equations, such as (39) and those following, which are 
given in terms of a [as defined in (39’)] and of the 6, 
may be regarded as having this form of the correction 
for temperature shift, where it would be appropriate, 
“built in.” All subsequent equations of the present 
paper may be so regarded, provided that activation en- 
ergies, such as the A; of (64), are properly defined, as in 
(73). The formula for the anomalous contribution to the 
Lorenz number! in mixed semiconductors is corrected 
in the way indicated above. Where A is determined from 


“Tt might be objected that the density-of-states masses may be 
calculated in terms of features of the band energy function which 
we | be obtained from observation, and so are predetermined. 

ning them as constant is a matter of convenience here, and to 
do otherwise would involve discussion of the physics of the tem- 
perature shift. 

* Where an appreciable part of the temperature shift is due to 
= T price, P energy,” this cannot be expected to be so. 

Price, Proc. Phys. Soc. (London) B69, 851 ( 1956). In 
By O) Xe this letter, A is to be replaced by A’, as defined in Eq. 
"). The square bracket is then a, as defined in Eq. (39’). 
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the intrinsic carrier concentration as a function of tem- 
perature,” then presumably it is A’, Eq. (48’), that 
is found. (Where w is constant, a factor expw appears in 
the expression for intrinsic concentration, and w may 
hence be determined when the m, are independently 
known accurately enough.) A second way of deter- 
mining A is from the optical absorption spectrum. Since 
the absorption processes concerned involve exchange 
of energy between the carrier and its crystal environ- 
ment,” and since the value of the gap which is thus 
found is temperature dependent,”* the bearing of the 
physical basis of this temperature shift on the absorp- 
tion process must presumably be considered before it 
can be clear how the gap measured in this way is 
related to the A defined above.”’ It seems worth pointing 
out that when there is a shift of the effective band edge 
with temperature the relation (49) is sufficient by 
itself to show that the kinetic theory of the classical 
model cannot be strictly valid.” 


d. Extrinsic Case 


In II it was suggested [in connection with Eq. (34) 
there ] that y:+y2 might be determined, in a way not 
requiring that A be known, from the TEP of a couple 
composed of n-type and p-type samples of the semi- 
conductor. This possibility might be thought to be in 
contradiction to the conclusion, from the discussion 
above of the thermoelectric loop, that only the 
parameter a (which involves A) is so determined. The 
discrepancy is actually in the kind of information with 
which values of the TEP are supposed to be combined. 
The “p-n couple” method presupposed that the first 
two terms in the square bracket of the formula 





0,-Q.= =| on g Se “ar+5a| (50) 


el kT kT 


are calculable. The calculations may be made” if the 
density-of-states masses m, are available and if the 
concentrations of the impurities and traps, and enough 
information about their level schemes relative to the 


26 Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 

26 G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 

27 See, however, the result reported by James, in an unpublished 
paper at a private conference, as quoted by Fan (reference 5, 
Sec. 10). 

*8 There is, however, a temperature variation in a trivial sense . 
which is brought about, in a band with several equivalent band- 
edge points, by the relative displacement in energy of the “valleys” 
caused by a shear strain [see Eq. (71) and the discussion preceding 
it at the end of Sec. 3]. In such a case the supercession of (36) by 
(49) may not imply that the classical model for an individual valley 
is invalid. If one is obliged to assign values to y, and 6, in ignor- 
ance, and wishes to assume those of the classical model, then in 
general a choice between y,=} and 5,=2 is necessary, since (49) 
does not allow both. It seems more rational to choose the latter 
assumption, and to let y,—4 be determined by (49), regarding the 
second term on the left of (49) as ar eo “driving force” 
analogous to the contribution from (26) to (28 

2 The result is given, for example, by yd Sa Eq. (29) here 
pen >; (3) and (5) of E. M. Conwell, Phys. Rev. 99, 1195 
(195 
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band edges, are known. If the specimens are heavily 
extrinsic (:>>n2 or m2>>m), then the value of A is not 
required for these calculations. In this latter case, if 
the absolute value of Q is known, a similar calculation 
may be made for 6; or 52 alone by means of Eq. (33) 
of II: 


Q= (k/e)[ ($—€0s)/kT 5, ]. (51) 


Previous calculations of this kind (for example in 
reference 17) have assumed a theoretical value for 6, 
and thereby determined m, (on which ¢{— «0, depends). 
Where m, is otherwise determined, the use of this 
calculation is evidently rather to obtain an experi- 
mental value for 6. 


3. MAGNETO-THERMOELECTRICITY AND 
PIEZO-THERMOELECTRICITY 


This section is concerned with the variations of TEP, 
in a given single-crystal specimen of a cubic semi- 
conductor at a fixed temperature, which may be 
produced by varying intensive “thermodynamic” 
parameters on which the state of the substance depends. 
The two such parameters to be considered are magnetic 
field and elastic strain. To avoid confusion in notion, 
we will use the symbol d to indicate a change of this 


kind (dus, do, dQ, etc.). 


a. Magnetic Field*° 


It is to be expected that in a mixed semiconductor 
a strong magnetic field will change Q mainly by changing 
the y,, and to a lesser extent by changing the 6,. No 
appreciable effect on the band energies (deo.,dm,) is to 
be expected except for very large fields indeed. Further- 
more, the changes in free energy per particle, at fixed n,, 
will be very small*! compared with kT and hence 
ad¢/kT and the d(logn,) will be very small.*? The 
observed effects may, however, be complicated by the 
fact that in general a magnetic field will cause the 
transport parameters, and in particular Q and L, to 
become tensors. The electric field for zero current will 
no longer be parallel to the temperature gradient 
(Nernst effect). These complications might be allowed 
for; or one might try to eliminate (or simplify) them 
by special geometries®: here the solution of this 
problem will be taken for granted, and the formulas for 
Q in II and in Sec. 2 here will be taken to refer to a 
measured component of the symmetric parts of the 
tensors Q, L, 6,, etc. The formula for dQ is further 
simplified if we consider only an infinitesimal change 


® The effect discussed here has been demonstrated and meas- 
ured in InSb by R. K. Willardson and A. C. Beer, Bull. Am. 
Phys. Soc. Ser. IT, 1, 54 (1956). See also reference 35. 

31 This may be inferred from the order of magnitude of the con- 
tributions per carrier particle to the magnetic susceptibility. See, 
for example, D. K. Stevens and J. H. Crawford, Jr., Phys. Rev. 99, 
487 (1955), Eq. (1). 

82 According to E. N. Adams, II (private communication), the 
electronic state of donors in indium antimonide is appreciably 
changed by very large, but attainable, magnetic fields: Such an 
effect could cause appreciable changes in ¢ and the my. 
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from the value in zero field (so that dQ etc. are simply 
proportional to H*), Then, since for an infinitesimal 
change 


d{ (o2—01)/¢ ]=2(0102/0")d log(c2/01), 


we have by (37) 


dQ= (k/e)[ (0102/0?) a d log (u2/m1) 
+ (o2/0)d52—(o1/0)d6,]. (52) 


This result is of the same form, in its dependence on a 
and the ratio of band conductivities, as that for the 
Nernst coefficient B*: 


B= (R/ ec) (oy 2/0*)a(uy4# +2") 
+ (01/0)81+ (02/0)B2], (53) 


and accordingly one would expect the analysis by the 
parabolic doping curve explained in II, in connection 
with Fig. 1 there, to be useful here. Thus one may 
determine the parameters ald log(u2/u1) |/H?, dé,/H’, 
by plotting dQ/H? against Hall mobility u.” (measured 
in a weak field) for a range of specimens at a fixed 
temperature. The determination of the d6,/H*, the 
possibility of which is evident from (52), would be of 
some interest. These provide for each band a further 
transport parameter, for which the results of theory 
may be compared with experimental values.** Any such 
additional tests should be of value, in the present state 
of progress of the kinetic theory of the band transport 
parameters in semiconductors. However, it seems 
evident that normally for mixed semiconductors the 
effect of the dé, on Q will tend to be masked by the 
effect of the du,, because of the large factor a. Conse- 
quently the dé, will be determined more accurately by 
measurements on extrinsic specimens.*® When the 
phonon drag effect sets in, as the temperature is 
lowered, one would expect the dé,/H* to change appreci- 
ably, since ** the entrained phonon energy is distributed 
differently among carrier velocities than the carrier 
energy transported with the flow due to an electric field. 


b. Strains*’ 


It is convenient here to introduce an elaboration of 
the d notation. The symbol d° will be used to signify 


33 See II (reference 1), Sec. 2. The 8, are defined in Eq. (7) there, 
in terms of parameters explained earlier in that paper. The version 
of the formula for B given here as Eq. (53), with a defined in 
terms of the 6, rather than the 7,, takes into account the tempera- 
ture shifts of the band edges in the way explained in Sec. 2 here. 

* One would expect them to be in general positive (at least 
where the phonon drag effect is not appreciable), since the faster 
carriers will be less affected by the magnetic field than the slower 
and hence the magnetic field will cause the former to carry an 
increased proportion of the current due to an electric field. 

36 Such measurements have been made by M. C. Steele [Bull. 
Am. Phys. Soc. Ser II, 1, 225 (1956) ] for n-type germanium at 
liquid air temperature. His results show that 6; increased by 11.4 
as H increased from zero to 11.5 kilogauss. 

36 C, Herring, Phys. Rev. 96, 1163 (1954). 

37 This effect (the influence of strain on TEP) is a well-known one 
in metals, having been described by Thomson himself a hundred 
years ago and extensively investigated since then. A recent re- 
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the change per unit strain for whatever kind of strain 
is in question. A subscript on the d or d@° will be used 
where necessary to indicate which kind of strain. For 
strain the effect on Q of the deo,, in mixed semi- 
conductors, is not negligible compared with the effects 
of the du, and dé,, and in fact is normally the greatest 
term in dQ. Then @QT~d@°A/e~a volts. This is an 
enormous value compared with those for metals, for 
which @Q7~millivolts. 

To begin with, we limit the discussion to the effect 
of a hydrostatic pressure and consequent isotropic 
compression, with strain tensor components S;;= S, 6;;. 
Since for this case the crystal retains its cubic symmetry 
the band structure is not changed qualitatively (only 
the values of the parameters, €o,, m,, characterizing it 
being altered), the transport parameters (y,, 6,, L, etc.) 
remain scalars, and the TEP itself remains a scalar: 
4.0 ;=6;;4.0=6;;S dQ. The simplest way of describing 
the effect of the strain is in terms of the thermoelectric 
loop (Fig. 2) described in Sec. 2. The loop is charac- 
terized by three parameters, oo, a, and é, and all three 
will be changed. The change in a» is given by the piezo- 
resistance. This is known to be very large for mixed 
semiconductors. For example, for intrinsic germanium 
at room temperature d,°c9~3000».* The piezoresistance 
of course merely changes the horizontal scale of the 
loop: vertical shifts are due to da and dt. The change 
in @ per unit strain will in practice be large, and domi- 
nated by the change of the forbidden gap. We have 


Pa=PA/kT+4%,+d%s. (54) 


For germanium at room temperature, it is at present 
known” that d°A~12—18 ev. The first term of (54) is 
then about 600. In the absence of the phonon drag 
effect the second and third terms of (54) may be 
presumed to be of order unity, for an isotropic com- 
pression. Similarly, d,°§ may be expected to be of order 
unity. One might plot a displaced loop for Q(S.) versus 
log o(S.), for a suitable standard value of S., and hence 
determine the displaced values of a and ¢. This pro- 
cedure is perhaps to be regarded as a rough independent 
determination of @.°A, the effect on Q of the pressure 
shifts in the other magnitudes being neglected. 

It is, however, worth while to examine the effect in 
greater detail by considering the actual change of Q for 
a given crystal specimen. For the effect of a strain, 
Eq. (52) must be extended by adding terms for the 
changes in ¢, the €o,, and the m,. The complete expression, 
ference, having a good bibliography, is A. J. Mortlock, Australian 
J. Phys. 6, 410 (1953). So far as I know, no observations of the 
effect in semiconductors have been published. This seems a sur- 
prising omission, since for mixed semiconductors the effect should 

e of order 1000 times as great as it is in metals. Because of this 
large magnitude, the experimental results obtained for the 
thermoelectric power of semiconductors might sometimes be 
appreciably affected by locked in strains. 

. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). 

*H. Y. Fan, reference 5, ‘Sec. 10. The figures quoted here are, 

in accordance with our notation, three times the changes per unit 


dilation. The two values, 12 ev and 18 ev, correspond to the two 
figures, from different sources, quoted by Fan. 
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for infinitesimal changes, is then 


P _ BF erten) J 
eT 


oo—0,dA kfoyor Ne 
Epa’) 
2¢ eT ete? ny 
Rf /oic2 
+-((= )adiog(= *)+ — db.— “"s] (55) 
e€ o M1 o o 


For a crystal with mixed conduction the contributions 
from the first two lines of Eq. (55) (the new terms) will 
normally be dominant. 

The general formula for dQ is too complicated to be 
surveyable. We consider here the special case of 
exhaustion—that all impurities are ionized, so that 
N1— M2 is constant—which includes intrinsic conditions 
(m,=m2) as a particular instance. To evaluate the first 
two lines of (55), we start with the equations 


$d logm.Ad(¢—€0.)/kT 
and impose the condition 
d(ny— 


Algebraic manipulation yields the results 





d logn,= (56) 


n2)=0. (57) 


alt} (crt «n)]= (“aa 


S/ Rr 
+-( ) (nd logm.—mid logm,), (58) 
+N 


d log(m2/m) = — (“— | )|—-14 log (m mz) | (59) 


Ny+N2 


Substitution of (58) and (59) in (55) leads to the 


following formula: 


71-02 N,—N2\ 1d 
()/° 
2¢ N+N2 e 





dQT= -| 


3 kT N\— Ne» 
+- —|x( )a log (mym2) —3d log(m/m 


2 M+N2 


+1 (2 acig()+ eZ) 6 


e a 
where, for brevity, we have introduced the parameter 
x=a(o102/0")—}. (61) 


(For the intrinsic case one need merely drop the terms 
in x.) It is evident from (60) that the term in dA will 
normally be dominant, and will lead to values of 
@QT of order d°A/e. There will, however, be a point 
on the doping curve [e.g., on the loop d°Q(c) ] where 
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the coefficient of dA passes through a zero, so that 
dQ is given by the remaining termsfof (60). Because 
@A>kT, the zero of d°Q on the doping curve should 
lie close to the zero of the coefficient of dA in (60). 
The expression corresponding to (60) for the piezo- 
resistance is 


(o1n2+o2M) dd : 
—————__ — -++terms in dm,, dy. 
o(m+n2) kT 


dlogs= — (62) 


In conclusion, we estimate the coefficients of dA in 
(60) and (62) for an intrinsic crystal of germanium at 
300°K, taking y/u2 as 2.1. Since x6, the condition 
for neglecting the term in x of (60) is that |m:—m2| be 
small compared with about one twentieth of the in- 
trinsic concentration. Then the coefficient of dA/e in 
(60) is —0.17s. Hence if* d,°A= — 18 ev then dQT= 3.2 
volts; or d(QQT~~— 1.4 microvolts per atmosphere. The 
corresponding figure for (the first term of) Eq. (62) is 
—1.5X10~ per atmosphere. 

The other special case which we consider is that of low 
temperatures where only one band is conducting. Then 
the TEP is given by Eq. (51). For the sake of clarity 
we discuss a single polarity, n-type, only. (The corre- 
sponding results for p-type may be readily derived.) 
By (51) we have 


eTdQ=d(¢— €01) —kT db. (63) 


Where the phonon drag effect is important, the second 
term of (63) may not necessarily be neglected. Since we 
shall be interested here in the first term, we suppose 
the second term may be separated from it by some 
means such as extrapolating the variation of dQ with 
crystal dimension normal to the temperature gradient 
(the size effect**). To facilitate the discussion we assume 
an idealized impurity system: a single kind of donor 
atom characterized by a single energy level, of de- 
generacy gz, say, and no compensation. Let the ioniza- 
tion energy be A; and the donor concentration be NV. 
If the probability of a donor level being unoccupied is 
very small then* 


exp ({—€01)/kT ] 
= (N/2gr)*2 (24m kT /h?)' exp(Ar/kT) 1}, 


and hence 
d(¢—€01) = —}dA1— kT logmy. 


(64) 


(65) 
It seems likely that the contribution to dQ from the 


* Note added in proof.—Equation (64) is valid only if the 
number of compensating acceptors is small compared with the 
number of electrons in the conduction band, and for the tempera- 
tures of interest here the opposite extreme is to be expected in 
practice. The effect of the latter conditions on Eq. (65) is to 
double the first term on the right-hand side and to make the 
second term vanish. Consequently all the subsequent predicted 
changes in TEP due to the change with strain of the effective 
ionization energy should be twice as great as given here. (The 
effect on the corresponding change in conductivity may be much 
greater.) The places below where this modification applies are 
marked *. 
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first term of (65) at very low temperature may be as 
large (~a millivolt per degree per unit strain) as 
predicted above for near-intrinsic crystals at normal 
temperatures, or even greater. For an isotropic dilation, 
the following effects seem likely to contribute to dA;: 

(a) For a “hydrogenic’ impurity orbital, a variation 
with strain of the dielectric constant and band effective 
masses may be expected to cause the corresponding 
variation of ionization energy. 

(b) For a “deep trap” impurity," the impurity levels 
should be displaced, by strain, by the same mechanism 
as for the displacement of the band-edge energy, but 
there is no reason to expect the two shifts to be equal. 

(c) For an impurity level which is hydrogenic to a 
first approximation, but for which there is an ap- 
preciable “chemical shift,’ it is to be expected that 
the excess of actual ionization energy over that given 
by the hydrogenic theory will be changed by strain. 

(d) The decrease of ionization energy, at high 
impurity concentrations, due to interaction of over- 
lapping impurity orbitals,“ may be expected to change 
with strain. In this case, however, the effect on the 
TEP will be complicated by the influence on the latter 
of impurity band conduction.** This influence, which 
has been discussed by Conwell,** will not be considered 
in this paper. (It should, however, be pointed out here 
that where impurity band conduction is appreciable 
the effect of pressure on impurity band conductivity is 
liable to result in a strong influence, possibly much 
greater than from the causes mentioned above, on Q. 
Consequently it may be of great importance, if one 
wishes to isolate the above effects from this one, that 
the samples used have impurity concentrations low 
enough for the impurity band contribution to the 
conductivity to be negligible.) 

Because of the possibility of these various effects, it 
seems worthwhile to attempt to determine @,°A;, for a 
number of doping elements, by measuring dQ at low 
temperatures. 

For more general strains, the TEP may be expected 
to become a tensor. It is convenient to separate it into 


“ The term is meant to include the distorted orbitals in bands 
with nonspherical surfaces of constant energy. See M. A. Lampert, 
Phys. Rev. 97, 352 (1955). 

‘1In general these levels are acceptors. The simple relation, 
Eq. (65), for the effect of the level shift will not normally be valid. 
See, for example, W. C. Dunlap, Jr., Phys. Rev. 97, 614 (1955). 

“W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955), 
Sec. 5. See also reference 51, Sec. 6. 

48 The hydrogenic theory applies to impurity wave functions at 
distances from the impurity ion large compared with a lattice 
constant, while for deep trap states the wave function is largely 
confined to the lattice cell containing the impurity ion. The 
chemical shift is caused by an appreciable “spill-over” of the or- 
bital into this cell, and the ionization energy accordingly lies be- 
tween those of the hydrogenic and “deep trap” states. Where the 
chemical shift amounts to a small fraction of the difference 
between these two energies, it seems plausible to expect it to show 
a large change with strain. 

“ W. Baltensperger, Phil. Mag. 44, 1355 (1953). 

46 H. Fritzsche, Phys. Rev. 99, 406 (1955). 

46 E. M. Conwell, Phys. Rev. 103, 51 (1956). I am indebted to 
Dr. Conwell for an advance copy of this paper. 
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two parts, to be discussed separately, as follows: 


Q’=3(Qir+Q22+ Oss), 

Q”=0-30, (66) 
where { is the unit tensor. To express the anisotropic 
part, 0”, of Q in terms of the phenomenological band 
transport parameters, it is necessary to generalize (55) 
and (60) to their tensor form. We confine ourselves here 
to the case of infinitesti: 1al variations about the cubic 
state. With this restriction the only change necessary 
is to write d log (2/1) in the form dy2/p2—dyi/p1, in the 
second line of (55), remembering that the du, and dé, 
are tensors.*? Then 


k 7102 dys” dy," 
rtd 
é a Me M1 


02 01 
Sanaa], (69 
o 


o 


where the yu,” and 6,” are defined analogously to Q” in 
(66). The du,""/u, and 4%,” will in general not be of 
order unity but large, for strains of the nature of a 
shear, where the band in question has a number of 
equivalent band-edge points (rather than a single 
band-edge point at the zone center). The best known 
examples of course are the conduction bands of ger- 
manium and silicon. The very large anisotropic piezo- 
resistance observed** in these substances has been 
interpreted** (for n-type) as follows: The mobility 
tensors of the different “valleys” are not isotropic, 
but have uniaxial symmetry (with principal axes in the 
1, 0, 0 directions for Si and in the 1, 1, 1 directions for 
Ge). The observed mobility is an average over the 
valley mobilities, weighted by their respective carrier 
concentrations. In the cubic state these concentrations 
are of course equal, and hence the resultant average 
mobility is isotropic. Under a shear, however, the 
band-edge energies are displaced relative to each other. 
Consequently the valley carrier concentrations differ, 
the relative values being given by the corresponding 
Boltzmann factors. The average mobility is no longer 
isotropic, because component mobility tensors with 
different principal axes are not weighted equally. It is 
clear that just the same effect is to be expected for the 
dé,” in the same cases. From Eq. (67) one may see that 
the d%,” may be isolated and determined directly from 
the dQ” tensors of extrinsic crystals, for which 


dQ” = + (k/e)d6,”. (68) 


“7 The yu, and the o,, and o, in these formulas are scalars times 
the unit tensor, but one simply omits the unit-tensor factor in 
interpreting the formulas. The complication in the general case 
(finite strain) is that 01, 02, and ¢ may not be assumed to commute. 

°C. S. Smith, Phys. Rev. 94, 42 (1954); Bendek, Paul, and 
Brooks, Phys. Rev. 100, 1129 (1955). 

“ C. Herring, Bell System Tech. J. 34, 237 (1955). The large 
effects for p-type are evidently associated with the degeneracy of 
the valence band at the band edge. 
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Dumke®™ discusses this anisotropic piezoresistance 
effect for germanium in terms of a pure shear in a 
1, 0, 0 plane, 


o.S. 0 
| (69) 


sis. 0 0 
0 00 


(where the tensor components in (69) are for Cartesian 
axes in the 1, 0, 0 directions). Then 


0 dour 0 
dy" = [ain Oo. OLS, 
0 0 0 


(70) 


and similarly for d6;’’, which may be calculated, in 
terms of the individual band-edge 6 tensors and the 
relative displacement of the band edges, by the same 
formulas as Dumke derives for du;’’. (d,°u; is the same 
magnitude as Herring” denotes by m212=mu4,.) 

The isotropic effect for a pure shear, dQ’, is of some 
interest. It seems likely that d,°A will be much smaller 
than d,°A (though an experimental investigation with 
a mixed semiconductor for which (60) is the appropriate 
formula should be possible and worthwhile) and that 
the du, and d,°m, will also be small. Similarly the 
effects on impurity ionization energy discussed above 
under the heads (a), (b), and (d) may be expected to be 
much smaller per unit strain than for an isotropic 
compression. However, a new phenomenon can be 
anticipated in the effect of a shear strain on the impurity 
levels: this is a reorganization of the multiplet into 
which the ground level is split by the chemical shift 
(see heading (c) above). It is this phenomenon to which 
it is proposed to draw attention here. (Since it is 
essentially a consequence of strains which must be 
considered as finite rather than infinitesimal, the 
restriction to infinitesimal effects is not applied to any 
of the following analysis.) In the absence of any 
chemical shift the impurity orbitals would be 
degenerate, with a multiplicity gr equal to the number, 
g, of band-edge minima of the band energy function 
e(p). For each level of the hydrogenic theory they could 
be expressed as a set of g wave functions, y;“(r), of 
which each could be decomposed into Bioch wave 
functions u(p,r) exclusively from the neighborhood of 
one band-edge pseudomomentum p). The chemical 
shift, besides depressing all the levels, lifts the de- 
generacy. Each level separates. into a multiplet of 
levels, each of which is the energy eigenfunction for a 
set of wave functions corresponding to one of the 
irreducible representations of the appropriate crystal 
symmetry group. Each of these wave functions de- 
composes into a linear combination representing many 
or all of the p“ neighborhoods. This phenomenon may 
be inferred (for the excited donor levels) from the 
structure of the infrared absorption spectrum of n-type 
silicon, and has been analyzed and semiquantitatively 


% W. P. Dumke, Phys. Rev. 101, 531 (1956). 
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accounted for in this case." It has not been verified by 
observation for donors in germanium but may be 
expected to occur for them also.” The phenomenon may 
be formulated, most conveniently for the present 
purpose, as follows: suppose we restrict the composition 
of an impurity orbital to the Bloch orbitals, of the 
band in question, in the “wedge” in p space bounded 
by the symmetry planes of the zone* and containing 
a single band-edge point p“, together with any func- 
tions orthogonal to the whole manifold of the band. 
(These latter are mixed in, in the neighborhood of the 
impurity atom, by the chemical shift effect.) The 
expectation of the exact impurity Hamiltonian may be 
imagined to be minimized for this linear combination, 
leading to a wave function ~;a“ and energy eva‘ (the 
subscript d for “decoupled”). We now take the set of 
ra as a basis and consider the matrix elements of 
the same exact Hamiltonian. The diagonal elements will 
be the era“, which in general already contain part of 
the chemical shift: for the unsheared crystal they will 
of course be all equal. There will be off-diagonal 
elements, arising wholly from the chemical shift, which 
will perturb the levels and wave functions obtained so 
far, now that the restriction on the basis of the wave 
function is relaxed. For the unsheared crystal these 
off-diagonal elements result in a splitting of the de- 
generate level, as described above. The effect of a shear 
is to destroy, partially or completely, the original 
degeneracy by displacing the band-edge energies eo“, 
and hence the era“, relative to each other. We may 
expect it to be a good approximation to set the dera“ 
equal to the deo“ and to suppose the matrix elements 
between the ya“ to be unchanged. If the relative 
displacements of the e7a‘” are small compared with the 
off-diagonal matrix elements, the result will be a 
further smaller splitting imposed on the level scheme 
for the cubic state. If we are at the other extreme, where 
the relative displacements are large compared with the 
off-diagonal elements, then the latter will have no 
appreciable influence on the levels, the Wa“ states 
being decoupled. When all the era“ are thus separated 
the donor wave functions will be the wa“) and the 
corresponding levels will be the displaced era“. If 
shears large enough to carry the impurity states through 
the intermediate range can be imposed on the crystal, 
then there should be a complex variation of the effective 
ionization energy A;(7) to be observed in its effect on 
Q’. The formulas (64), (65) must be modified by 
replacing the band-edge energy and donor level energy, 
and hence the ionization energy, by effective tempera- 


51 W. Kohn and J. M. Luttinger, to ree 98, 915 (1955). 
52 FE. M. Conwell, Phys. Rev. 99, 1195 (1955). 
58 G. F. Koster, Phys. Rev. 89, 67 (1955) see the discussion in 
connection with Figs. 2, 3, 4, and ’5. If the band-edge points are on 


the zone senners (see footnote 54) then the “wedge” bounded by 
symmetry planes is split into two equal wedges, transforming into 
each other on inversion at the zone center and together occupying 
a volume of one quarter of the zone volume. It is the whole domain 
of this pair which is meant, in this case, to supply the band func- 
tions for one of the za“). 
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ture-dependent values. We have 
€o1°'(T) = — kT log{[>.; exp(— 01 /RT) J/g}, 
er°{(T) = —kT log{[>, exp(—er™/kT) ]/g7}, 


where g= g; is the number of band-edge points p“, and 
where the e,® are the actual final impurity level 
energies. [We are still ignoring excited states, in the 
sense that we consider only levels derived from the 
(g-fold) lowest era“. ] Then 


A;*t= €o1°f— €7°f= kT 
logl 2, exp(—er/kT)/2s exp(—enr/kT)]. (73) 


The formulas (71), (72), and the result (73) simplify 
in two extreme cases, as follows: 

(a) In the limit of large relative displacements 
compared with off-diagonal elements, with complete 
separation of the era“, the set e,®, and the set ea” 
are identical, and consequently 


(71) 
(72) 


Ay*t= 9 — erg (any i)= Ara. (74) 


Then A;*f is independent of temperature and _ in- 
dependent of any further strain; 

(b) If the total width of the level scheme, including 
the strain effect, is small compared with kT, then 


(75) 


Ap*en ) — 7 = &, — Era= A, 


(where the bars signify averages over the band-edge 
points and over the corresponding levels). Then the 
effect of the off-diagonal elements again vanishes, 
because it vanishes in the sum of the level energies, 
and hence A;*f= Ara. 

We now apply the foregoing ideas to the lowest 
multiplet level of a donor in germanium. We assume 
that g=4.% The matrix elements between the pra‘ 
must be real and all equal. We set them equal to — A,. 
Then the matrix of the multiplet Hamiltonian, in the 


54 Tf the minima are inside the zone, rather than at the centers 
of its 1, 1, 1 bounding faces, then g=8. It has not yet been settled 
which of these alternatives is correct. If the former is correct, then 
the analysis presented in this paper should be modified as follows: 
the convenient basis wave functions are the normalized sums and 
normalized differences of each pair of the (eight) ya transform- 
ing into each other by reflection at the zone center (i.e., one of the 
pairs is ra") and za»), Call these new basis functions 
¢“ and ¢), where i runs from 1 to 4. Then it can be shown that 
the off-diagonal elements of the impurity Hamiltonian connecting 
the ¢“~, and those connecting any ¢“*) with any ¢“, are all 
zero. The $+) form a system which has a Hamiltonian of form 
(76) and which therefore behaves just as already described in the 
text here. The ¢“~ are the wave functions of a quadruplet of levels 
which coincide for the cubic state. They should shift independently, 
each following its own band-edge point, under a shear strain. [This 
last prediction assumes that the “forbidden” off-diagonal elements 
of the Hamiltonian (those vanishing by symmetry for the cubic 
state) which should appear once the crystal has been distorted so 
that its symmetry is no longer cubic will be so small that one may 
ignore their effect for practical purposes. ] The formulas for A;*!! 
etc. will be complicated accordingly. It seems possible that the 
differences in the theoretical formulas for do(T) and for dQ(T), 
with the strains discussed in the text, for the two cases g=4 and 
g=8, may make it possible to decide which of these two cases is 
correct from measurements of these magnitudes. 
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Fic. 4. Variation of the 
ground-state multiplet levels, 
for a donor in germanium, with 
the relative displacement of 
band-edge energies due to the 
shear represented by Eq. (69). 








va“ representation, is 


€ra 


~A. 
a 


—A, ; = era 


HRy= (76) 


For the pure shear (69), two of the €:‘” levels (in 
opposite quadrants when projected on the shear 
1, 0, 0 plane in p space) will move up together and the 
other two down together.” The corresponding pairs of 
era’ levels will make a similar, and equal, reciprocating 
movement. We therefore write 


€o1') = Equtdee, 
(77) 


era? = td. 


On substituting the second of (77) in (76), and solving 
the secular equation, the following set of levels «;”? 
is found: 


=e +Atde or %—A,+[442+(de)?]}. (78) 


Figure 4 shows how the levels vary, as a function of the 
band-edge displacement de, relative to their “center of 
gravity” é;. The general formula for the effective gap 
A;*', obtained by substituting (78) in (73), is then 


2 exp[(A7*'— Ay)/kT]=exp(—A./kT) 
+cosh([442+ (de)? }#/RT) 


Xexp(A,/kT)/cosh(de/kT). (79) 


This result contains the general solution, covering all 
cases, for our model (in which excited states with 
different era, level broadening effects, and any 
changes with strain of the uncoupled levels and wave 
functions, ¢7a“ and Wa", and of A., have not been 
taken into account). There are evidently a number of 
special cases, for various limits of the ratios of A,, de, 
and kT. Here we examine just the case RTA,, which 
is of some interest. In this case only the lowest level 
of the multiplet is occupied. For dekT, all four valleys 
of the band are equally occupied and the donor ground 
state is at €-—3A,. Then 


A;*'=A,;+3A.—kT log4. (80) 


PRICE 


At the other extreme, de>A., the lowest impurity 
level has dropped to @—A.—de, while the lowest 
pair of band-edge levels have dropped to é:—de and 
are the only ones occupied. Then 


A,*f=A;+A.—kT log?. (81) 


Thus, in the limit of band-edge shifts large compared 
with the chemical splitting, 


dA;*'—>—2A.+kT log?. (82) 


The same results appear as special cases of the form 
to which (79) reduces for kT<A,: 


dA;*t= —2A,4+[4A2+ (de)? }! 
—kT log{cosh(de/kT) ]. (83) 


For the present case it is reasonable to neglect the 
term in d logm, in (65).* Then, by (83),* 


d(¢— €01) _ A-.— $[(4A2+ (d.)? |! 
+3kT log{cosh(d.e/kT)]. (84) 


If we also drop the (isotropic part of the) term in dé, 
from (63) for the present case, then the expression (84) 
is equal to eTdQ’. 

The effects discussed above may be estimated 
numerically for a practical case as follows: The dis- 
placement per unit strain, d,°c, has been estimated by 
Dumke® (it is E; in his notation). His result is 


(85) 


It is believed® that the total chemical shift (from A, 
and from the chemical shift in ea“, in the language 
of the present discussion) in the unstrained state is 
small for the upper triplet of the ground-level multiplet 
compared with the total chemical shift for the lower 
singlet. It follows that the observed chemical shift for 
the latter, for the element in question, may for a rough 
estimate simply be equated to 4A,, the total splitting 
for the unstrained state. According to Conwell,” the 
total shift for the lowest level for arsenic is approxi- 
mately 4 milli-ev. Hence 


A. 1X10™ ev (arsenic). (86) 


The condition for (84) to be valid is then that T be 
small compared with 20° (since the minimum distance 
of the next level above the lowest is 2A,). According 


de 6 ev. 


‘to these results, d(¢—€0:) should then be equal* to A, 


for a shear of 3 or 4 parts in 10*. At 4°K, dQ’ would 
then be* about 250 microvolts per degree. 

Large effects on the isotropic conductivity o’ are to 
be expected in this situation.®*** If the effects of du.’ 


55 It seems worth pointing out here another, quite different, 
prospective consequence of the decoupling of the “valley” im- 
purity orbitals ¥;¢“ by a shear strain. The spin resonance of donor 
electrons in silicon exhibits a hyperfine structure due to the coup- 
ling of the electron spin with the spin of the donor nucleus.5* The 
Fermi factor |y,;(0)|?, and hence the width of the hyperfine 
structure, are believed to be greater by a factor 8=6 than they 
would be for an electron wave function identical with one of the 
1a, because the lowest wave function is the symmetrical com- 
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and d,m, be neglected, we have* 
d logo’ = d(¢— €0:1)/RT—A./kT—} log?. 


Thus, at 4°K, do’—13¢ cubic. 

It seems unlikely that the pure shear strain of the 
kind represented by (69) and of the required magnitude 
could be at all easily realized in practice. There are, 
however, other kinds of strain which could be con- 
veniently imposed and which should have effects of the 
kind discussed above. One possibility is to apply a 
uniaxial stress along a 1, 1, 1 direction of an n-type Ge 
crystal (which would conveniently have the conven- 
tional shape of a long brick, the long edges being 
parallel to a 1, 1, 1 axis). It is clear from the symmetry 
of the situation that the band-edge energy for which 
p“ is parallel to the stress axis will separate from the 
other three, which will shift together. The formula 
corresponding to (77) is hence 


(87) 


- 9 - 
€o1) = En1—3due, €o1? = €o1 = €o1 = énrt+dye, 


(88) 


era") = 7 —3due, era = ra = era = 27 +d 

(where, following Herring,” we label this strain by the 
subscript “‘w’’). The secular equation for the eigenvalues 
of (76), with the ea‘ of (88) substituted, is readily 
solved. As foreseen, there is a singlet level of the multi- 
plet which tends asymptotically to ea. The upper 
triplet of the ground multiplet for the cubic state splits 


er" Ey 





Fic. 5. Variation of the ground-state multiplet levels, for a 
donor in germanium, with the relative displacement of band-edge 
energies caused by a uniaxial stress in the (1,1,1) direction. 


bination, Yr= (Wra+-+-+Wra)//6, of the valley orbitals 
associated with each of the six band-edge points (which lie on 
the 1, 0, 0 axes in p space).*! Now, a uniaxial stress in a 1, 0, 0 
direction should shift the corresponding pair of band-edge 
energies relative to the other two pairs. It follows that (the spin 
resonance being performed at a temperature for which only the 
lowest donor level is effectively occupied and observed) the value 
of |¥7(0)|?, and hence of #, and hence of the width of the hyperfine 
structure, should decrease under this stress. If the sign of the stress 
is such that the separated single pair of band-edge points has the 
lower energy, then the limiting value of 3 should be 2, while for 
the opposite sign it should be 4. Correspondingly, the observed 
structure width should decrease by factors 4 and }. The detailed 
theory of this effect will be published elsewhere. 

56 Fletcher, Yager, Pearson, and Merritt, Phys. Rev. 95, 844 
(1954). 
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into a singlet and a doublet. The formula corresponding 
to (78), giving the solution of the secular equation for 
(88), is 


ex = %+A.+de (doublet) 
or @;—A.—de+2[A2—A det (de)? }}. 


Figure 5 shows how the levels vary, relative to é, with 
de in this case. For the limit k7<«4A,, only the lowest 
band “valley” and the lowest multiplet level will be 
occupied. The asymptotic situation, for |de|>>A., is 
then as shown in Table I (it presumably cannot be 
foreseen in advance of experiment which sign of strain 
corresponds to which sign of de) : 


TABLE I. 


duc/Ac>+ 
€;—3dye+hkT log4 
&o1—3dye+kT log 


due/Ac — © 





e;°!f €;—2A-+due+hkT log4 
eoi?!! €or t+dye+hT log (4/3) 
A;eff 


d,,A;° 


A; +2A.—kT log3 Ar 
dA;—A-+hkT log (4/3) 


dA;—3A,+kT log4 





Here A; is defined in (75), and the last line of the table 
follows from (80) for the unstrained crystal with 
kT<K4A,. The more general formulas, corresponding to 
(79), (83), and (84), follow in a straightforward way 
from (89). For consistency with our model we suppose 
that the dA;q depend on the isotropic-dilation com- 
ponent of the strain only, and write 


d,Ar= (dAra) (4—3Rin) Sin, 


where 51; is the strain in the direction of the uniaxial 
stress and R11; is Poisson’s ratio for this stress. It is 
clear, however, from the foregoing analysis that the 
contribution from (90) to dA;*! may be expected to be 
insignificant, since it should be of order micro-ev for 
strains which will produce “decoupling shifts,” which 
are of order milli-ev. From the result, analogous to (84), 
obtained* by applying (65) to d,A;°"', we again obtain 
according to (63) the contribution to e7d,Q’. The 
phonon drag effect being eliminated, this should be the 
main term. In this case the component of the dQ tensor 
for the long direction of the crystal (the one con- 
veniently measured) should be equal to dQ’, since dQ 
should then be isotropic. 


(90) 
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APPENDIX: DEVIATION OF CARRIER 
CONCENTRATION FROM THE 
EQUILIBRIUM VALUE 


It is convenient here to drop the subscript s, which 
is used in the text to label the band, and to denote the 
equilibrium values of concentration and of distribution 
function by mo and fo: 


n=no(T), f=fo(p,T)=constT-! exp(—w/kT). (A1) 


We consider a general (single-valued) band energy 
function w=w(p), with velocity v=dw/dp, and intro- 
duce a scattering function S(p,p’) for intraband 
relaxation processes. The (“recombination”) processes 
changing the number of carriers in the band are 
supposed to be one-particle events (so that the Boltz- 
mann equation remains linear) and to take place 
between the band states and levels which are in equi- 
librium at the local temperature T(r): let the lifetime 
for these processes be 7,(p). Then the Boltzmann 
equation is 

nf—n te) 0 
ET nnd eae AO ha SY (A2) 

or Op 


Tr 


Here F is the Lorentz force, 
F=+eLE+vXH/c], 


and ® the relaxation operator: 


(A3) 


Df= f Cé(p)S(p,p’)—f(p’)S(p',p) ap’, (A4) 


with the property Dfo=0. In a conventional discussion 
of nonlinear transport processes, in the case where 
there was no recombination term in 7, so that n= mo, 
(A2) would be solved as a series, f= fot+fitfeot+:::, 
in the “driving forces” E, gradT, etc. There would be 
no automatic normalization of the solution, since (A2) 
without the term in 7, is a linear homogeneous equation 
in f. The ladder of equations for f, in terms of f,-1 
would be inhomogeneous, but an arbitrary multiple of 
fo could be added to the solution of each of these 
equations in turn. For the present case it is hence 
convenient not to separate f and m, but instead to 
consider the series 


§(p)=nf/no= fot gitget:--. (AS) 


The “driving force” for (A2) is given by the terms in 
mo and fo: 


0 Ofo 
b= v-—(Mo fo) +moF -— 
or Op 


ts) 
re fs E grad tne grad | nf -w/kT. (A6) 


PRICE 


Then the series (A5) may be defined such that if @ is 
replaced by A® in (A2) (where A is a constant) then a 
new solution is given by g=fotAgitA*go+---. The 
first-order terms in (A2) yield the equation 


gi ¢é Ogi 
Dgit+—+-(HxX v) = —/np. (A7) 
¢ Pp 


Tr 


It follows from the symmetry properties of the band 
that the solution, gi, of (A7) is odd with respect to 
change of sign of p or v. Hence the first-order term in 
the series for n, n= mo++ :+-, vanishes: 


mano f gs(9)@p=0. (A8) 


The first-order term in the corresponding series for the 
drift velocity u, 


w= f flora 
- f [ei— foms/10 ]vd*p= f givd’p, (A9) 


does not vanish: it is equal to the linear combination of 
E, grad(logmo), and gradT given by Eqs. (24) and (25). 
On picking out the second-order terms from (A2) we 
find the equation 


go e Oge 21 Og 
Dgo+—+-(HX v)-—=+cE-—— v-—. 
Tr ¢ Op Op or 


(A10) 


Again by the symmetry properties of the band gz is 
even in p and v. Then 


n= no f gap 


does not vanish in general. When (A10) is integrated 
over p space all but two of the terms vanish. The 
resulting equation, 


(A11) 


J (eus)a'p= —div th, (A12) 


gives a useful integral of the deviation in second order. 
The general equation, corresponding to (A12), 
obtained by integrating (A2) over p space is 


—div(nu)=n(1/r-)—no(1/rT-)o 
=n1/r,)’+n'(1/tr)o. (A13) 


Here the bracket { ) denotes an average over the 
normalized distribution function f, the subscript o on 
the bracket means the average over fo, and the prime 
denotes the total deviation from the equilibrium value: 
n'=n—nm=n+n2+---, etc. To apply (A13) to a 
concrete case, let us suppose that the term in (1/7,)’ 
may be neglected compared with the term in m’ and 
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that we may write, for the situation we are interested 
in,®? 


nu —D(dno/dT) gradT, (A14) 


with D constant. Then 


n’ dno/dT @’no/dT? 
VT+ grad] (A15) 


No No 


—~e 
No 


Here the magnitude 


=[>/C)] 


plays the part of a “Debye length” for the deviation of 
n from mo due to inhomogeneous diffusion. It is not 
necessarily negligible in practice compared with the 
relevant sample dimensions in experiments of the kind 
considered in the present paper, and hence it may be 
worthwhile in actual experiments to estimate the values 
of n’/no which might be realized. Of course if in deter- 
mining the TEP of a couple one measures the thermal 
emf ¢2—¢; as a function of 72 at fixed 7; (in the 
notation of Sec. 1a) then the limit 


[(2—¢1)/(T2—T1) Jrasri 


necessarily refers to the linear transport processes 
and should be a true measure of the TEP at tem- 
perature T;. The worst effect of the nonlinearities 
considered in this Appendix should be to make it 
difficult to determine this limit. [They would also have 
the consequence that for finite 7,—T, the emf would 
not necessarily be equal to fr,70(T)dT.] It should 
however be noticed that a linear effect (a deviation of 
carrier concentrations, from their equilibrium values, 


(A16) 


57 The deviations of concentration due to inhomogeneities in an 
applied magnetic field (a ‘“‘continuous Suhl effect”) have been 
investigated by F. G. Bass and I. M. Tzidilkovski, J. Exptl. 
Theoret. Phys. (U. S. S. R.) 28, 312 (1955) [Soviet Phys. JETP 1, 
267 (1955) ]. 
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proportional to T;—7 ) may arise at the boundaries 
between the two elements of the couple. In this case 
part of the Peltier heat generation would be spread 
over a distance from the boundary of the order of the 
appropriate Debye length, as a “continuous Peltier 
effect” (see Domenicali, reference 2), and in conse- 
quence the temperatures at the actual junctions would 
not be the appropriate ones for determining the TEP. 
(A similar situation could evidently arise, at very low 
temperatures, where the phonon drag effect is appreci- 
able and where the mean free path of the low-energy 
phonons is not small compared with the sample 
dimensions. ) 

The linear transport parameters are given by (A7), 
considered as an equation for f;. This equation differs 
from the conventional one only by the addition of the 
second term on the left. The effect of this term is 
merely to change somewhat the values of the band 
transport parameters, y, 7, etc. It is, however, interest- 
ing to notice that it has no effect on the Einstein 
relation [which is stated immediately after Eq. (24) ]. 
One may visualize the diffusion process, when this 
term is significant, by a pattern of paths between 
relaxation events (collisions) which need not be 
connected into continuous lines, each for one particle, 
but may begin and end nowhere. Where the first 
term of (A7) for f: may be written as /:/7.(p), the 
first two terms together may be written as f;/7, thus 
expressing both relaxation effects together in terms of a 
combined relaxation time given by 


1/r=1/tet1/te. (A17) 


We have not investigated the effect of nonconserving 
processes involving more than one particle (which 
may well be important in germanium at room tempera- 
ture), but it seems obvious that their introduction into 
(A2) will not change the qualitative conclusions of this 
Appendix. 
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Heat Capacity of Tungsten between 4 and 15°K* 
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The heat capacity of tungsten was determined in the temperature range 4 to 15°K. The results obtained 
can be represented by the equation: C(joules/mole deg) = 1.11 10-7+1943(7/378)3, with an average 
deviation of about one percent. The electronic specific heat coefficient and the Debye @ are evaluated to be 
(1.10.1) X10-* joules/mole deg* and 378+7°K, respectively. The results are compared with the theoreti- 
cal calculations of Fine and of Manning and Chodorow and with measurements by other investigators in 


neighboring temperature ranges. 





INTRODUCTION 


N connection with a program for studying the 
thermodynamics of metallic systems in this labora- 
tory, the heat capacity of tungsten has been measured 
from 4 to 15°K. The calorimeter in which the measure- 
ments were carried out had the following features: 
(1) a gas thermometer was used as the working ther- 
mometer; (2) the sample was contained in the ther- 
mometer chamber so that the thermometric gas also 
served as a heat exchange gas; (3) the calorimeter was 
surrounded by an adiabatic shield in order to minimize 
the heat losses. A complete description of the apparatus 
and the experimental method has been published 
elsewhere.! 
The sample consisted of 1683.2 grams or 9.1516 gram 
atoms of tungsten purchased from the Fansteel Metal- 


lurgical Corporation. The sample was in the form of 
g-inch diameter rods formed by the usual methods of 


TABLE I. Measured heat capacities of 
tungsten (unsmoothed data). 








First series Second series 

T°K Cp T°K Cp 
4.431 0.0080 3.978 0.0070 
4.980 0.0100 4.546 0.0080 
5.484 0.0115 5.187 0.0102 
5.980 0.0141 5.675 0.0123 
6.473 0.0166 6.154 0.0148 
6.958 0.0198 6.628 0.0175 
7.433 0.0229 7.101 0.0204 
7.906 0.0271 7.574 0.0240 
8.383 0.0314 8.045 0.0278 
8.857 0.0357 8.519 0.0324 
9.334 0.0396 8.988 0.0366 
10.32 0.0506 9.451 0.0410 
10.81 0.0567 9.921 0.0470 
11.30 0.0646 10.44 0.0521 
11.83 0.0724 10.94 0.0590 
12.36 0.0807 11.43 0.0660 
12.94 0.0908 11.92 0.0746 
13.45 0.1014 12.41 0.0817 
13.95 0.1117 12.91 0.0908 
14.45 0.1255 13.40 0.1002 
14.93 0.1433 13.90 0.1101 
14.39 0.1216 
0.1458 











* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ National Science Foundation Predoctoral Fellow. 

1 Aven, Craig, and Wallace, Rev. Sci. Instr. 27, 623 (1956). 


powder metallurgy. The manufacturer specified a 
purity of 99.9+%. 

Forty-three measurements of the heat capacity of 
tungsten were conducted in the temperature range 
3.98 to 14.93°K. The measurements were made in two 
series corresponding to two different fillings of the 
helium gas thermometer. No consistent differences 
between the results of the two series were observed. 
The unsmoothed experimental values of the heat 
capacity of tungsten are presented in Table I. 


RESULTS 


A least-squares treatment of the data for tempera- 
tures below 14.5°K leads to the equation: 


C(joules/mole deg) = 1.11 10-*7 + 1943 (T/378)°. 


From this equation one evaluates y, the electronic 
specific heat coefficient, to be 1.11 X 10~* joules/mole deg? 
and 6, the Debye characteristic temperature, to be 
378°K. The results are presented graphically in Fig. 1 
as a plot of C/T versus T*. The two heat capacities 
measured above 14.5°K were larger than the values 
given by the equation, indicating that the apparent 
Debye 6 decreases at higher temperatures. 

The average deviation from the least-squares curve 
is about one percent. There appears, however, to be a 
small systematic deviation amounting to about three 
percent between 5 and 8°K. It is not known whether 
this deviation is due to an anomalous heat capacity or 
due to a small systematic error in the measurements. 
In any case, this deviation introduces an uncertainty 
of about 10 percent into y, the electronic specific heat 
coefficient. The uncertainty in @ is much less, amounting 
to about +7°K. 


DISCUSSION 


Lange? has measured the heat capacity of tungsten at 
temperatures above 26°K. He reported a room tempera- 
ture Debye @ of 305°K. At lower temperatures the 
Debye 6 increased. He reported : @= 305 at 91°K ;6=314 
at 55°K; and 6=337 at 26°K. 

Silvidi and Daunt*® have measured the heat capacity 


2 F. Lange, Z. Physik. Chem. 110, 343 (1924). 
2A. A. Silvidi and J. G. Daunt, Phys. Rev. 77, 125 (1950). 
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of tungsten in the temperature range of 2.0 to 4.2°K. 
They reported a heat capacity given by: 


C(joules/mole deg) = 21.4 10-*T+ 1943 (T/169)*. 


More recent measurements in the same temperature 
range by Horowitz and Daunt* fit the equation: 


C(joules/mole deg) = 0.84 10-*7 + 1943 (7/278). 


It appears that the results of Horowitz and Daunt have 
superseded those of Silvidi and Daunt. Horowitz and 
Daunt* have also conducted measurements in the tem- 
perature range of 15 to 20°K. On the basis of their 
measurements, Horowitz and Daunt have predicted a 
large anomaly in the Debye 6 of tungsten in the tem- 
perature range between 4 and 15°K. It is significant to 
note, however, that a least-squares treatment of all of 
their data for temperatures below 19°K gives the 
equation : 


C(joules/mole deg) = 1.38 10-*7+ 1943 (T/386)*, 


which is in fair agreement with the results obtained in 
this work. 

It would appear from this work and that of Lange? 
that @ remains fairly constant at about 378°K from 0 
to 15°K, whereupon it falls quite rapidly to about 
340°K at 26°K and further to 314°K at 55°K. 

It was learned,’ after this work was in progress, that 
the results of heat capacity measurements on tungsten 
were reported orally by Wolcott and Smith of Oxford 
University. Wolcott reported the following data: 
y=1.21X10- joules/mole deg?; 6=405°K and 365°K 
at 0 and 20°K, respectively. The high value of @ at 0°K 
is not understood. The value of @=365°K at 20°K is in 
accord with the decrease which 6 appears to undergo 
above 15°K. 

In addition to the values of y reported above, Rayne’ 
has reported a value of 1.46X10~* joules/mole deg? 
obtained from measurements below 1°K. The values of 
y reported, excluding that of Silvidi and Daunt, appear 
to vary between 0.84 10~ and 1.46X 10~ joules/mole 
deg. The value obtained in this investigation was 
1.1 10-* joules/mole deg’. 

Manning and Chodorow’ have calculated an approxi- 
mate value for the density of states for the body- 
centered cubic metals tantalum and tungsten. From 
this density of states they predict an electronic specific 
heat coefficient for tungsten of 2.01 10-* joules/mole 


4M. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (1953). 

5S. Friedburg (private communication). 

6 Wolcott and Smith, /mternational Conference on Law Tempera- 
ture Physics, August, 1955 (National Center of Scientific Research 
and UNESCO, Paris, 1956). 

7 J. Rayne, Phys. Rev. 95, 1428 (1954). 

8M. F. Manning and M. I. Chodorow, Phys. Rev. 56, 787 
(1939). 


15°K 





Equation for the straight line 


|: bil x 1% + S82 (se) 


C | Joules 
T |G Atom Deg? 











100 150 
tT? (Deg Kelvin)* 


Fic. 1. The heat capacity of tungsten. 


deg’ as opposed to the experimental value of 1.1 10-* 
joules/mole deg’. This is qualitatively correct and the 
difference is not alarming in view of the sweeping 
approximations necessary in the calculation. 

Fine’ made a theoretical calculation of the lattice 
heat capacity of tungsten. By suitable approximations 
he obtained a frequency distribution for the normal 
vibrational modes of the body-centered cubic lattice in 
terms of the elastic constants of the bulk solid. Fine has 
shown that at low frequencies the distribution of normal 
modes is approximately parabolic, corresponding to a 
Debye 6 of 367°K. Fine reports that a direct calculation 
of the Debye @ from the elastic constants of tungsten 
gives @=373°K. Earlier calculations of the Debye @ 
from the elastic constants by Honnefelder® gave 
6=384°K. These results are to be compared with the 
value of 6=378°K obtained in this work. 

It is to be noted that C/T is linear with T? up to 
6/27, showing that the T* law is valid over a tempera- 
ture range nearly twice that anticipated from the 
general predictions made by Blackman about 20 years 
ago." This indicates that the actual frequency distribu- 
tion in tungsten remains parabolic up to frequencies 
somewhat higher than one would have expected on the 
basis of Blackman’s early work. The observed results 
are, however, in line with the behavior expected from 
the frequency distribution obtained by Fine® in his 
detailed study of tungsten. 
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When a rate limitation exists at the surface for impurity diffusion in semiconductors, the appropriate 
boundary condition is equivalent to the radiation boundary condition for the conductance of heat in solids. 
The intentional introduction of an additional external rate limitation allows the measurement of partition 
coefficients. Solutions to the diffusion equation are summarized and the resulting impurity distributions 


are discussed. 





INTRODUCTION 


HE diffusion of impurities in single crystal 
semiconductor materials has been the subject of 
many investigations.'-* In most cases, the impurity 
was introduced at the surface from a suitable external 
phase. It was commonly assumed that the concentration 
of the diffusant in the semiconductor at the surface 
(hereinafter referred to as surface concentration) is in 
instantaneous equilibrium with the external phase, so 
that for an external phase constant in time, the distri- 
butions are described by erfc or erf’ distributions or 
linear combinations of both. These distributions are 
solutions to Fick’s Second Law, which is the differential 
equation describing a diffusion process for which the 
diffusion constant is independent of concentration. 

For the special case of outward diffusion of impurities 
from a doped crystal into vacuum, an instantaneous 
equilibrium would lead to zero surface concentration 
at all times. To test if this condition applies, an n-type 
germanium crystal was grown doped with gallium and 
arsenic such that the concentration of arsenic was twice 
that of gallium. Samples of this crystal were heated in 
a high vacuum at a temperature of 850°C. With 
instantaneous equilibrium, the samples should develop 
a p skin immediately since the diffusion constant of 
gallium is two orders of magnitude smaller than the 
diffusion constant of arsenic.'* However, only after 
several hours of heating could a p skin be observed. 
This can be interpreted as evidence that the rate of 
transport of arsenic across the solid-vacuum interface 
is limited by some process at the germanium surface 
which may be considered as a potential barrier which 
the impurity atoms must surmount to leave the crystal. 
A similar rate limitation was described by Barrer® for 
the ammonia-analcite system and by Drickamer and 


1C, S. Fuller, Phys. Rev. 86, 136 (1952). 

2 McAfee, Shockley, and Sparks, Phys. Ly 86, 137 (1952). 
sw. C. Dunlap, Jr., Phys. Rev. 94, 1 1 (1954). 

4 Dunlap, Bohm, and Mahon, Phys. Rev My 822 (1954). 

BW. Boesenberg, Z. Naturforsch. 10a, 285 (1955). 

6C. S. Fuller and J. A. Ditzenberger, r Appl. Phys. 27, 544 


(1956). 
7 aad exp(—#)dt; erfcx=1—erfx. 


8R. M. Barrer, Diffusion in and Through Solids (Cambridge 
University Press, Cambridge, 1951). 


co-workers*” for liquid-liquid interfaces. The appro- 
priate boundary condition is equivalent to the radiation 
boundary condition encountered in heat conduction 
problems. A theoretical analysis given here considers a 
rate limitation at the surface and also an additional 
rate limitation due to the external system. Experi- 
mental results will be reported in a subsequent paper. 


BOUNDARY CONDITION WITH RATE LIMITATION 
It is useful to define a partition coefficient 
ky=N./No, (1) 


where JN, is the concentration of impurity in the solid 
in equilibrium with the density NV, in the gaseous phase. 
The partition coefficient will be independent of concen- 
trations if the gaseous phase can be treated as an ideal 
gas which is composed of atoms, and if the densities 
are low enough so that the semiconductor remains 
intrinsic." Both conditions are generally fulfilled for 
the range of concentrations and temperatures over 
which diffusions of group III and group V elements 
are carried out. 

An atom colliding with the surface has a certain 
probability s of entering the solid phase. The quantity 
s is commonly referred to as the sticking coefficient, 
and it can be expected that s is independent of concen- 
tration for the low densities of impurities usually 
encountered in semiconductors. The number of atoms 
entering the solid per cm? per sec equals NV ,si/4, where 
d is the average thermal velocity of the atoms. 

At equilibrium, the flow into the solid will be balanced 
by a flow out, and one can write: 


N.K=N,s0/4, (2) 


which defines a rate constant K. From (1) and (2), 
it follows that 


k,=sb/4. (3) 
Under the same conditions for which k, and s are 


independent of concentration, K will be independent 
of concentration. 


® L. H. Tung and H. G. Drickamer, J. Chem. Phys. 20, 6 (1952). 


» t H. Sinfelt and H. G. Drickamer, J. Chem. Phys. 23, 1095 
(1955). 
" Reiss, Fuller, and Morin, Bell System Tech. J. 35, 535 (1956). 
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IMPURITY DIFFUSION 


Generally, the concentration in the solid will be a 
function of the depth x and the time ¢ and will be 
written as N (x,t). If the surface concentration N(0,t) 
differs from the equilibrium concentration NV, the flow 
out of the crystal will be N(0,t)K; thus, a net flow 
across the surface results. This net flow must produce 
a diffusion flow [—DdN(x,t)/dx].~0 within the solid, 
where D is the diffusion constant. Thus, one obtains 
the boundary condition, 


[V.- N(0,t) JK= [- DON (x,t)/Ox Jomo, (4) 


which is equivalent to the radiation boundary condition 
encountered in the theory of heat conduction.” This 
boundary condition was applied to the systems men- 
tioned previously. 

The rate constant K describes the rate limitation at 
the surface of the solid. The material entering or 
leaving the surface tends to change the density N, in 
the gaseous phase so that the condition of a constant 
external phase is only fulfilled if the density N, is 
maintained by some external flow. An additional 
external rate limitation would make N,, time-dependent. 
It will be shown that the intentional introduction of 
such an external rate limitation enables the determi- 
nation of ky. 

As an idealized arrangement, consider a sample in a 
container of volume V which is connected to a vacuum 
pump through a flow resistance with a resulting pump- 
ing speed L (Fig. 1), and let a constant flow F; of vapor 
enter the box. If there is no sink for the vapor inside 
the box, a flow F2, equal to Fi, leaves the box in the 
steady state. The density in the box under these 
conditions is 


(5) 


A crystal whose impurity concentration is V,=N,k, 
would be in equilibrium with the vapor in the box. 


N.=Noky=Fik,/L. 


N,=F,/L. 


(6) 


If, however, the crystal has a surface concentration 
smaller than NV,, a flow F; into it results. The density 
in the box will then be changed to some other value 
N,'AN, since now F2;~*F,. Due to the diffusion pro- 
cesses, F; and thus J,’ will be time dependent. If the 
time constant V/Z is short, compared to the rate of 
change of F3, one can neglect a term equal to VON,'/dt 
and one obtains 


F,\=FetFs. (7) 
The boundary condition for this case becomes: 
[N'ko—N(0,t) JK=[—DON (x,t)/dx]em0. (8) 


The time-dependent quantity NV,’ can be eliminated by 
using Eq. (6), Eq. (7), F2=N,L, and F;/A=[—DdN/ 
Ox ]z-0, where A designates the surface area of the 


12H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Clarendon Press, Oxford, 1948). 
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Fic. 1. External rate limitation. 


crystal. The boundary condition then becomes: 


L ON (x,t) 
cv.-vo(—_) x-|->—] (9) 
L+k,KA Oe Tear 


This condition is equivalent to (4) with a modified rate 


constant 
L 
r=(—"_)r. 
L+k,KA 


From an experimental determination of K’ for different 
L and A, one can obtain K and k,. The sticking coeffi- 
cient s follows from Eq. (4). 


(10) 


SOLUTIONS TO THE DIFFUSION EQUATION 


To obtain the distribution of a diffusant in the solid, 
the diffusion equation has to be solved subject to the 
boundary condition given in Eq. (4). The solutions for 
similar heat flow problems” are applicable with a 
proper change in variables. For the diffusion of im- 
purities in semiconductors the most important geometry 
is the semi-infinite solid. The solutions are more easily 
expressed in terms of the following parameters: 


y=x/2(Di)!, z= (Dt)!K/D. (11) 


The more important solutions are 
Case 1.—Constant density in the gaseous phase, 
N,=N./k,. Zero initial concentration in the solid, 


No=0. 
N(y,2)/N = exp(—y){exp(y*) erfcy 
—expl (y+z)"] erfc(y+2)}=fily,2). (12) 
Case 2.—Zero concentration in the gaseous phase 
N,=N.=0. Uniform initial concentration No in the 
solid. 
N(y,2)/No=1— fily,2)= fo(y,2). (13) 


Case 3.—Zero concentration in the gaseous phase 
N,=N.=0. Sheet source of sheet density Np initially 
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in the surface of the solid. 


N(y,) (wDt)*/No=exp(—9*){1—az exp[ (y+2)"] 
Xerfc(yt+z)}= fs(y,2). (14) 


A graph of the solution to Case 1 can be found in 
reference 12, p. 54.% Two asymptotic forms of the 
solution are: 


lim f1(y,z)=erfcy, which corresponds to a 


(15) 


constant surface concentration V,, 


lim fi(y,z) = 22 f erfcédé, which corresponds to a 
- 
constant flux V.K across the surface. (16) 


The second asymptotic solution is a slightly steeper 
distribution than the erfc-distribution. The surface con- 
centration of such a distribution is N(0,z)=N,.22/4/z. 
The asymptotic forms of the solution to Case 3 are the 
Gaussian distribution exp(— y*) and zero corresponding 
to z very small and very large, respectively. 

An important quantity for a diffused surface layer 
is the total amount, N, per cm? diffused into the solid. 
This requires the integration of the distribution. The 
integrals have the form™: 


Case 1: 


N= J “N(wA)dx 


1 
=N,2(Dt)} ( = - ott —exp(z*) ericz)) 


=N ,2(Di)iF,(z). 
Case 3: 


(17) 


N()= f N (x,t)dx= No exp(z*) erfcz=NoF3(z). (18) 
0 


Case 2 describes a diffusion-out; process. The total 
amount diffused out as a function of time is given by 
the integral for Case 1, in which JN, is replaced by No. 


EVALUATION OF DIFFUSED LAYERS 


If a conductivity-determining impurity is diffused 
into a semiconductor of opposite conductivity type, 
a p-n junction occurs where the concentration of the 
diffused material equals the concentration of the body- 
doping NV». Owing to diffusion out, VN; tends to decrease 
towards the surface. If, however, the ratio between NV, 
and the surface concentration NV(0) of the diffusant is 
sufficiently small, V, is unchanged at the junction. 

If the impurity distribution in the layer is known, 


138 The functions /:(y,2), fs(y,2), F(z), and F(z) were tabulated. 
Copies are available on request. 
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one can deduce the surface concentration NV(0) from 
the layer thickness and the total sheet density N in 
the diffused distribution, which is related to the sheet 
resistivity of the layer. For diffusion with rate limitation 
at the surface, the shape of the distribution varies 
between the two asymptotic functions (15) and (16). 
For these distributions, Fig. 2 gives N(0)/N, as a 
function of N/aN, where a is the thickness of the 
conversion layer. 


DISCUSSION 


With a rate limitation at the surface, a finite flow 
N(0)K leaves the surface. This flow should be compared 
with the flow of atoms arriving at the surface from 
inside the solid. In the one-dimensional kinetic theory 
of diffusion," the total number of atoms migrating in a 
given direction is expressed in the general form N(x)Ap, 
where A is the average jump distance and p the proba- 
bility that an atom jumps in the given direction per 
unit time. In these terms the diffusion constant takes 
the form D=}*p, which allows one to express p without 
considering the detailed theory of the particular diffu- 
sion mechanism. The flow of atoms migrating in a given 
direction, therefore, can be written as N(x)D/\; and 
one obtains for the ratio: 


flow leaving the solid K 
= (—), (19) 
diffusion flow towards the surface D 





This expression can be interpreted as the ratio between 
a probability o that an atom leaves the solid from a 
surface site and the probability p for a jump inside 


5 















































Fic. 2. Evaluation of surface concentrations. 


4 See, for example, R. M. Barrer, Trans. Faraday Soc. 37, 590 
(1941). 





IMPURITY DIFFUSION 


the lattice. The rate constant K takes the form 
K= pod. 


It is reasonable to assume that an impurity jumps 
only from one site to a’ nearest neighbor site for the 
diffusion of group III and group V elements in group 
IV semiconductors. The average jump distance is then 
slightly different in the various crystal directions. For 
germanium, A=1.5X10-* cm is an average figure. 


(20) 
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From the experiments mentioned in the beginning, it 
follows that po/p is of the order 10~* for arsenic in 
germanium. More specific experimental results will be 
reported in a subsequent paper. 
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The existing quantitative treatment by Williams of the Seitz 
model for the KCI: Tl luminescent system has been extended to 
include a prediction of the oscillator strengths of the 1960 A and 
2475 A absorption lines. These f values are simply related to those 
of the associated free-ion transitions. In the course of the com- 
putations it is found that the best available Tl* wave functions 
are inaccurate for the free ion and are therefore not of great value 
for the KCI: TI center. Free-ion oscillator strengths are (a) com- 
puted with these functions and are (b) estimated by analysis 
of experimental spectra; the results of both methods, when 
modified for KCI:TI, are in poor agreement with experimental f 
values in the solid. A review and critique are given for the present 
Williams dynamical treatment of the Seitz-Williams model, and 


I. INTRODUCTION 


HE task of an absolute theory of solid state 
luminescence is by no means a small one. We 
should expect to obtain from it a quantitative descrip- 
tion of a luminescent system sufficiently complete that 
absorption and emission could be attributed to specific 
electronic processes, and that transition probabilities, 
quantum yields, line shapes, and energy levels could be 
accurately computed from the wave functions of the 
system. The semiclassical Franck-Condon principle may 
be called upon to reduce the initial complexity of such a 
problem, and Lax! has considered its application to 
crystalline systems. Under this principle, which is 
applicable to many systems in which the Born-Oppen- 
heimer approximation holds, the detailed computation 
of an absorption or emission spectrum separates into 
three parts: (1) the total energy change E,(x)—E,(x) 
of the system when an electronic transition a—6 occurs 
at a nuclear configuration described by a set of coordi- 
nates x, (2) the matrix elements Hq’ (x) of all radiative 
and nonradiative perturbing Hamiltonians, and (3) the 
statistical distribution, P.(x), of the initial nuclear 


+ This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

* National Science Foundation Predoctoral Fellow 1955-56. 

1M. Lax, J. Chem. Phys. 20, 1752 (1952). 


it is concluded that a sensitive test for the model would be its 
successful prediction of the ratio of these (1960 A and 2475 A) 
oscillator strengths in KCI: T1; the observed values are from three 
to five times as large as the predicted value. We conclude that the 
KCI: TI problem is not as well understood as it has been believed, 
since the existing quantitative theory (a) is subject to considerable 
arbitrariness in the construction of excited-state configurational 
coordinate curves, (b) appears to be in fortuitous agreement with 
experiment insofar as its quantitative predictions depend on 
thallous ion wave functions, and (c) does not, in our simple ex- 
tension, predict the observed ratio of oscillator strength corre- 
sponding to the electronic transitions assumed responsible for the 
behavior of the center. 


states X,(x). In spite of the large number of possibly 
relevant coordinates in x, it has been found that a small 
number of them, sometimes only one, can be used to 
explain the behavior of some of the simpler inorganic 
phosphors.” 

In the one serious attempt to treat this problem, or 
at least part of it, for a specific case, Williams’ has 
considered the system KCI: TI, on the basis of the elec- 
tronic energy level scheme proposed by Seitz.? He has 
obtained functions EZ, and E, corresponding to the *P; 
and 1S free thallous ion states, which, when combined 
with the distribution function appropriate to the as- 
sociated vibrational mode, predict fairly well the posi- 
tions* and temperature dependence of the widths® of 
the 2475 A absorption and 3050A emission lines of 
KCI:Tl. Thus parts (1) and (3) of the problem (see 
above) have been considered. (A configuration coordi- 
nate curve linking the 1960 A absorption and 4780 A 
emission of this center with the 1P;—'S» free TI* 
transition has also been developed® by fitting the ex- 
perimental spectra. See, however, Sec. IV.) 

It seemed important to extend Williams’ theoretical 

2F. Seitz, J. Chem. Phys. 6, 150 (1938). 

3 F. E. Williams, J. Chem. Phys. 19, 457 (1951). 

4C. C. Klick, Phys. Rev. 85, 154 (1952). 


5 F. E. Williams and M. H. Hebb, Phys. Rev. 84, 1181 (1951). 
6 P. D. Johnson, J. Chem. Phys. 22, 1143 (1954). 
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treatment, in view of its initial successes, by computing 
the radiative H,,’. This is a first step in part (2) of the 
problem and it enables us to calculate the strengths of 
the principal KCI: Tl] absorption transitions, assuming 
the Seitz model. In Williams’ treatment of this center, 
the line strengths, as defined by Condon and Shortley,’ 
are identical to those of the corresponding free thallous 
ion transitions, since (a) the only electronic processes 
contributing to the absorption are TI S—+P transitions, 
(b) no Cl or K* states are assumed to mix with those 
of the TI*, and (c) the sole mode of oscillation to which 
the luminescent electronic system is coupled leaves the 
TI* in a field of constant cubic symmetry. The free-ion 
oscillator strengths have not, to our knowledge, been 
measured, and must be computed. 

In the course of our work, we have found an error in 
our conception of the Williams treatment, not having 
appreciated that several important quantities entering 
in the theory, and which could in principle be computed 
from the theory, were in fact taken from experimental 
data. Accordingly, in an attempt to make the theory 
somewhat more fundamental, we have in some cases 
computed these parameters, and in others, without 
computing, have considered the effect of using a calcu- 
lated value. In Sec. II are presented the results of the 
oscillator strength calculations for the free thallous ion, 
in Sec. III the modifications of these results for the 
KCI: TI center and comparison with experiment, and in 
Sec. IV a critical analysis of the present state of the 
theory of KC1:TI in the light of some conclusions which 
may be drawn from the present work. 


II. FREE THALLOUS ION 


A. Energy Levels 


It will be necessary to consider the details of the 
thallous ion energy levels in our oscillator strength 
computation. Since the existing Tl* wave functions® 
were computed without exchange, they may be used 
with complete consistency only in the simple one- 
electron picture, in which the 6s6p configuration con- 
tains one energy level. Using these wave functions, 
we have calculated the separation Wo between the 
excited (6s6p) P level and the ground (6s?) S level and 
find Wo=4.61 ev. In actual fact, the terms in a 6s6p 
configuration are *Po, *P;, *P2, and 'P;, and in inter- 
mediate coupling’ their energies relative to the 1S» state 
are, respectively, 

Wi=Wo-Gi-Sp, 
W2= Wo-iSp— [(Gitdfy)*+ $f ]}, 
Ws=Wo-Git2S>, 
Wi= Wo- Bot LGit ive) +3t7)}. 
Here G, and £, are the exchange and spin-orbit inter- 
7E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, London, 1935). 


8 Douglas, Hartree, and Runciman, Proc. Cambridge Phil. Soc. 
51, 486 (1955). 


(1) 
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actions as defined in reference 7. Their values, computed 
numerically by using the Hartree wave functions,® are 
G,;=1.705 ev and £,==0.640 ev. Comparison of the 
computed W,, ... , Ws, with energies deduced from 
atomic spectra’ (Fig. 1) suggests that the computed 
value of Wo is appreciably too small (1So state is loosely 
bound relative to P states), that of G; is too large 
(singlet and triplet P states are too widely separated), 
and that of ¢, is too small (spin-orbit splitting is sup- 
pressed). To get a rough quantitative idea of these 
observations, we simply assume that equations (1) 
yield the exact term energies and find that the four 
experimental 6s6p term energies are matched con- 
sistently to within 0.030 ev when computed from 
Gi= 1.008 ev, ¢,=1.015 ev, and Wo=8.180 ev. Almost 
the same numbers result from the more refined matching 
procedure used in connection with oscillator strengths 
in the next section. We note that whereas second-order 
perturbation theory would be sufficiently accurate in 
using the values of the exchange and spin-orbit parame- 
ters computed from the Hartree functions, the circum- 
stance G;~{, makes perturbation theory inadequate 
and an intermediate coupling treatment unavoidable. 


B. Oscillator Strengths 


The secular problem for the term energies (1) also 
yields the coupling parameters among the configuration 
wave functions,’ knowing which we may readily com- 
pute dipole matrix elements and oscillator strengths in 
intermediate coupling. However, to obtain agreement 
between theoretical and experimental oscillator strength 
ratios of singlet-singlet and singlet-triplet transitions, 
King and Van Vleck" were forced to introduce into the 
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Fic. 1. Comparison of experimental and computed energy level 
schemes of the thallous ion. The observed tight binding of the 
1 level relative to the P levels and the marked departure from 
LS coupling are not reproduced by the computation, which makes 
use of Hartree wave functions calculated without exchange 
(reference 8). 


®*R. F. Bacher and S. A. Goudsmit, Atomic Energy States 
(McGraw-Hill Book Company, Inc., New York, 1932), p. 481. 

” W. V. Houston, Phys. Rev. 33, 297 (1929). 

1G. W. King and J. H. Van Vleck, Phys. Rev. 56, 464 (1939), 





SOLID STATE LUMINESCENCE THEORY 


spin-orbit energy matrix a parameter A, which takes 
into account the possibility that the 'P radial function 
is different from that of the *P functions. In their 
treatment the four quantities G1, [,, Wo, and A are 
uniquely determined by the energies of the four P 
terms relative to the ‘So state, since the solutions (1) 
of the modified secular equation now contain A (the 
two quantities }{,? are replaced by }\*{,”). The oscil- 
lator strengths in this modified form of intermediate 
coupling are 





‘f= f('P1,'S0) = 


—_—( |eR|? ) 
he? 14¢,°¢2)" 


8a'mv (*P1,'S0) / leR|? ) 
he  \1+e%,27” 


3 f= f(®P\,1S») =—— 





where 2-1AG=Gitifpt+[(Gititp)?+3r%,? }!, eR is the 
dipole matrix element between the !P; and 1p states, 
and the rest of the symbols have their usual meanings. 
Standard expressions’ are obtained by setting \=1. 
When all possible quantities are computed with the 
available Tl+ wave functions (in which case we must 
set A=1), we find 1f=3.16, *f=0.017, and g=*f/'f 
= 1/180. In the isoelectronic mercury atom, the ex- 
perimental f values” are 1f=1.19, *f=0.0255, and 
g=1/47. It thus appears that the computed energy 
parameters which gave poor TI* energy levels also give 
improbable oscillator strength values. Included in the 
computation is the unreasonably high value, R= 3.21 
atomic units (au) of the radial factor of the calculated 
dipole matrix element. 

To get a more realistic estimate of the Tl* f values, 
a radial factor R= 2.00 au was matched to the experi- 
mental mercury f values with good consistency" and 
used, along with Tl* energy parameters obtained by the 
King-Van Vleck procedure for analyzing two-electron 
spectra, in the oscillator strength formulas. The results, 
which we take to be our best estimates of the free 
thallous ion oscillator strengths, are ' f= 1.76,*f=0.0633, 
and g=1/27.8. This is still a high estimate for the f 
values, even though we replace R= 3.21 au (computed) 
by R=2.00 au (deduced from the mercury strengths), 


TABLE I. Energy parameters and dipole matrix elements in the 
isoelectronic Hg® and TI* spectra. Notation: Wo, one-electron 
energy difference (ev); Gi, exchange energy (ev); {p, spin-orbit 
energy (ev); A, matching parameter; R, radial factor of dipole 
matrix element (au). 








Ti* 
Computed Matched 


4.61 8.193 
1.705 1.046 
0 640 1.015 
(1.000) 0.8718 
3.209 eee 











12 G. Wolfsohn, Z. Physik 83, 234 (1933). 
18 The third line of Table II compared to the second line shows 
the degree of consistency of this “matching.” 
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TABLE II. Summary of relevant oscillator strength computa- 
tions for free atoms. Here g=*//!f, the ratio of *Pj-S9 to 1P\-"S9 
f values, and R is the radial factor of the 'P,-'Sp dipole matrix 
element in au. 








Source R if af g 


3.209 3.16 0.017 1/184 

vee 1.19 0.0255 1/468 
2.00 1.28 0.0241 1/53.4 
(2.00) 1.76 0.0633 1/27.8 


System 


Tit 
Hg 
Hg 
TI* 





Wave functions 
Spectra 
Matched 
Matched 








since the mercury dipole matrix element is expected to 
be larger than that of TI*, in which there is greater 
nuclear attraction of the charge cloud. However, the 
computation of g is not affected by these considerations, 
since g is independent of the dipole matrix element [see 
Eqs. (2)]. The value of \=0.8718 tells us that the 
singlet and triplet radial wave functions are slightly 
different in a region about } A from the nucleus, from 
which comes most of the contribution to ¢,. Table I 
shows the energy parameters involved, and Table II 
summarizes the various f values. 


III. COMPARISON OF PREDICTED AND EXPERI- 
MENTAL OSCILLATOR STRENGTHS 
IN THE SOLID 


Although the predicted line strengths" of the KCI: Tl 
center will be identical to those of the free ion, as pointed 
out in the introduction, the oscillator strengths will 
differ by a factor (vphosphor/Vfree ion), Where v is the 
indicated absorption frequency. The reason for this is 
that the leading term in the wave function describing 
the center is the thallous ion function; all others are not 
changed, in Williams’ treatment, by the center’s transi- 
tions, so the quantum numbers and dipole matrix 
element of the center are just those of the free ion. 
However, the » occurring in the oscillator strength 
[Eqs. (2)] refers to the total energy change of the 
center during the transition. Inserting the observed 
values of v for the center, we obtain the following 
predicted values of the KCI: TI f values and their ratio: 


1f(1960 A)=1.2, *f(2475 A)=0.049, g=1/24. 


The Smakula equation as generalized by Dexter'® 
was applied to all available KCI: T1 spectra!® in which it 
was reasonably certain that the impurity concentration 
quoted referred to the crystal and not to the melt from 
which the crystal grew. In using this equation, KCl 
refractive indexes measured by Gyulai!” were utilized. 
The results are shown in Table ITI. It appears that the 
strengths of both transitions decrease with concentra- 
tion. If the 1960 A absorption is actually due to a modi- 
~ ¥ Reference 7, p. 98. 

16D. L. Dexter, Phys. Rev. 101, 48 (1956), Eq. (25). 

16 W. Koch, Z. Physik 57, 638 (1929); P. D. Johnson and F. J. 
Studer, Phys. Rev. 82, 976 (1951); P. D. Johnson and F. E. 
Williams, J. Chem. Phys. 20, 124 (1952). Dr. Johnson has kindly 
informed the writers that the concentration quoted in his 1951 
paper is too large by a factor of 10, and we have used the corrected 


value. 
117, Gyulai, Z. Physik 46, 80 (1928). 
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TABLE III. Experimental values of KCI:TI oscillator strengths, 
compared to the theoretical prediction. 








Concentra- 
tion, mol% 
= Source 


1#(1960 A) 3 (2475 A) g 


0.013 1/160 
0.049 1/24 

0.12 1/8.3 
0.071 1/7.6 ¢ 
0.045 vee d 
0.072 1/6.2 b 
0.070 1/4.4 b 





Small 2.1 
Small 1.2 
0.00019 0.99 
0.002 0.54 

0.0021 : 


a 
Theory 


0.44 
0.31 


0.004 
0.0159 








* Computation with Hartree functions. 

b Koch, see reference 16. 

¢ Johnson and Williams, see reference 16. 
4 Johnson and Studer, see reference 16. 


fied TI* singlet-singlet transition, as assumed, then the 
fact that it is weaker than we predict may be due to 
the effect of the Cl- ions in decreasing the free-ion 
dipole matrix element, or possibly to an overestimate 
in our value of the dipole matrix element; on the other 
hand, the 2475 A line is twice as strong as we predict 
at low concentrations where the theory is most appli- 
cable. At no concentration does the observed ratio of 
oscillator strengths confirm the predicted value of 1/24; 
in fact, it is never less than 1/9, a representative value 
being 1/6. 


IV. THALLOUS ION WAVE FUNCTIONS AND THE 
EXISTING THEORY OF SOLID STATE 
LUMINESCENCE 


Not the least important of the results of part II is 
that the availible Ti* wave functions are unsatisfactory 
for use in systems involving exchange. This is no doubt 
associated with the fact that exchange was neglected in 
their determination. The observation that the same 
core potential was used for the ground and excited state 
functions may help explain the small computed value of 
Wo, the one-electron S—P energy difference. To in- 
crease the spin-orbit energy, the 6p wave function must 
move closer to the nucleus; to decrease the exchange 
energy and dipole matrix element there must be more 
pronounced separation of the nodes of the 6s and 6p 
functions, or, at least in the case of the dipole matrix 
element, a contraction toward the nucleus. According 
to the variational theorem, an improved ground state 
energy will surely be lower, so it is highly probable that 
the electrons in both the 6s* and 656 configurations 
will move toward the nucleus, the 6s? going farther to 
make up the discrepancy in Wo, and the 6 far enough 
to correct the spin orbit energy. We will now attempt to 
consider the effect of such improved wave functions on 
the existing theory of (KCI:T!) luminescence. 

Seitz? originally suggested that the 'P; and *P, 
excited states of the thallous ion, suitably modified by 
the lattice, were responsible for the 1960 A and 2475 A 
absorption peaks of KCI:Tl, and Williams’ undertook 
a quantitative computation of configurational coordi- 
nate curves for the center, using a model based upon a 
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“breathing” vibrational mode. This was the first 
attempt actually to calculate these energy curves in an 
ionic solid as a function of the displacement of the 
neighbors. Thus it represents an important advance in 
the theory of solids, and has quite properly attracted a 
great deal of attention. We must include a brief review 
of the essentials of the computation, for they have not 
always been clearly stated and have been in some 
respects generally misunderstood. 

Let us examine more closely the essentials of an 
absolute theory of luminescence. After we admit the 
approximations outlined in part I and the Ansatz of the 
choice of vibrational mode, the central problem of the 
theory reduces to the construction of eigenfunctions of 
the Hamiltonian H(x) of the electronic system, the 
computation of all perturbing matrix elements H,’ (x), 
and the computation of the ground and excited state 
energies E,(x) and E,(x), all for several configurations 
associated with the vibrational mode. For the lowest 
approximation to these eigenfunctions we might choose 
normalized antisymmetrized products ,(r,x) and 
®,(r,x) of free-ion one-electron wave functions, treating 
certain terms of H(x) as perturbations to improve the 
approximation. If we wish to account for the effect of 
overlap on the free-ion functions, antisymmetrized 
products of Léwdin orbitals'* could be used, at the 
expense of simplicity. The states a and 6 differ only in 
the state of the impurity-atom wave function used in 
the original antisymmetrized product, in accordance 
with our picture of the center, i.e., the impurity atom 
alone interacts with the radiation field. In a general 
theory this must be considered as another Ansatz. 

The quantities E,(x) and E(x), which are the 
expectation values of H(x) in the states a and b, are now 
computed and the zero of energy is chosen such that all 
terms which depend neither appreciably on x nor on 
the state of the system are eliminated; the result, 
plotted as a function of the remaining n (say) coordi- 
nates in x, is the desired configuration coordinate surface 
in m dimensions. The analytic expressions for E,(x) and 
E,(x) will contain terms which may be identified with 
atomic energy levels of the Tl* ion, corrected for overlap 
and perturbations by the crystal field; van der Waals 
energy corrected for the distortion of the lattice; 
Madelung energy similarly corrected and modified by 
Coulomb overlap effects; exchange repulsion modified 
by spin-interaction effects; and other terms. Although 
this classification may not be readily accomplished in 
other than the lowest approximation, each term can be 
computed in principle since it involves only the known 
free-ion wave functions. Since accurate TI*+ functions 
are not available, no computations along these quantum- 
mechanical lines can be undertaken at present. 

Williams’ approach to the problem of KC1:TI is 
considerably different, and avoids the complexity of the 
one just described. His computations are based on the 


18 P.-O. Léwdin, J. Chem. Phys. 18, 365 (1950). 
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classical picture of ionic crystals, extended, with certain 
assumptions discussed below, to include excited states 
in the same general formalism. It is in this respect that 
the theory has been generally misunderstood; it does 
not profess to be an absolute theory in the above sense, 
but rather follows an alternative point of view of at- 
tempting to compute the luminescent properties of a 
system by making use of all pertinent information 
regarding the host crystal and the free ions, taken from 
experiment wherever possible. If this less basic but 
mathematically easier approach should suffice for 
detailed predictions of the behavior of luminescent 
systems, it would be practically a most useful one, and 
the treatment should certainly be extended to include 
other systems. 

Briefly, the important energy computations in the 
Williams theory proceed as follows. The TI* ion is 
assumed to be substituted for a K* ion in a perfect 
host crystal and the nearest six Cl~ ions execute a 
synchronous radial vibration about an equilibrium 
position. The remainder of the lattice is assumed rigid 
except for the K* ions radially nearest the Cl- ions (the 
six K+ next-nearest the Tl*). Let us define as the “per- 
fect lattice” a pure KC] lattice with all ions located in 
their equilibrium positions, and define as zero the total 
energy of interaction among these ions. Now replace a 
K* ion by the TI* ion, displace the six nearest Cl- ions 
by an amount Aa, and displace the six next-nearest Kt 
ions by an amount Aa’ (these quantities are considered 


positive for an “outward” radial displacement). The 
total interaction energy is now given by a sum of four 
terms in the Williams treatment: 


E(Aa,Aa’)=Wrt+Waut+Wy+W7 (ground state). (3) 


The first two terms are the total repulsive energy We 
and Madelung energy W y, referred to the corresponding 
energies in the perfect lattice, and they depend on both 
Aa and Aa’. In computing Wr, the Born-Mayer form 
of the repulsive energy between two ions is used: 


Er=6b exp — (a—a)/p J, (4) 


where a is the distance between the ions, do is the sum 
of the Goldschmidt radii concerned, and 6 and p are 
constants characteristic of the ion pair. This repulsion 
energy, which is taken from experiment for all ion pairs 
(the Mayer empirical values of b and p are used), 
includes Coulomb overlap and thus automatically 
corrects the Madelung energy Wy. The latter is simply 
the change of electrostatic energy of a lattice of point 
ions as Aa and Aa’ are varied. Wy is the change in van 
der Waals energy from that of the perfect lattice due to 
the different polarizability of TI*+ and to the distortion 
of the lattice. Finally Wy is the interaction energy of 
the lattice with the dipoles induced on the six Cl- ions 
by the lattice distortion and by the reduced effective 
charge of the Tl*. The latter effect is considered because 
an appreciable amount of the TI* charge cloud lies 
farther from the center of the TI* than the center of 


1249 


the polarized Cl-; this effect need not be considered in 
the perfect lattice because of symmetry. In the com- 
putation of W;, the K+ ion was apparently considered 
sufficiently localized that its entire effective charge 
participated in the interaction. 

In these four energies experimental quantities are 
used wherever possible, for example, Mayer repulsion 
lengths, ionic radii, and polarizabilities. Therefore, 
aside from W,, which is small, we see that the ground- 
state configurational coordinate curve, resting exclu- 
sively on empirical data, does not depend on wave 
functions and is probably rather accurately determined. 

The computed excited state energy includes not only 
the total interaction energy of the system but also the 
appropriate energy difference within the unperturbed 
TI* ion, W’, and aside from quantities similar to those 
computed for the ground state, there is a Coulomb 
overlap term, Ae: 


bs (Aa,Aa’) = Ww’+ W r’+ VW ut Wy'+ W,'+Ae 
(excited state). (5) 


The value of W’ is taken from the free TI* ion spectrum, 
i.e., 6.5 ev (rather than the computed value of 2.5 ev). 
Ww is exactly the same quantity found in the ground 
state, and as before is supposed to be corrected for 
overlap effects in some other term. The term Wy’ is 
analogous to the ground state van der Waals energy, 
differing in that it involves the polarizability of *P, TI’, 
which is found by computing its ratio to the experi- 
mental value of the ground state polarizability (three 
different ways, numerically averaging). Again W/’ is an 
ion-dipole interaction, different from Wy; because of the 
different effective charge on the TI* at a given Cl- 
configuration. Wp’ is a formal extension of the total 
ground state Mayer repulsion energy, which we will 
consider in a moment, and finally Ae is taken to be the 
total excited state Coulomb overlap energy minus the 
total ground state Coulomb overlap energy. 

The largest configuration-dependent terms in the 
excited state energy are W,’ and Ae, and we will con- 
sider them more carefully. It is the purpose of these 
terms to account for energies which, in the ground 
state, are included empirically in the term Wea. In 
order to compute Wp’, Born-Mayer repulsion terms of 
the form (4) were used for pairs of ions not involving 
excited Tl*; and for pairs which do involve excited TI*, 
terms of the form 


Er’ =b exp[— (a—ay’)/p’ | (6) 


were used, where ao’ is the sum of the Goldschmidt 
radius of the ion interacting with excited TI* and a 
radius of the excited TI*, p’ is a constant characteristic 
of the ion pair, a is the distance between the ions, and 
b is the same constant used in (4). It should be noted 
that b and ao’ together determine the constant factor of 
Ep’, so that only one is independent. 

When we wish to know the magnitude and de- 
pendence on a of the repulsion energy between two ions 
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in their ground states, we may be reasonably certain 
that the Born-Mayer values of 6 and p, used in (4), 
yield a good approximation to this energy when the ions 
are situated near their equilibrium positions in a perfect 
lattice composed of similar pairs of ions. Since we cannot 
hope to get experimental data for lattices containing, 
say, cations which are all excited, we must either (a) 
compute the repulsive energy quantum mechanically 
or (b) seek a method for the unique determination of 
b (or ao’) and p’ if we desire to use an equation of the 
form (6). In the present KCI:Tl theory, a method for 
computing a unique value of p’ has been proposed, but 
a’ is merely defined, and thus constitutes an arbitrary 
parameter. 

In the construction of the function Zp’, an integral S 
was employed which we shall write explicitly as S(q). 
It is defined by 


S(a)= f morr a (7) 


which is a one-electron overlap integral for two func- 
tions g4 and gp associated with atoms A and B 
separated by the distance a; r4¢a is taken as the square 
root of the total radial charge density of ion A at a 
distance r4 from the nucleus of A. When one of the ions, 
say A, is in an excited state, we shall write 


(7') 


S'(a)= f es’ endr. 


It was assumed that the repulsive energy Ep is propor- 
tional to the quantity 


8(a)=[S(a) P/a, (8) 


and it was found that S(a) has an exponential de- 
pendence characterized by a length p which was essen- 
tially the same as that for Ep derived from experiment, 
in the case of ground state KCl and TICI. Similarly 
the quantity 


8’(a)=[S"(a) P/a (8’) 


for excited TIC] was computed and was likewise found 
to have an exponential dependence on a; its characteris- 
tic length was used for the value of p’. The values for 
S and 8’ were computed by an approximation (see 
Appendix 1, reference 3) which we find to underestimate 
their magnitudes by a factor of about 6. We also find 
that $ and 8’, computed exactly, behave much less 
regularly than exponentially in the ranges of a 
considered.” 


%” For KCl, Williams’ result for p is 0.321 A, in good agreement 
with the value 0.324 A obtained from compressibility by M. Born 
and K. Huang [Dynamical Theory of Crystal Lattices (Oxford 
University Press, London, 1954), p. 26]. In his more thorough 
treatment P.-O. Léwdin [Arkiv Mat. Astron. Fysik A35, No. 9 
(1948) ] found a similar exponential dependence of the repulsion 
energy in KCl, but with a length p=0.349 A, in good agreement 
with M. Born and J. E. Mayer’s [Z. Physik 75, 1 (1932)] 
assumed value of 0.345 A. For TICI, Williams obtains 0.357 A 
in agreement with Mayer’s value of 0.356 A [J. Chem. Phys. 1, 
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Finally, ao’ was defined in two ways, both of which 
involve the known ground state quantity a» and involve 
implicit equations to be solved for ao’: 


f “ rent(nar= f Peri(rjer; (9a) 
(9b) 


Here, rc; is the Cl- Goldschmidt radius, and in (9a) the 
upper limits are the Tl* radii in the respective states. 
These definitions, both of which led to about the same 
result in Williams’ work, correspond, respectively, to 
equating (a) the total charge within the atomic volume 
of TI* in its respective states and (6) the repulsion 
energy between the ions when they are just touching in 
the respective TI* states, i.e., separated by the sum of 
their Goldschmidt radii. Williams prefers the latter 
definition. Although these definitions, when carried 
through correctly, no doubt give rough ideas of ay’, 
they are without direct physical justification and the 
resulting repulsive energies are quite sensitive to the 
value of ao’; in any case ao’ constitutes a somewhat 
arbitrary parameter which may be fixed only by an 
exact quantum-mechanical computation or by a defini- 
tion independent of the luminescence problem. 

We now turn to the term Ae and first recall its defini- 
tion as a difference of excited-state and ground-state 
Coulomb overlap energies. The preceding paragraphs 
have described a scheme for obtaining the excited-state 
repulsive energy constants in Ep’ and it might be as- 
sumed for consistency that the repulsive energy so 
derived includes, as does the ground-state repulsive 
energy, the Coulomb overlap energy for the excited 
state. If this is the case, then the inclusion of the term 
Ae in the excited-state energy has this adverse conse- 
quence: the final energy difference between the two 
states contains Ae twice, which is an error of from one 
to three volts.” 

Alternatively, it might be assumed, with Williams, 
that the Coulomb overlap energy for the excited state, 
Wc’, represents a larger fraction of the total than is 
the case for the ground state, and should be considered 
explicitly. In this event, the quantity Wc’, rather than 
Ae=W'— We, should be included in Eq. (5); however, 
it might further be assumed that, if the Tl* wave func- 
tions were seriously in error, the difference Wc’—Wc 
might be more accurately computed than W,’ alone. 
Thus if Wc itself should be negligible, rather than have 
the expected value of $1 ev, the use of the computed 
327 (1933) ], but our “best exponential fit” to the § computed ex- 
actly has p=0.414 A. Our best fits for KCl and excited-state TIC] 
are closer to those of Williams’ approximation. 

” Although Ep and Ep’ are referred to as “repulsive” energies, 
it should be noted that only the totality of the energies which they 
represent leads to repulsion. Particular component energies may 
have either repulsive or attractive character; e.g., in the case of 
TIC] Williams found that Coulomb overlap enhances the 
Madelung energy and is greater in magnitude in the excited state, 


so that Ae is a negative quantity and is an “attractive” contribu- 
tion to E’ [see Eq. (5) ]. 


8! (ao’) = S(a0). 
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Ae would be correct. Even if We should be as large as 
expected, it is possible that the scheme for constructing 
the excited-state repulsive energy constants in some way 
carries along a term qualitatively reminiscent of the 
ground-state Coulomb overlap energy, although with a 
different dependence on T1— Cl separation. 

In 1953 an important modification in the original 
computations was proposed.”! Considering the non- 
spherical symmetry of one-electron p states, Williams 
assumed that the P-state degeneracy was removed, and 
concluded that the most probable (least energetic) 
orientation for a » function in his unit cell??? was 
toward the center of a cube edge, i.e., toward the 
nearest K+ ions. It appears that the remainder of the 
charge (the core and one 6s electron) was still, then, 
treated as a classical spherical ion, and the computed 
3P, TI* ionic radius dropped from 1.64 to 1.34 A with 
an accompanying decrease of repulsion length. Simul- 
taneously, the excited-state Coulomb overlap energy 
computed relative to the ground-state value, was 
eliminated, and a constant quantum-mechanical term, 
(6V), was added. The latter term is supposed to account 
for the lowered potential energy of the p electron which 
now points at a cube edge. Since this revision is rather 
drastic, involving whole electron volts, we have plotted, 
for reference, all energies which were involved in the 
change (Fig. 2). The abscissa is the Williams con- 
figurational coordinate Aa, and reference quantities are 
those of a K* ion in equilibrium replacing the TI* ion 
(for which we take Aa=0, E=0). The dashed 
curves indicate the original (“spherically symmetric’’) 
computations. 

The original model, in which complete spherical 
symmetry was assumed, affords a clearer picture of the 
excited state charge distribution in the KCI: TI center. 
Since breathing mode vibrations do not reduce the cubic 
symmetry of the center, the degeneracy of the P states 
is not lifted and the charge distribution remains 
spherically symmetric.” It is impossible to orient any 
or all of the available p functions in the direction 
proposed by Williams without destroying either their 
orthogonality or their degeneracy; one of the possible 
orientations for these functions is along the three 
fourfold cubic axes, i.e., pointing at the nearest Cl- ions. 
The fact that the p electron may be in any of these 
states with equal probability leads to a spherically 
symmetric probability distribution and the splitting 
factor, related to the expectation value of the crystalline 
potential, (6V), which Williams considered as a first 
order perturbation, is zero. 

It does not seem unreasonable, in view of the fore- 


2 F, E. Williams, J. Phys. Chem. 57, 780 (1953). In this work, 
as in the original computation (reference 3), self-consistent T]* 
functions evaluated by using a Thomas-Fermi core potential were 
employed. No results involving computations with the presumably 
better Hartree functions (reference 8) have appeared. 

2F, E. Williams, Brit. J. Appl. Phys. Suppl. No. 4, 597 

1954). 
: 23H. A. Bethe, Ann. Physik 3, 133 (1929). 
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Fic. 2. Dependence on configuration coordinate of those 
factors contributing to the Williams potential energy curves 
which were affected by symmetry considerations. ‘Total’ refers 
to the sum of these quantities only. Solid lines indicate the 
original (spherical symmetry, SS) values of the functions and 
dotted lines the later (nonspherical symmetry, NSS) values. 
Notation: Aa, radial displacement of nearest Cl~ ions; (6V), 
re correction term (see text). Energy and con- 
gurational coordinate (Aa) scales are chosen such that Etota: and 
Aa are zero when a K* ion replaces the Tl* ion and when the Cl- 
ions are in equilibrium. Two curves not shown are the NSS 
Coulomb overlap term Ae and the SS value of (6V), both of which 
are considered constant and identically zero in the Williams 
treatment. Ground-state quantities, which are the same in both 
cases, are likewise not shown. 


going analysis of arbitrary factors and possible errors 
in the construction of excited-state configurational 
coordinate curves by the existing theory of lumines- 
cence, to consider fortuitous the partial agreement with 
experiment which presently obtains in quantitative 
work on KCI:Tl. Furthermore, it does not seem ad- 
visable to use the simplified formalism as an alternative 
to direct energy computations in applying physical 
theory to simple luminescent systems, until further 
work has been done to justify and understand some of 
the assumptions involved. 

It seems, then, that the major effect on the existing 
calculations of improved wave functions (as discussed 
at the beginning of this section) would be only to de- 
crease the excited state radius, Mayer repulsion length, 
and polarizability, causing an over-all lowering of the 
predicted excited state potential curve with respect to 
the essentially unchanged ground state curve. Little 
more can be concluded, primarily because of the 
complexity and uncertainty of the approximations, 
and because of the use throughout of experimental data 
in the existing treatment. 

We expect a parabolic potential from any reasonable 
theory, since the problem is one of small vibrations, and 
any reasonable parabola will produce line shapes and 
temperature dependence of their widths when the 
Einstein distribution is used. (That this is so can be 
seen from the circumstance that fairly good agreement 
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with the experimental spectra has been obtained by 
Williams in two different treatments, in which at least 
some of the important parameters changed markedly 
from one to the other in a compensatorygmanner.) 
Furthermore, the over-all energy differences are largely 
based on experiment. Hence the remaining cirtical test 
of the model is the prediction of oscillator strengths. 

Two results of our analysis are to be emphasized: the 
lack of agreement between the predicted and experi- 
mental oscillator strength ratios in KCI:Tl, and the 
inability of the existing theory to cope with even simple 
quantum-mechanical complications in luminescent 
centers. The failure of the theory to predict the oscil- 
lator strength ratio is significant because this ratio is 
independent of our more-or-less arbitrary choice of 
dipole matrix element. It is given, in fact, by 
g= (1960/2475)¢,?G-*, where G is defined in connection 
with equations (2) and depends on the exchange energy 
Gi, the spin-orbit energy ¢,, and the parameter \. In 
order to make g equal to 1/10, say, it is necessary to 
reduce G,/\ by a factor of almost two, keeping ¢{, fixed 
(as a magnetic effect, ¢, will be changed only in higher 
order). It is difficult to understand how a cubic field can 
effect this reduction, so it appears that either (a) other 
modes must be included explictily in the theory or 
(b) the behavior of the center must be attributed to 
other electronic processes or to a different dynamical 
model. 

Since spin effects were neglected in the original 
configurational coordinate computations, one might 
ask why the resulting curves happened to predict one of 
the processes proposed by Seitz (a modified *P,-'So 
transition) and not the other (a modified !P;-15Sp 
transition), except that in the former case the free ion 
energy difference provided a better fit. The Williams 
theory would quantitatively predict a /P; curve simply 
displaced upward by about three electron volts from the 
’P; curve, and an absorption band at 1480 A rather than 
the observed 1960 A band. The curve which Johnson 
and Williams® have constructed to account for the 
1960 A and 4780 A emission, and which they associate 
with the 'P, TI* level, actually has its minimum slightly 
below that of the *P; curve. A rather extreme spin 
effect must exist to cause this lowering, and the existing 
theory has not treated spin effects. The new curve was 
obtained by fitting a parabola to the absorption and 
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emission energies, the position of its minimum energy 
being determined by an analysis based on the assump- 
tion that absorption in the 2470 A band leads to both 
4780 A and 3050 A emission from states in near thermal 
equilibrium. Recent work by Patterson and Klick** on 
KCI: TI excitation spectra, in which distinct excitation 
bands near 2500 A have been resolved for these two 
emissions, casts doubt on this picture. For a further 
understanding of the details of the absorption bands 
near 2000 A, a careful experimental study of the excita- 
tion spectrum in that region, along with the accompany- 
ing emission, is a necessity. The behavior of the 2100 A 
absorption band at high temperatures observed by 
Forro* deserves further experimental attention in the 
light of the present problem. This band has been 
variously attributed to forbidden TI* transitions®® and 
to electron transfer.?’ 

We conclude that (1) the simplified theory of a 
luminescent center as so far worked out is insufficient 
to produce in a straightforward way an unequivocal 
configuration coordinate curve for the excited states of 
a center, and (2) the Seitz-Williams model for KC1:Tl 
should not be considered decisively confirmed, because 
(a) the quantitative calculations appear largely to be in 
fortuitous agreement with experiment, certainly insofar 
as they depend on wave functions and probably insofar 
as the depend on the simplified energy calculations, 
(b) several important features of the center are left 
unexplained, and (c) it does not, in our straightforward 
application, predict the oscillator strengths of the 
principal KCI: TI absorption lines. 

The writers are indebted to Dr. Charles M. Herzfeld 
of the National Bureau of Standards for interesting 
discussions on the symmetry properties of the TI* 
center. We should also like to thank D. A. Patterson 
and C. C. Klick for making their results available to us 
before publication, and F. E. Williams who, although 
not necessarily agreeing with all of the conclusions 
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work in a helpful discussion. 
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Leigh’s calculation of the elastic shear constants of aluminum are extended to include crystals of lower 
symmetry, and the results are used to interpret the constants of pure magnesium and dilute magnesium 
alloys. The requirement that pure magnesium be in equilibrium with respect to shears that change the c/a 
ratio of this hexagonal crystal is consistent only with the assumption that electron overlap has already 
occurred across the Brillouin zone faces perpendicular to the c axis, a result which is at variance with the 
usual assumptions for this metal. Assuming ¢ overlap and one other type of electron overlap in the pure 
metal, it is found that the total number of overlap electrons (or, equivalently, the number of holes) is 
1.70 X 10! per cm’, i.e. 2% of the valence electron density. The overlap which appears at an electron/atom 
ratio of 2.01 is assumed to be an overlap in the equatorial plane of Brillouin zone; this overlap produces an 
abrupt change in one of the shear constants as the electron/atom ratio is increased beyond 2.01, a behavior of 
the type predicted by Leigh for aluminum-zinc alloys. The abrupt change in the constant is characteristic of 
T=0°K, however; at room temperature, the predicted effect is much more gradual and is found to agree 


with the experimental results. 


1. INTRODUCTION 


OR the monovalent metals it is generally assumed 
that there are two important contributions to the 
elastic shear-strain energy of the crystal: (1) a purely 
electrostatic term representing the difference of electro- 
static energy of the ion cores in the strained and un- 
strained geometry, and (2) a term arising from change 
in the short-range repulsive interaction of the ion 
cores. For metals of higher valency, an additional term 
derives from the change in Fermi energy, caused by 
movements of the Brillouin zone planes as the metal is 
sheared. Leigh! has proposed a method for calculating 
these changes in Fermi energy in a cubic metal, and has 
used his results to obtain the shear constants of tri- 
valent aluminum. 

Another metal of great theoretical interest is mag- 
nesium. Magnesium has the close-packed hexagonal 
structure, is divalent, and therefore has just enough 
electrons to fill the second Brillouin zone. But mag- 
nesium is a metal; hence, it has holes in the second zone 
and an equal number of electron overlaps into higher 
zones. Electronic specific-heat and magnetic-suscepti- 
bility data give the combined density of states (at the 
Fermi surface) of these overlaps and holes, but not the 
total number of either. The elastic constants of mag- 
nesium have been measured by several authors,’ and, 
recently, the elastic constants of magnesium alloys of 
electron-atom ratio in the range 1.996-2.020 have been 
measured by Long and Smith.‘ One purpose of the 
present paper is to extend Leigh’s theory of the elastic 
shear constants to include metals of lower symmetry, 
in particular to those with the close-packed hexagonal 


* Work supported in part by the Office of Naval Research, in 
part by the National Carbon Company (A Division of Union 
Carbide and Carbon Corporation). 

1R. S. Leigh, Phil Mag. 42, 139 (1951). 

2 E. Goens and E. Schmid, Physik. Z. 37, 385 (1936). 

3 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 67, 29 (1932). 

4T. R. Long and Charles S. Smith, Acta Metallurgica (to be 
published). 


structure. Although the lower symmetry of magnesium 
complicates the calculation of Fermi energy slightly, it 
provides an additional relationship from which one 
can infer something about the number of overlap 
electrons and holes. The requirement that the metal 
be in equilibrium with respect to shears which change 
the c/a ratio of the metal allows one to determine 
uniquely the number of overlaps and holes provided 
only one type of overlap and one type of hole are 
present in the band structure of the metal. Magnesium 
apparently has two types of overlap and one type of 
hole, so that the equilibrium requirement does not 
determine these uniquely, but merely provides a rela- 
tionship between them. 

In addition to his work on pure aluminum, Leigh 
predicted a rather interesting behavior in one of the 
shear constants, 4(¢i—Ciz), of aluminum+divalent 
metal as a function of composition of the alloy. This 
behavior consists of an abrupt decrease in the constant 
as the electron/atom ratio is increased beyond the 
point where a new electron overlap is initiated across 
one or more of the Brillouin zone faces. Unfortunately, 
this part of Leigh’s theory has not been subjected to 
experimental verification because of the severe experi- 
mental difficulties involved in obtained single crystals 
of the proper composition and structure. In magnesium, 
however, both lattice parameter measurements® and 
transport phenomena investigations’ of the dilute alloys 
have indicated the initiation of new zone overlaps at 
about 2.01 electrons per atom; hence, it appeared that 
Leigh’s theory could be tested with this alloy system. 
The essentially negative results found by Long and 
Smith‘ led the present authors to reexamine Leigh’s 
theory. The measurements were made at room tem- 
perature, and Leigh’s theory is strictly applicable at 
absolute zero. Extension of Leigh’s results to room 

5 W. Hume-Rothery and G. V. Raynor, The Structure of Metals 


and Alloys (The Institute of Metals, London, 1954), pp. 166-167. 
6 A. I. Schindler and E. I. Salkovitz, Phys. Rev. 91, 1320 (1953). 
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temperature shows that the predicted change in shear 
constant is much more gradual as one goes through the 
critical electron-atom ratio; and, indeed, the predicted 
curve agrees with the experimental values. This topic 
will be discussed in more detail in Sec. 6. 


2. ELASTIC STRAIN ENERGY OF MAGNESIUM 


Magnesium is a close-packed hexagonal metal with 
nearly ideal c/a ratio (c/a=1.6237). There are five 
independent elastic constants, and the strain energy of 
the crystal] is usually written 


W =Wot$eu(er+ey)+3css¢"+ Cre sty 
+e13(exes tees) + heave +2) +3 (cu—ci)ys, (1) 


where és. éy, € are normal strains, and the y’s are 
changes in angles between the principal axes of the 
crystal. Three of the elastic constants may be taken as 
pure shears, and it is convenient to define the follow- 
ing set: 

C=ute12t2¢s3—4013, C’=3(cu—ci2), Cas. 


C corresponds to a strain which changes the c/a ratio 
at constant volume, leaving the symmetry of the crystal 
unchanged ; C’ corresponds to a shear which changes the 
angle between any pair of orthogonal axes in the basal 
plane of the crystal, leaving the c axis unaffected; 
and ¢44 corresponds to a shear which tilts the ¢ axis 
with respect to the basal plane. 

For convenience in calculating contributions to the 


strain energy of the solid under the appropriate shear, 
it is expedient to write the lattice vectors in terms of 
a strain parameter: £, 9, or «. For C, the direct and 
reciprocal lattice vectors may be written 


a,=a4(1,0,0), 
a= at!(—}, v3/2, 0), 
a3=ct*(0,0,E") ; 
bi= (2x/E4a) (1,1/v3,0), 
b2= (2xr/t#a) (0,2/v3,0), 
bs= (2x / Etc) (0,0,£) ; 
and the shear constant C is then given by 
C= (9/2) (@W/d#)o, (3) 


where the subscript 0 indicates that the derivative is 
computed at zero strain, viz., =1. 
For C’ and ca, only the direct lattice vectors will be 
given : 
a,= an}(1,0,0), 
a= an! (—}, V3/2n, 0), 
a;=c(0,0,1), 


C’= (#@W/drn?)o; 
a,=a(1,0,«), 
a,=a(—}, V3/2, —}e) 
as=c(0,0,1), 
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with 
Cu (PW /de)o. (5) 
Zero strain corresponds to n=1 and e=0. 
Since the crystal is under no external stress at zero 
strain, we have as the condition for equilibrium 


(dW /dx)o=0, (6) 


where x stands for one of the strain parameters, é, n, or €. 

As mentioned in Sec. I, it is customary to think of 
each shear constant as composed of three parts: (1) an 
electrostatic term, (2) a term due to the interpenetra- 
tion of the ion cores, and (3) the Fermi term. The ion 
cores in magnesium are rather small, and direct calcula- 
tion by Huntington’ has indicated that the core- 
interpretation term contributes at most a few percent 
to each shear constant. We shall, therefore, make very 
little error if we neglect this contribution completely. 
Now, Raimes® has shown that the k=0 wave function 
in magnesium is very flat near the boundary of the 
Wigner-Seitz cellular polyhedron ; hence, this level does 
not make an appreciable contribution to the Fermi 
term. In other words, the Fermi term arises from 
electrons of k~0, whose energy changes in first approxi- 
mation are the energy changes experienced by free 
electrons at equivalent points in the Brillouin zone. 

Following Leigh' we break up the Fermi term 
(subscript F) into two parts, a full-zone contribution 
(superscript I), and an overlap-hole contribution 
(superscript II), which are subsequently treated inde- 
pendently. The full-zone calculation treats the Brillouin 
zone as fully occupied, allowing for energy changes 
through the movement of Brillouin zone planes; the 
overlap-hole contribution, on the other hand, provides 
for displacement of the Fermi surface during the dis- 
tortion and the simultaneous transfer of electrons from 
certain overlap positions to others. 

The decomposition of an elastic constant into several 
parts is not unique unless the corresponding parts of 
the first derivative, (dW /dx)o, are each zero separately. 
In other words, if the total strain energy is written as 
W1+Ws, and if (dW,/dx)o and (dW2/dx)o are not each 
zero, then (@W,/dx*)) does not necessarily equal 
(@W ,/dy*)o, where y is a strain parameter corresponding 
to the inverse shear to that which x corresponds. Hence, 
the decomposition is characteristic of one of the group 
of strains which give the desired elastic constant. 
Despite this shortcoming, the decomposition is still a 
useful concept and leads to no difficulty as long as 
Eq. (6) is obeyed by the ¢ofal strain energy. 


3. COULOMB TERM 


The electrostatic or Coulomb contributions to the 
three elastic shear constants of magnesium have been 
computed by Huntington? by means of the Ewald 

7H. B. Huntington, Phys. Rev. 57, 60 (1940). 

8S. Raimes, Phil. Mag. 41, 568 (1950). 


°H. B. Huntington (private communication). The results 
quoted in reference 7 are in error by a factor of two. 
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method on the assumption that the doubly-charged 
ion cores move in an electron sea of uniform density. 
These results, which are given in Table I, represent in 
fact the maximum Coulomb contributions. Leigh' has 
shown that a nonuniform electron density can reduce 
this term by as much as 25%, and relaxation effects, 
which have been predicted by several authors,!!! 
should reduce it even farther. We believe that the 
combined effect of nonuniform electron density and 
relaxation will be such as to reduce each value in Table I 
to about one-half the value given there. 
The first derivatives of the Coulomb energy, 


(dW cous/dn)o and (dW coui/de)o, 


are identically zero. (dWcour/d)o is zero at the ideal 
c/a ratio; at other values of c/a the derivative may be 
approximated by (2/9)CcowAé, where Coou is the 
Coulomb contribution to C. 


4. FERMI TERM 


Magnesium, being divalent and having two atoms 
per unit cell, requires a consideration of the first and 
second Brillouin zones of the hexagonal lattice; for 
simplicity this combination will be referred to as the 
Brillouin zone (B.Z.) of magnesium. The B.Z. is shown 
in Fig. 1(a), while the double-sized hexagonal prism, 
Fig. 1(b), which is obtained by translating various 
segments of 1(a) through vectors of the reciprocal 
lattice, is included for ease of visualization. If the one- 
electron energies were accurately known as a function 
of k, either of the zones 1(a) or 1(b) would be a proper 
one to use. We wish to use the nearly-free electron 
approximation, however; hence, it is necessary that 
the B.Z. be as nearly spherical as possible. This limits 
us to the first choice, Fig. 1(a). It is an interesting fact 
that the “free-electron energy” of zone 1(a) at the 
ideal c/a ratio is only one percent greater than that of 
a sphere of equal volume. 

The positions of the holes in the B.Z. are rather easy 
to pick out; they are marked by the symbol H in Fig. 
1(a). The hole at the most distant part of the equatorial 
section of the zone and the hole at the corner of the 
top face of the zone are, in fact, part of the same hole, 
as is seen more clearly in Fig. 1(b) where these two 
segments of the B.Z. have been brought into coin- 
cidence. The holes make up six complete spheroids. 

The electron overlap positions are more speculative 


TABLE I. Maximum electrostatic contribution to the 
three elastic shear constants of magnesium. 








Max. electrostatic term 
(dynes/cm?*) 
2.55 X10" 
0.297 X 10% 


Constant 





Cc 
4 (C11 —C12) 
C44 0.162 x 10" 








0 C. Zener, Acta Cryst. 3, 346 (1950). 
11H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
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Fic. 1. (a) The Brillouin zone of magnesium, showing the posi- 
tions of electron overlap and holes. (b) The double-sized prism 
zone obtained by translating some of the segments in (a) through 
a vector of the reciprocal lattice. 


since there are a number of possibilities; on the nearly- 
free electron model we would pick out three different 
cases: (1) B overlap, across the faces perpendicular 
to the c axis, (2) P overlap across the slant faces, and 
(3) Q overlap (in the equatorial plane). As is seen 
from the figure, B overlap consists of just one pair, 
or one complete spheroid, P overlap six spheroids, 
and Q overlaps two spheroids. It is generally assumed 
that both P and Q overlaps occur in pure magnesium, 
whereas the B overlap first occurs in magnesium alloys 
at an electron-atom ratio greater than 2.01, the reason 
for this assumption being that abrupt changes are 
observed® in ¢ lattice parameter versus composition 
but not in the a parameter. The results of the present 
paper, however, do not support this assumption. As will 
be seen in Sec. 6, it must be assumed the B overlap has 
already occurred in pure magnesium in order that the 
metal be in equilibrium with respect to the shear which 
changes the c/a ratio. 


Full Zone Contribution 


By dividing the B.Z. into tetrahedra as proposed by 
Leigh,! the full zone contributions to each of the shear 
constants may be calculated. One such tetrahedron 
is shown in Fig. 2, the lengths , g, and r being mutually 
orthogonal. As suggested by Leigh, the one-electron 
energy is approximated by 


E(k) =ao(h?/2m)[k?—X{ p?(ke/p)?” 

+P (hy/q)P? + (Re/d)} J, (7) 
where k,, ky, kz are measured along #, g, and r, re- 
spectively, \ is a parameter between 0 and 1.0, and ap 
is the inverse effective-mass ratio (m/m*) for the 
bottom of the band. The contribution to the Fermi 
energy by each tetrahedron is then 


(We")tot= (ao/4*) (h?/2m) (pqr/10) 
X[FP+G¢e+Hr], (8) 


where 
F=1—5)*/(2+3h), 


G=0.5—5n8/(2+3d)(1+A), 
H=(1/6)—5d*/(2+3d) (1+) (2+). 
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Fic. 2. View of part of the Brillouin zone, showing one of the 
tetrahedra used to compute the full-zone energy. 


Since p, g, and r are functions of the strain parameter, 
the contribution to the elastic constant may be ob- 
tained by differentiation. It was found that both the 
first and second derivatives of the full zone energy are 
fairly insensitive to the value of \, particularly if ao 
and \ are varied simultaneously in such a way that 
the width of the band is unchanged. The actual values 
used in the following section are those for \=0. 

For calculating C, seven different tetrahedra (one 
taken negatively) were required, whereas for C’ 
eighteen different ones were needed. The full zone con- 
tribution to ¢4,, which distorts the crystal into an even 
lower symmetry, was not computed. (dW r'/dé)o is 
not zero; at the ideal c/a ratio it is —18a0X10° ergs 
cm~* for magnesium. The other two first derivatives 
are identically zero at all c/a ratios. 

By dividing the Fermi term into two parts, the con- 
tribution of each hole is handled in two distinct ways: 
in the full zone term the energy of the full hole is 
computed along with the energy of the rest of the zone; 
in the overlap-hole term the energy of the full hole is 
subtracted away. It is important that these two methods 
be consistent with each other in order that no spurious 
contribution to the elastic constants creep into the cal- 
culation. We should like to point out that Leigh’s ex- 
pression (7) is consistent with inverted spherical energy 
surfaces for the holes, as long as the holes are not too 
large and \ not too small. This is easily demonstrated : 
the hole will appear in the corner of the tetrahedron 
where k is a maximum; hence, we may develop k about 
this maximum value (k.=p—x., etc.). Substituting in 
(7), we find that the linear term in « vanishes, and 
from the quadratic term the effective mass of the hole 
is found to be mA/[2a(1—A) ]. But the results of the 
full-zone contribution are not very dependent on ); 
thus, any effective mass is consistent with the full-zone 
calculation. 


Overlap-Hole Contribution 


It will be assumed that the energy surfaces of each 
overlap region, or hole, move rigidly with the B.Z. face 
as the metal is sheared. Since each overlap, or hole, is 
“filled”? to the Fermi level ¢ which is characteristic of 


the Fermi surface as a whole, electrons will transfer 
from certain overlap (or hole) positions to others as 
the metal is sheared. We use the same notation as 
Leigh, the subscript 7 denoting the type of overlap (or 
hole), 7 the number of pairs of each type, and E,; 
the energy of the origin of each overlap (or hole). 
N,(E—E;;) is the density of states per unit energy 
range in each pair of type i, and »,; the total number of 
carriers in each pair. m,; is positive if it refers to an 
overlap, and negative if it refers to a hole. 

The total number of overlaps minus the total number 
of holes is a constant, independent of the state of shear 
of the crystal; mathematically, 


n=) ;n;;=constant, (9) 


where for pure magnesium the constant is zero, for 
alloys with the same structure the constant depends 


uniquely on the electron-atom ratio. Hence, both 
(dn/dx)o=0, and (d*n/dx*)o=0, (10) 


where ~ is one of the strain parameters: &, 7, or €. 
Now each m;; is related to N;(E—E;;) by the 


expression 
[$—E ij! 
Nij3= +f N(w)dw, 
0 


where the + sign refers to overlaps, the — to holes. 
Combining (9) and (11) with the first expression in 
(10), we obtain for the shift in Fermi level: 
(d¢/dx)o=(X iN i(|$—Eij|) PF 

XL iN i(|$—Ei;|) (dEi;/dx)o. 


If we denote the partial energies by W;;: 


(11) 


(12) 


I$—-E;j| 
Wi;= +f EN (w)dw 
0 


If—B ij! 
= Eynijt+ f wN ;(w)dw, (13) 
0 
then the overlap-hole contribution to the Fermi 
energy is 
Wrt=> 55 Wij. (14) 
By straightforward differentiation, it is found that 
(dW g"!/dx)o=>. i; ni; (dE;;/dx)o, 
which is not zero for the case x= &; and 
(PW yg"! /dx?) = Dis n;;(@E;;/dx*)o 
+L Nil |S — Ess] )L(dt/dx)?— (dE; ;/dx)o?], 
the last summation differing from Leigh’s result only 
by inclusion of the term (d¢/dx),?. Both (d¢/dn)o and 
(df/de)o are identically zero. (df/dé)o? is not zero; 
hence, it may partially cancel the contribution of the 
(dE;;/dé)? in hexagonal metals. In magnesium, how- 


(15) 


(16) 
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ever, we find the term, (d¢/dé)o, rather small. The 
summations in (14)-(16) are over both overlaps and 
holes. It is emphasized again that »;; is negative when 
applied to holes. 

In order to obtain numerical results for (15) and (16), 
it is assumed that during the shear the energies £;; 
change in the same way as would free-electron energies 
at the same point in the B.Z.; in other words, the first 
and second derivatives of E;; are assumed proportional 
to E,;, the constant of proportionality being determined 
uniquely by the geometry of the B.Z. The results are 
summarized in Table II for the case of ideal c/a ratio 


[¢/a= (8/3)*]. 
5. TEMPERATURE EFFECTS 


The previous section represents a straightforward 
extension of Leigh’s theory to crystals of lower than 
cubic symmetry; it is strictly applicable at absolute 
zero. At higher temperatures the overlaps and holes 
are not simply “filled” to the Fermi level ¢, but there 
is a tailing off which extends to large values of | E—E;;|. 
We expect this temperature effect to be small as long 
as |(—£;;| is large compared to kT for each overlap and 
hole. This is not the case, however, for all of the over- 
laps under consideration, particularly for that one which 
is initiated in dilute magnesium alloys at an electron- 
atom ratio of 2.01. Using the experimental value of 
the density of states (see section 6), it is found that the 
Fermi level in magnesium alloys is raised by 2.8 10~“ 
Xerg{~ 3kT at room temperature} per 0.01 increase in 
the electron-atom ratio. Thus, it is necessary to 
extend the results of the last section to finite tempera- 
tures in order that the behavior of the elastic constants 
as a function of alloy composition may be predicted. 

If we assume spheroidal energy surfaces, so that 
N (w)= Kw, then (11) is replaced by 


Nnii= +K,(kT)'Fy(a), (17) 

TaBLE II. First and second derivatives of the various overlap 
and hole energies in magnesium with respect to the three shear 
parameters. 














No. of 
Type spheroids x= 





(dE, ;/dx)o 


—0.2276 Ep —(16/41) Ep 
—0.2276 Ep —(16/41) Ep 
—0.2276 Ep (32/41) Ep 
— (2/3) Eg 0 
(4/3) Ep 0 
—0.0206 Ey 0.0743 Ey 
—0.0206 Ex —0.1486 Ey 


(PE;;/dx*)o 


0.9648 Ep 
0.9648 Ep 
(10/9) Eg 

(4/9) Ep 
1.3609 Ey 
1.3609 Ex 


0.7169 Ep 
—0.7169 Ep 


(18/41) Ep 
(18/41) Ep 
0 


2 Ep 
0.8360 Ex 
1.4056 Ex 


oe Ep 
(3/2) Eg 
0 


1.2933 Ex 
0.8959 Ex 
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where the + and — refer, as before, to overlap 
and hole, respectively, a=({—;;)/kT for overlaps, 
a= (E;;—f)/kT for holes, and F, is the Fermi-Dirac 


integral 
y"dy 
F,(a)= f= ~—-= + = + 
exp(y—a) )41 


The properties of these integrals are discussed in a 
number of places,” and tabulated values have been 
given by McDougall and Stoner.* Equation (13) for 
the energy of each overlap (or hole) is replaced by 


W j= Einijst+K (RT)*"Fy(Q). 


(18) 


(19) 


Using the new quantities, and proceeding as in Sec. 4, 
we obtain for the contribution to the elastic constant 
in place of (16): 


(2W g"/dx2)o= > (@W ;;/dx2)o, (20) 


where 
(PW ;;/dx*)o=nij(@WE;;/dx*) 
+ (d| ni;| Fdu)[ (dt /dx)?— (dE; ;/dx) 0? ] 
+[(Eij—$§) (d| ni5| /du)+9ni;] 
XL (€¢/dx*)o— (PE; ;/dx*)o | 
+[(Eij- 6) (@ni;/du) 
+4(d\n;;|/du) |(d{/dx— 


u=kTa. In deriving (20), we have added the term: 
— {> i;(@n;;/dx*)o, which equals zero, just as we did 
in deriving (16). 

The results for zero temperature are adequate for 
treating pure magnesium, and also for the alloys with 
the exception of the overlap initiated at 2.01 electrons/ 
atom. Hence, in working out the numerical results of 
the next section, Eq. (16) was used exclusively, except 
for this one type of overlap for which > ; (PW ;;/dx*)o 
was computed according to (20). 


dE; ;/dx)¢; 


6. COMPARISON WITH EXPERIMENT 


In order to obtain numerical values for the shear 
constants from the theory developed in the previous 
sections, it is necessary to fix a number of parameters, 
such as the E;;, effective masses, etc. All of the param- 
eters appearing in the equations for the elastic constants 
may be determined, or estimated, by independent 
means, with the exception of one unknown (the number 
of electrons in P overlap positions in pure Mg), which 
must be obtained from the actual elastic-constant data. 
The following parameters were determined by the 
method indicated in parentheses: (a) ao and all of the 
E;; (soft x-ray spectrum), (b) total density of states 
at the Fermi level in pure Mg (electronic specific heat), 
(c) effective mass of electrons in overlap regions (Hall- 
effect measurements, or nearly-free electron theory), 

122A, H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition. 


. McDougall and E. C. Stoner, Trans. Roy. Soc. (London) 
A237, 67 (1938). 
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Fic. 3. Behavior of the shear constant C=¢y;+¢12+2¢33—4¢13 
as a function of electron-atom ratio in dilute magnesium alloys. 
The circles represent experimental determinations from alloys 
with silver, indium, or tin. 


and (d) the number of electrons in B overlap positions 
[from the equations of equilibrium, Eq. (6)]. The 
Coulomb contribution has already been fixed at 0.50 
times the value in Table I. 

From measurements of the soft x-ray emission spec- 
trum Mg L;, the width of the full band in magnesium 
has been estimated to be 6.2 ev. Since the number of 
overlaps and holes is rather small, all of the values, E;;, 
lie fairly close to this number. The actual values used, 
Ep=Ep=5.75 ev, Ex=6.5 ev, cannot be very much 
in error. But Ey is the high point in the B.Z.; hence, 
the value Ey=6.5 ev may be used to calculate ao. On 
the assumption of free electronlike behavior right to 
the boundary of the B.Z., aa=0.73; but for E(k) curves 
of the form (7) with \ #0, ao is larger. We have chosen 
ao=0.85. 

As mentioned in Sec. 2, the crystal must be in 
equilibrium with respect to the various shears, and in 
particular, Eq. (6) must hold. Two of the first deriva- 
tives, those with respect to 7 and ¢, vanish identically, 
but the condition that (dW/d)>=0 must be imposed. 
At the ideal c/a ratio (dW coui/dt)o=0, and (dW '/dé)o 
=—15.3X10° erg cm; at the observed c/a ratio 
of magnesium, there is an additional contribution 
(Coulomb plus full-zone) = +2.7X 10° ergs cm~*. Hence 
(dW y""/dé)o, given by (15), is 


(dW y"/dé)o=12.6X 10° ergs/cm’. (21) 


The interesting result is that the number in (21) is 
positive; hence, overlaps or holes with a positive 
ni;(dE;;/dé)o must dominate. A glance at Table II 
shows us that B overlaps must be present in pure 
magnesium, a result which is at variance with the usual 
assumptions for this metal. We cannot fit all of the 
elastic-constant data, however, with only B-type over- 
laps. For the second type we have chosen P overlaps. 
If p denotes the ratio of total P-type electrons per unit 
volume to total B-type electrons per unit volume 
(mg), then from (15) and (21): 


nal (4/3)Ex—0.2276pEp+0.0206(1+p) Ex] 
=12.6X 10° ergs/cm*. (22) 


“ H. W. B. Skinner, Trans. Roy. Soc. (London) A239, 95 (1940). 


Equation (22) provides a relationship between mg and 
p, but in practice, it essentially determines mx since p 
is of the order of one. 

Measurements of the electronic specific heat!>!® give 
the total density of states per unit energy range at the 
Fermi level in pure Mg, ie., 30; Vi({—Ei;), equal to 
15.3X 10* erg cm~. Essentially the same number is 
obtained from the magnetic susceptibility.” Now each 
of the overlaps is small, so we may approximate the 
effective mass from nearly-free-electron theory : 


(m*/m)= (1+-4E./AE)* (23) 


where E, ; the energy at the midpoint of the gap and 
AE is the gap width. Using the results of Trlifaj’s 
calculation’ for magnesium, we estimate (m*/m) for 
the B overlap to be 0.40. We can estimate (m*/m) overlap 
in yet another way, from the conductivity and Hall 
coefficient® of the pure metal. Now the total number of 
overlap electrons is of the order of 10% cm~* (see 
Table III),7 so that in order for the Hall coefficient to 
be as small as it is, there must be almost complete 
cancellation between the overlap and hole terms. 
Characterizing the overlaps with the mobility u, and 
the holes with us, then +2. If we assume that the 
relaxation time 7 is the same for overlaps and holes, 
then m,*~m,*. Combining this result with Eq. 
(22) using an approximate value for p, we obtain 
(m*/mM) overlap = 0.7. The two methods are about equally 
reliable; hence, about the best we can do is to take a 
simple average of the two values, namely, (m*/m) overtap 
=0.55. 

The value of # is still undetermined. Choosing it in 
such a way as to obtain the best fit to the elastic 


TABLE III. Quantities used in Eq. (16) to determine 
the elastic constants.* 








Quantity Value 


Ez, Ep 5.75 ev 

Ex 6.5 ev 

0.85 

0.45 

1.10 10# cm=* 
0.60 X 107 cm=$ 
1.70X 10 cm=3 
1.46 X 10* erg cm-$ 
3.95 X 108 erg cm 
9.94 10* erg cm 
0.55 

0.98 





a 
Coulomb factor® 


ONx 
(m*/m)p, (m*/m)p 
(m*/m) a 








® ny is the number associated with one of the six spheroids of this type. 
> The value 0.45, instead of 0.5, gave improved agreement with all of the 


experimental data; hence, this multiplicative factor was used. 


16 C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1953), p. 233. 

16 P. L. Smith, Phil. Mag. 46, 744 (1955). 

17 See reference 12, p. 187, 

18 M. Trlifaj, Czechoslay. J. Phys. 1, 110 (1952). 

t The values of Eg, Ep, and Ey as given in Table III are only 
approximate in that they have not been carried to the limit of 
self-consistency with other parameters in the table. It is evident 
from e values of mg and mp that Ep is several tenths ev larger 
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CALCULATION OF ELASTIC SHEAR CONSTANTS 


constant data, p=0.55. Equation (22) then gives 
np=1.10X 107 cm~*. 

The contributions to the elastic shear constants, C 
and C’, of pure magnesium are given in Table IV, 
whereas the changes in C, C’, and ca per 0.01 increase 
in the electron-atom ratio (on the assumption that no 
new overlap types are initiated) are presented in 
Table V. The value of ca, in pure Mg could not be 
compared because, as mentioned in Sec. 4, the full-zone 
contribution to this constant was not determined. 
The full-zone term does not change with alloying, 
however ; hence, the dependence of ¢4, on electron-atom 
ratio is readily computed. 


TABLE IV. Contributions to the elastic shear constants of 
pure magnesium in units of 10% dynes/cm*. 








te; $(c11 —¢12) 


0.135 
0.163 
—0.130 





Coulomb term 
Full zone term 
Overlap-hole term 


Total 
Experiment* 


0.168 
0.168 








® See references 2-4. 


Just as in the aluminum case, we find also in mag- 
nesium a negative contribution from the overlap-hole 
term, arising primarily from the second summation 
in (16). The overlap-hole term in C is due primarily 
to B overlaps, in C’ is due primarily to P-type overlaps. 
On the other hand, the hexagonal metals, zinc and 
cadmium, with larger c/a ratios, presumedly do not 
have P-type overlaps; hence, the overlap-hole term 
in C’ would be quite small. We believe this is the expla- 
nation for the fact that C’ is so much larger relative 
to C in these metals. 

The change in the m,;; due to alloying produces a 
corresponding change in the contribution (15) to the 
first derivative with respect to . This change must be 
compensated by a change in both (dWy'/dé)o and 
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TABLE V. Change in the shear constants of dilute magnesium 
alloys per 0.01 increase of the electron-atom ratio (in units of 
10? dynes/cm*). 








Cc Cc’ 


0.0052 —0.00145 
0.0112 0.00135 


—0.0001 
—0.0008 
+0.0008 





A overlap-hole 
A Coulomb 


Total 
Experiment* 


0.0164 
(see Fig. 3) 








® See reference 4. 


(dW cou/dé)o, implying a change in c/a. Unfortunately, 
this predicted change in c/a cannot be compared 
directly with experiment, since there are also changes 
in volume and associated changes in the E;; due to 
alloying, and these volume changes are much larger 
than the changes in c/a. 

Finally we must comment about the new type of 
overlap initiated at an electron-atom ratio of 2.01. 
Since we require both B- and P-type overlaps in the 
pure metal, the new overlap must be of Q type. Now, 
the important contribution from a new overlap 
to the elastic constant is from the first derivative 
term, and a glance at Table II shows that C’ and 
cag Will be unaffected. The shear constant C, on the 
other hand, will show an abrupt decrease of the type 
predicted by Leigh. This abrupt decrease, superposed 
on the rising trend given in. Table V, and plotted in 
Fig. 3, is characteristic of the behavior at absolute zero; 
the room temperature curve, obtained by using Eq. (20) 
for the Q type overlaps, evaluating the derivatives 
from the McDougall and Stoner tables,” is much more 
gradual and appears to agree rather well with the 
experimental data. 

It seems that a repetition of the measurements of 
Long and Smith‘ at lower temperatures might be in 
order. The scatter in their data appears to be small 
enough that the break in the curve ought to be quite 
apparent even at liquid nitrogen temperatures. 
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The approximation of tight binding is employed to determine a minimum for the width of the halogen 
band in NaCl. Approximate curves of the one-electron energy E vs wave number k are provided for values of 
k lying along lines of high symmetry in the first Brillouin zone. A minimum width of about 1.0 ev is obtained. 





I. INTRODUCTION 


ARRATT and Jossem,! in an analysis of the results 

of their experimental investigations of KCI using 
X-Tay spectroscopy, suggest several possible interpreta- 
tions of their data. Perhaps the simplest, though not the 
most likely, alternative, stated in terms of the one- 
electron energy-band picture of solids, is that the 3p 
Cl- valence band (halogen band) is very narrow in 
energy, only 0.33 ev wide. As these investigators point 
out, this conclusion is in apparent conflict with Shock- 
ley’s? theoretically predicted width of 4.4 ev for the 
halogen band in NaCl. Other explanations include x-ray 
transitions involving discrete levels which lie below 
(or possibly within) the halogen band and the possi- 
bility that, in the simple band picture, the transition 
probability varies markedly with energy within the 
band. The discrete levels represent the energies of 
electrons which are bound to holes in the inner core 
states. The present analysis is concerned with only the 
first suggestion. 

Shockley’s calculation is based upon the cellular 
method of Wigner and Seitz.’ He finds that the essential 
qualitative features of the problem are retained (to 
within an additive constant in the energy) if one con- 
siders only the monatomic Cl--Cl- sublattice in NaCl, 
taking account of the Nat ions by reducing the volume 
of the polyhedral cell surrounding a Cl- ion in the sub- 
lattice by an amount equal to the volume occupied by 
the Na* ion core. A simple calculation shows that if one 
performs a similar reduction of the cell volume in the 
Cl--Cl- sublattice for KCl, there results an effective 
Cl- cell volume in KCI which is smaller than that for 
NaCl by a factor 0.67. That is, the effective lattice 
parameter in the Cl--Cl- system for KCI is smaller 
than that for NaCl by a factor (0.67)'=0.88. Thus, 
since the energy bands are expected to widen with 
decreasing lattice parameter, one expects the halogen 
band in KC] to be wider than in NaCl. The method of 


* From a thesis submitted at the University of Illinois in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. Available on microfilm, University Microfilms, Ann 
Arbor, Michigan. 

t Supported in part by the U.S. Air Force, through the Office 
of Scientific Research of the Air Research and Development 
Command. 

1L. G. Parratt and E. L. Jossem, Phys. Rev. 97, 916 (1955). 

2 W. Shockley, Phys. Rev. 50, 754 (1936). 

3 4) Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
(1934). 


volume reduction is less justified for KCl than for 
NaCl. Nevertheless, the reasoning indicates that the 
halogen band in KCI should at least be of the same 
order as, if not wider than, the corresponding band in 
NaCl. Moreover, an analysis which employs the Cl--Cl- 
sublattice for NaCl and takes no account of the Nat 
ion-core reduction of the lattice parameter should yield 
a width for the band which is narrower than one would 
expect to measure experimentally. This procedure is 
followed in the present analysis, which seeks a lower 
bound for the width of the halogen band in NaCl. 

It is remarked that there exist theoretical grounds for 
expecting Shockley’s result to be wider than one might 
observe experimentally. His analysis employs Cl- or- 
bitals which were determined without exchange.? 
Exchange correlations should reduce the shielding of 
the nuclear charge by electrons of like spin and, hence, 
result in atomic wave functions which are more con- 
tracted radially than when exchange is neglected. For 
a given lattice parameter in a solid, the overlap between 
Hartree-Fock orbitals is expected to be smaller than 
that between the corresponding Hartree functions. 
Thus, from the point of view of the tight-binding 
approximation, the exchange correction of the atomic 
orbitals should lead to narrower bands. The inclusion 
of exchange, however, cannot be expected to account 
for the large apparent discrepancy between Shockley’s 
result and the observations of Parratt and Jossem. 


II. ASSUMPTIONS REGARDING THE ONE-ELECTRON 
WAVE FUNCTIONS AND POTENTIAL 
IN THE CRYSTAL 


The approximation of tight binding is employed. 
The crystal wave function ¥*(r) is written as a linear 
combination of Bloch sums of 3% orbitals with x, y, 
and z symmetry: 


¥H()=EsAdVAO, (11.1) 


where, for example, 
¥1*=YPsp2"= Ls exp (ik “ R,) P3p2(F— R,). (II.2) 


In Eq. (II.2), R, is a vector in the face-centered-cubic 
Cl--Cl- lattice appropriate for NaCl and ¢3p:(r—R,) 
is an x-like 3p atomic orbital centered at the position R,,. 

In an attempt to compensate qualitatively for the 


‘D. R. Hartree, Proc. Roy. Soc. (London) A141, 282 (1933). 
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effects of correlations between electrons of unlike spin 
on the radial behavior of the atomic wave functions, 
Hartree-Fock orbitals for neutral argon’ have been 
inserted in the expressions [such as relation (II.2)] for 
the Bloch sums. One may imagine the pseudo-argon 
lattice as being generated from the NaCl structure by 
removing a charge +e from each Nat ion, placing it on 
a Cl nucleus, and then allowing the residual sodium 
atoms to vanish. A measure of the amount by which 
the radial wave functions for Cl- are contracted due to 
the introduction of the charge +e on the nucleus is 
obtained by simple calculation. Let R be the closest 
distance between atomic sites in the Cl--Cl- lattice for 
NaCl. The total amount of charge which, on the 
average, lies outside a sphere of radius R/2 which is 
centered about a nucleus is —0.38e when one employs 
(exchange-corrected) Cl~ orbitals* as compared with 
—0.08e when the wave functions for neutral argon are 
employed. 


TABLE I. A comparison between the analytical expression (II.3) 
for P3p(r) and Hartree’s data.® P;,(r) equals the radial coordinate 
r multiplied by the 3 radial wave function for argon. A signifies 
the absolute value of the analytical expression for P3p(r) minus 
the absolute value of Hartree’s result for P3p(r). 


P3p(r) 
(Hartree) 


0.082 
0.214 
0.365 
0.327 
0.175 
—0.023 
—0.222 
—0.399 
0.545 
—0.656 
—0.735 
—0.786 
—0.813 
—0.814 
—0.771 
—0.705 
—0.629 
—0.553 
—0.481 
—0.414 
—0.355 
—0.302 
—0.256 
—0.216 
—0.182 
—0.153 
—0.128 
—0.082 
—0.051; 
—0.032 
—0.020 
—0.012; 
—0.007; 
—0.004; 
—0.003 
—0.001 
—0.000; 


P3p(r) 
(analytical) 
0.072 
0.197 
0.357 
0.329 
0.175 
—0.029 
—0.231 
—0.406 
—0.551 
—0.659 
—0.737 
—0.787 
—0.814 
—0.817 
—0.774 
—0.707 
—0.628 
—0.551 
—0.475 
—0.409 
—0.350 
—0.299 
—0.254 
—0.216 
—0.183 
—0.156 
—0.131 
—0.085 
—0.054 
— 0.034 
—0.021 
—0.013 
—0.007; 
—0.004 
—0.003 
—0.001 
—0.000; 


z 





- 


0.0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 
3.4 
3.6 
3.8 
4.0 
4.5 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 


—-) 
oo 








5D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 

6D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 
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TABLE II. A comparison between the analytical expression 
(II.5) for —rV.(r) and the results obtained by substitution of 
Hartree’s data for the total effective charge Z,(r) and the radial 
electronic charge density into a relation derivable from Slater’s 
expression® for Va(r). Va(r) is the atomic potential for argon in 
the free-electron-exchange approximation of Slater. A signifies the 
value of the analytical expression for —rV4(r) minus the value of 
—rV,(r) as obtained by direct substitution of Hartree’s data. 


—rVa(r) 
(numerical) A 


36.0 
as 
21.7 
17.9 
15.1 


—rVa(r) 
r (analytical) 
0.0 —_ 
+1.4 
+1.4 
+0.9 
+0.4 
—0.3 
—0.43 
—0.57 
—0.67 
—0.71 
—0.69 
—0.64 
—0.47 
—0.30 
—0.17 
—0.08 
—0.03 


COD pi 


+0.02 
+0.02 
+0.02 
+0.01 
+0.01 
+0.01 


io oe aS) 


—) 


ato 


~ 
Oo 


+0.01 
+0.01 
+0.01 


CONTIN OD UU me WN NNNN EES 


SOMNOWUON 


0.05 
0.04 


=) 
oo 








By a technique of Slater’ an analytical approximation 
to Hartree’s data for atomic argon® has been obtained 
for the quantity P3,(r) which is equal to the radial 
coordinate r, multiplied by the 3 radial wave function : 


P3p(r) = 41.2917? X 10% 65" — 73 (8.800 10-1151" 


+0.656X 10~°:"),  (IT.3) 


The analytical expression (II.3) is tabulated for com- 
parison with the Hartree-Fock result in Table I. 

The crystal potential V.(r) is assumed to be of the 
form 


Ve(r)= do, V.(|r— R, |), (11.4) 


where V,(|r—R,|) is an atomic potential for argon 
which is centered about the site R,. V.(r) was calculated 
in the free-electron-exchange approximation of Slater.® 
Hartree’s data® for the total effective charge Z,(r) and 
radial charge density was substituted in an expression 
for V.(r) which is derived readily from Slater’s results. 


7J. C. Slater, Phys. Rev. 42, 33 (1932). 
8 J. C. Slater, Phys. Rev. 81, 385 (1951). 
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Fic. 1. The 3p energy bands as functions of wave vector k for values of k lying along the (100), (110), and (111) directions. 
The one-electron energy for k=0, E(0), is chosen as a reference level. Each band is labeled so as to correspond with the 
notation employed in Table III which contains analytical expressions for the eigenvalues E(k). 


A numerical tabulation was obtained for the function 
—rV,(r), which can be approximated by the following 
analytical expression : 


—rV4(r)=27.33X10-1-2"-+8,67X 10-2, (II.5) 


Relation (II.5) is expressed in atomic units (unit of 
energy=1 Rydberg). It is tabulated for comparison 
with the results obtained by direct substitution of 
Hartree’s values (Table II). 

It should be remarked that one difficulty with the 
procedure outlined is that the Hartree-Fock orbitals 
which are employed to construct the Bloch sums are 
not eigenfunctions of an atomic Hamiltonian which 
contains the Slater potential. On the basis of results 
obtained by Pratt® from the application of the free- 
electron-exchange potential to the self-consistent prob- 
lem for Cut, it is assumed that, had orbitals been ob- 
tained which satisfy the Schrédinger equation for atomic 
argon in the approximation of Slater, they would not 
differ appreciably from the Hartree-Fock orbitals which 
were actually employed. The model of a pseudo-argon 
lattice allows an approximate determination of the one- 
electron energies E(k), only to within an additive 
constant. 


Il. RESULTS 


Relation (II.4) for V.(r) was employed to construct 
a one-electron Hamiltonian H, for the crystal. 


H.=—V*+V.(r). (111.1) 


The average value of H, with respect to the crystal 
wave function (II.1) was computed and the expansion 


*G. W. Pratt, Jr., Phys. Rev. 88, 1217 (1952). 


coefficients A;(k), which occur in expression (II.1), 
were varied so as to obtain an extremum for the energy. 
The secular equation which results when one assumes 
the Bloch sums are orthonormal was simplified in 
the two-center, nearest-neighbor approximation by a 
method equivalent to that of Slater and Koster. The 
equation was factored for values of k lying along the 
(100), (110), and (111) directions in the first Brillouin 
zone. The energy bands are shown in Fig. 1. It is seen 
that within the approximations the halogen band is 
about 1.0 ev wide. Analytical expressions for the energy 
bands are given in Table III. The actual shape of the 
bands is determined only in higher approximation. 

The inclusion of three-center integrals is estimated to 
increase the band width by 20%. When the effects of 


TaBLe III. Analytical expressions for the energy eigenvalues 
E(k) in the 3p band for values of k lying along the (100), (110), 
and (111) directions in the Brillouin zone. Atomic units are 
employed. §=,a where k; is the x component of the wave vector k 
and 2a is the edge length of the basic cube in NaCl. C is an unde- 
termined constant. a=4.51X10-? Rydberg. \=0.270. The eigen- 
values are labeled to correspond with the notation employed in 


Fig. 1. 








Direction 


of k Eigenvalue Analytical expression 


Ey eta cost—) ] 
E.=E; C+4ali+(1—d) cost] 





(100) 


(110) EB, C+4al 2 cost—X cos*é 
E; C+4al[_cos*t— (1+A) sin’é+ (1—A) cosé] 


E; ele (2—2) cos*é—2(1+A) sine] 
E.=E; C+4al(2—d) cos’é+ (1+A) sin?é] 


Ey cel +(1—A) cost+A sin?é] 


(111) 








1 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 
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overlap between neighboring 39 orbitals are included, 
the band width is decreased by an estimated 30%. It is 
emphasized that the estimation procedure does not 
account completely for overlap since the effects of non- 
orthogonality to core states have not been considered. 
The interaction between the 3s and 3p bands was esti- 
mated in the approximation that the Bloch sums are 
assumed orthonormal. Its effect on the width of the 3p 
band is relatively small, of order 5%. The interaction is 
zero for some of the eigensolutions by reasons of sym- 
metry. Finally, the inclusion of second-nearest neighbors 
in the two-center approximation produces an effect of 
order 10%. 


IV. CONCLUSION 


The analysis results in a lower bound of 1.0 ev for 
the width of the halogen band in NaC] to within about 
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30%. Owing to the extreme nature of the assumed 
model of a pseudo-argon lattice, the actual value of the 
width is believed to lie much closer to Shockley’s 
result, which probably represents an upper bound since, 
as has been mentioned, his calculation is based upon 
Cl- orbitals determined without exchange. 
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A method is developed for obtaining directly from group-theoretical and topological considerations a 
consistent set of critical points belonging to a given secular equation. The treatment includes a detailed 
discussion of nonanalytic behavior near degeneracies. Comparison with many specific calculations shows 
that the minimal set so obtained is often the set actually present in the case of short-range forces. The 
contributions of nonanalytic critical points to the frequency distribution are analyzed. Behavior near 
critical points is made the basis of a scheme for calculating the main features of frequency distributions from 
the corresponding minimal sets. An approximate frequency distribution is calculated for aluminum. Possible 


applications to energy bands are discussed. 


INTRODUCTION 


HE elastic frequency distribution of a crystal, 
which determines many of the thermodynamic 
and optical properties of the crystal, may be defined as 
g(v), where g(v) is the fractional number of frequencies 
between » and v+dyv. The frequency distribution is 
given by the usual Born-von Karman theory of crystal 
dynamics, which treats the lattice as a set of coupled 
harmonic oscillators. The resulting secular equation is 
generally too involved to make it practicable to obtain 
the frequency distribution in closed form; it has proved 
necessary to resort to various approximate methods. 
Many investigators have obtained approximate fre- 
quency distributions by taking finite samples of the 
elastic vibrations throughout the Brillouin zone.’ The 
objection to this method is that one must take a large 
* Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the Physics 
Department of the University of Chicago. 
t Now at Bell Telephone Laboratories, Murray Hill, New 


Jersey. 
1 See reference 1 of L. Van Hove, Phys. Rev. 89, 1189 (1953). 


sample to obtain good results, which makes the method 
quite laborious. Some time ago Houston? and Montrollé 
proposed analytic methods of approximation which met 
with fair success. Recently interest in analytic approxi- 
mations has revived as a result of papers by Montroll,* 
Smollett,> and Van Hove.* Montroll succeeded in 
making an exact calculation of the frequency distribu- 
tion of a specia) square lattice, and he obtained a 
distribution containing logarithmic singularities. Smol- 
lett showed that such singularities would arise whenever 
the frequency surfaces in k space had analytic saddle 
points. Van Hove then demonstrated, by using a 
topological existence theorem due to Morse,’ that 
certain critical points (c.p., points at which ¥.v=0) 


2 W. V. Houston, Revs. Modern e% 20, 161 (1948). 


3 E. W. Montroll, J. Chem. Phys. 10, 219 (1942). 

4E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 

5M. Smollett, Proc. Phys. Soc. (London) A65, 109 (1952). 

6 L. Van Hove, Phys. Rev. 89, 1189 (1953). 

™M. Morse, Functional Topology and Abstract Variational 
Theory, Memorial Sciences Mathematiques (Gauthier-Villars, 
Paris, 1938), Fascicule 92. 
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must exist generally, together with the consequent 
analytic singularities in the frequency distribution. 

Van Hove’s results predict the existence of some c.p. 
If one knew all the c.p., then an interpolation scheme, 
such as the moment-singularity method proposed by 
Lax and Lebowitz* and by Rosenstock,* might suffice to 
give a good approximation to the distribution. Rosen- 
stock® has tried to obtain most of the c.p. for a given 
secular equation by drawing frequency contours on all 
the symmetry planes. The drawing of contours is a 
laborious procedure. Accordingly, we address ourselves 
in this paper to the problem of determining the most 
complete statement that can be made about c.p. from 
general mathematical considerations alone. 

In Secs. I, II, and III we present the mathematical 
tools required in our solution of this problem. We start 
with the observation that the power of group theory for 
the location of c.p. required by symmetry alone” has 
not yet been exploited for lattice vibrations. In Sec. I 
we give a brief description of these group-theoretical 
techniques. Having located the c.p. required by sym- 
metry, one can make little further progress until these 
c.p. have been classified. In Sec. II we present perturba- 
tion techniques and schematic representations suitable 
for such classification. We emphasize particularly the 
existence and classification of nonanalytic behavior 
near c.p. We then observe that Morse’s results actually 
contain more detailed and powerful topological relations 
than those used by Van Hove. Moreover, although 
applied by Morse explicitly only to analytic functions, 
his general topological methods permit us to derive 
similar relations for nonanalytic functions. Because of 
the highly mathematical character of the arguments 
involved, we have relegated an outline of the proofs of 
the necessary theorems to the appendix. Section III, 
on the other hand, contains a description of these 
theorems which in itself should be sufficient for an 
understanding of their use. In particular we discuss 
there the topological classifications of all c.p. discussed 
in Sec. II. 

We present in Sec. IV an explicit method for con- 
structing the so-called minimal set of c.p. and in Sec. V 
use this method to construct these sets in a number of 
examples. In Sec. VI we discuss the contribution of non- 
analytic c.p. to the frequency distribution. Finally, in 
Sec. VII the contributions of c.p. are made the basis 
of a scheme for approximating the frequency distribu- 
tion. We summarize the method and give a brief dis- 
cussion of possible applications to energy bands in 
Sec. VIII. 

Before we proceed to the actual solution of the 
problem, let us review the results of the Born-von 
Karman theory. If there are V unit cells in the lattice 


8M. Lax and J. L. Lebowitz, Phys. Rev. 96, 594 (1954). 

*H. B. Rosenstock, Phys. Rev. 97, 290 (1955). 

1 See the considerations of G. Dresselhaus, Phys. Rev. 100, 
580 (1955), and R. Parmenter, Phys. Rev. 100, 573 (1955), on 
energy bands in the zincblende structure. 
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labeled by and n’, with Z atoms per unit cell, labeled 
by a, 8, and the space has / dimensions, the N/Z equa- 
tions of motion may be written 


d?x,(n) 
Ma 
dt? 


=z ag(n,n’)[xa(n’)—xe(m)]. (1) 


If we assume 


b 
x(n) =Ref fa —— expli(h-n—2ew)]], (2) 
/N 


then the translational symmetry of the lattice enables 
us to reduce Eqs. (1) to an /Z-dimensional secular 
equation for v?. Here b represents the complex amplitude 
of the wave, e, is a polarization vector, and k is the 
wave vector of the vibration. The /Z-dimensional 
matrix M(k), whose eigenvalues v?(k) provide the /Z 
branches of the frequency surfaces, has the symmetry 
and periodicity of the reciprocal lattice. Independent 
vibrations are obtained by restricting k to the first 
Brillouin zone (B.Z.) of the reciprocal lattice. By using 
the uniform spacing of k over one zone, it is now easy 
to show that the normalized frequency distribution" 
G(v?) is given by 
dS 


Vo 
Gv)=— f 9 
ZI J sy | Viv*| 


where Vo is the volume of the crystal cell and S(v?) is 
the surface in the first zone for which v?(k)=v?. The 
importance of the c.p. at which ¥.v?=0 is evident. We 
now turn to the methods with which we locate the c.p. 
necessitated by symmetry considerations alone. 


(3) 


I. GROUP THEORY 


The group theory of functions derived from a secular 
equation having the symmetry and periodicity of the 
reciprocal lattice has been formulated implicitly by 
Bouckaert, Smoluchowski, and Wigner” in their dis- 
cussion of energy bands. We shall use their terminology 
and their abbreviations for the symmetry elements of 
the B.Z. One of their results is that a solution having 
wave vector k must transform as a small representation 
of k, that is, as an irreducible representation of the 
group of k. Our solutions (2) are labeled by k and the 
polarization set {e,}. Consequently the set {e.} must 
transform as a small representation. In particular, for 
one atom per unit cell, we deal with those small repre- 
sentations transforming as one or more components of a 
vector. One may identify the small representations 
immediately from their character tables; the latter are 
given for the cubic lattices in reference 12. 

We now consider the behavior of v?(k) in the neigh- 

1 We calculate G(v*) since v? is the eigenvalue of the secular 
equation. One obtains g(v) by observing that g(v)=2vG(v*). 


12 Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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borhood of ko. Let u;(ko), j=1,---,m, be a set of 
n-fold degenerate solutions (1<n<Z/) belonging to the 
representation I', of the group of ko. Then to second 
degree in = k— ko, the v;*(k) are the eigenvalues of 


W ij(8) = ving + (a| E+ Vev?| 7) +3 (¢| EE: Ve Ver? | 7) 
(i| E- Vev?| m) (m| E-Viv"| j) 





m Vio’ — Vo" 


The matrix W is obtained from second-order degenerate 
perturbation theory.’ The index m labels modes not 
belonging to the original set 7 and vy?=v,?(Ko), J=7 
or m. We shall call the point ko an ordinary c.p. if 


(| &-Vav?|7)=0, 4, j=1, ---, m. (5) 


The operator ¥,v? transforms like a vector. It will 
generate a representation of the group of k which, 
when reduced, will be found to contain a set of small 
representations I's. In the absence of screw axes and 
glide planes, the I's will be those small representations 
labeled by components of vectors." In any case all the 
matrix elements will vanish unless one of the direct 
products ['.XI'sXI'. contains the unit representation. 
The second order terms include an operator transform- 
ing like the trace of a tensor. The diagonal matrix ele- 
ments of this term will not vanish except for special 
choices of the force constants. Therefore terms to second 
order suffice to characterize the frequency surfaces in 
small neighborhoods. 

At a general point in the zone, the group of ky con- 
tains only the identity. The only small representation 
of the group of kp is the one-dimensional unit repre- 
sentation ; there is only accidental degeneracy. Further, 
we have (i|&-Viv?|i)40 except by accident, for 
r'.XI'sXI'q is the unit representation. Thus c.p. are not 
required to occur at arbitrary ky by symmetry condi- 
tions. Finally, inspection of Eq. (4) shows that v?(k) is 
analytic about nondegenerate points. 

At points of higher symmetry, representations of 
higher dimensionality may occur. A systematic test at 
all symmetry points of the condition that 'aXI'sXTa 
does not contain the unit yields all ordinary c.p. 
required by symmetry. Further, it yields those points 
for which some components of the gradient vanish. In 
applying the topological considerations one may regard 
these points as potential c.p. Finally, when m>1, the 
v?(&) are solutions of a secular equation and hence are 
analytic only by accident. We must therefore distinguish 
two kinds of ordinary c.p., the analytic and the fluted 
(the fluted points being produced by degeneracies at 
symmetry points). 

There are /Z branches of the frequency surfaces in 
k space. The topological considerations to be developed 
are applicable only to single branches forming closed 

13 P. O. Léwdin, J. Chem. Phys. 19, 1396 (1951). 


4 For the case of screw axes and glide planes, see G. Dresselhaus, 
thesis, University of California, 1955 (unpublished). 


() 


Fic. 1. Frequency surfaces near a 
crossover point Ko. 


manifolds. Difficulty in identifying suitable separate 
branches can arise only at those points of degeneracy 
where branches cross. This situation is illustrated by the 
solid lines in Fig. 1. One way to label branches in 
the vicinity of crossover points, which we shall call the 
ordered labeling, defines the ith branch at k to be the 
one of frequency »;*(k) where i < j implies »,(k) < v;?(k). 
This definition of branches suffers from the difficulty 
that it can introduce generalized nonanalytic c.p. 
at crossover points. We call such points singular c.p. 
and define them as points where one or more com- 
ponents of the gradient change sign discontinuously 
while the remaining components vanish. The topo- 
logical characterization of c.p. given in the appendix 
requires that such points be considered c.p.!® Ordinary 
c.p. produce infinities in the frequency distribution, or 
in its first derivative, for /=2 or 3, respectively, but 
singular c.p. produce at most discontinuities in the first 
derivative of the frequency distribution. As an example 
of a singular c.p. introduced by the ordered labeling, 
we note that the branch (1)—(3) in Fig. 1 might have a 
generalized minimum at ko. 

Crossover points can occur where degeneracy is 
necessitated by symmetry but where all components of 
the gradient are not required to vanish. At symmetry 
points where several one-dimensional representations 
exist, accidental degeneracies of the kind pictured in 
Fig. 1 also can occur.'* The group-theoretical considera- 
tions described above enable one to locate the singular 
c.p. required by symmetry and to locate within a family 
of “accidental” crossovers the singular c.p. 

It might be thought that it would be more convenient 
to label the branches in Fig. 1 by (1)—(4) and (2)-(3) so 
as to avoid introducing singular c.p. However, such a 
labeling is inconvenient for several reasons. The most 
important of these is that the degeneracy at ko is re- 
moved as soon as one leaves the symmetry plane, as is 
indicated by the dotted lines in Fig. 1. Therefore the 
alternate labeling would make the surfaces discon- 
tinuous. Henceforth we will always define our branches 
according to the ordered labeling. 


II. BEHAVIOR NEAR C.P. 


We now turn our attention to a study of the detailed 
behavior of y?(k) in the neighborhood of ordinary and 
singular c.p. If the c.p. is analytic, we may expand 


16 Our definition of a generalized c.p. differs from Van Hove’s 
(reference 6) because he includes what we have called fluted 
points among his generalized c.p. 

16 Accidental degeneracies have been discussed in detail by 
C. Herring, Phys. Rev. 52, 365 (1937). 





1266 JAMES C. 


v®(k) to second degree in = k— ko. In the normal form, 
the expansion becomes : 


j l 
y=pye—>- bé?+ > bé?; 5;>0. 
i=1 


i=j+1 


(6) 


Here 7 is the index of the form; the topological features 
of an analytic c.p. are completely specified by its index. 

No such expansions are available for the fluted points. 
The geometrical classification which we shall now intro- 
duce does not require the existence of such expansions. 
It is based on the number of separate sectors in the 
neighborhood of the c.p. in which v*?> vo? or v?<?. 
A sector is an angle, or solid angle, taken with the c.p. 
as apex, within which v?— v9 is everywhere of the same 
sign. If v?> vo”, we have a positive sector; whereas if 
v? <0", we have a negative sector. 

The following procedure is a graphic way of counting 
the numbers of positive and negative sectors. In polar 
coordinates we have v?(£)— vo?=X(E, 8, ---). Consider & 
fixed and sufficiently small that the perturbation expan- 
sion in Eq. (5) is valid. Let \=0 for all angles be repre- 
sented by a reference circle or sphere. For fixed angle let 
values of \ be plotted radially, positive values outside 
and negative values inside the reference surface. The 
radial scale is chosen in any convenient manner. The 
numbers (P,) of positive and negative sectors around 
ko may now be read off directly from this sketch. 

Let us consider as an example the simplest case, 
a two-fold degeneracy in two dimensions. We simplify 
the discussion by assuming here, and throughout the 
paper, that a center of inversion is present. Since the 
secular equation must then have the full symmetry of 
the square, it may be written in the form 


bé.?+ck,?—r désk, 
= | cij—dd,;| =0 
\désky cé.?+bi—d 


(7) 


in the neighborhood of the c.p. with b, c, and d as 
general parameters. In Fig. 2 we plot two cases; the 
\ lines are solid, the reference circle dotted, and all the 
positive sectors are shaded. 

In Fig. 2(a) the case —c>b>0 and d=0 leads to de- 
generate saddle points, while in 2(b) the case —c>b>0 


fy 











Fic. 2. \ lines about a two-fold degenerate c.p. in two dimensions. 
(a) Degenerate saddle points. (b) Fluted points. 
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and —c—b>d produces fluted points. Each of the saddle 
points in 2(a) has sector numbers (2, 2), but the outer 
\ line in 2(b) has the numbers (4, 4) while the inner 
has (0,1). Evidently the (4,4) point is intrinsically 
fluted, for the only analytic combinations in two dimen- 
sions are (1,0), (2,2), and (0,1). On the other hand, 
it is not surprising that the inner line is topologically 
equivalent to an analytic maximum and that it makes 
a similar contribution to the frequency distribution. 

We can obtain all possible fluted points in two dimen- 
sions by observing that each sector is bounded on the 
reference circle by the intersections of the A line with 
the reference circle, points where \=0. The angles for 
which A=0 for any mode are obtained by setting 
|ci;|] =O and are independent of £ Let us therefore 
define the line \’= |c;;|. Every sector of the reference 
circle bounded by the points \=0 for a single mode will 
then occur among the set of sectors bounded by the 
points \’=0 on the X’ line. Thus we need only determine 
the possible sectors of the ’ line. The most general 
form of \’ is r(&*+£s")+5€,°£.? since it is a fourth 
degree polynomial having the symmetry of the square. 
In each sector the )’ line must have a radia] maximum 
or minimum. Thus one can locate all possible sectors 
by finding the solutions to 6\’=0 subject to 6&=0. The 
only solutions are found to be the (10) and (11) direc- 
tions. The combinations of sectors in these directions 
having the symmetry of the square are analytic, warped 
minima or maxima, and the (4, 4) combination which is 
illustrated in Fig. 2(b). Thus we have found all fluted 
points in two dimensions. 

We can generalize these ideas to three dimensions by 
considering a \ surface and its accompanying reference 
sphere. Consider the two-fold degeneracies first. If the 
eigenvectors of the two modes lie in a plane of sym- 
metry of the zone, their frequency contours behave in 
that plane much as do those of the twofold degeneracies 
in two dimensions. Normal to the plane the behavior is 
analytic, since in the secular determinant there are no 
cross terms between the coordinates in the plane and 
that normal to the plane. Thus, as will be shown later, 
nothing new is introduced from the topological stand- 
point. If the eigenvectors do not lie in a plane of sym- 
metry, a separate analysis of the sectors on the reference 
sphere should be made in each case. 

A three-fold degeneracy involves three equivalent 
modes, and since inversion is present, the secular equa- 
tion must possess cubic symmetry. Thus it must have 
the form | Dij—)6;;| =0, with D;= bE 2 +c(E?+ &,”) and 
Dj;;=dé,é;. The possible sectors of the \ surfaces may 
now be determined in the same way as in the two- 
dimensional case, with the appropriate modifications of 
terminology: e.g., the sectors are now bounded on the 
reference sphere by closed lines. The result is that 
separate sectors are possible only in the directions 
A:= (100), Z:= (110), Ag=(111) and along a general 
direction for which §;= £;. Here the subscript  empha- 
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sizes that we are dealing with directions in & space 
away from the c.p. in question. The fluted points 
resulting from the various combinations of these sectors 
are listed in the next section. 

Singular c.p. can also be classified according to their 
sector numbers. As Van Hove remarks,*!® the only 
singular c.p. for /=2 are generalized maxima and 
minima; thus we need only analyze singular points for 
/=3. Consider first the singular c.p. arising from acci- 
dental degeneracies. According to Herring,!* accidental 
degeneracies can occur at isolated points in the zone or 
along closed curves. A simple example is a closed curve 
of contact C which lies in a symmetry plane. Then the 
relative maxima and minima along C produce singular 
c.p., aS was first noticed by Van Hove. Herring shows 
that the components of ¥,v? do not vanish at these 
points except along C. Thus for the lower or upper 
branch, respectively, the A surface will be entirely 
inside or outside the reference sphere except near the 
two directions where C intersects the reference sphere. 
Here the \ surface may change sign. In tabular form, 
the results for the sector numbers are 


Upper branch 
(1, 0) 
(1, 2) 


Lower branch 


(2, 1) 
(0, 1) 


Minimum along C 
Maximum along C 


Near an isolated point of contact, Herring has also 
shown that the first-order terms will vanish only in one 
direction. Thus the sector numbers in the table repre- 
sent all the possibilities that can occur for both kinds 
of accidental degeneracy. 

More complicated behavior can occur at the singular 
points necessitated by symmetry. This is because sym- 
metry may often require that Vv? vanish in a plane. 
In this case fluted behavior is possible in this plane, so 
that it is also possible to obtain the combinations 
(1,4) or (4,1) which we call F; or F2 points, respec- 
tively. 

This completes the discussion of the sector numbers 
of all c.p. that will occur without special choices of the 
force constants. 


III. TOPOLOGICAL RESULTS 


If we analyze the c.p. required by symmetry accord- 
ing to the methods of the last section, we obtain in each 
branch a set of points which we call the symmetry 
set §. The important idea in Morse’s topological work’ 
is that the existence of some c.p. necessitates the 
existence of others. Morse finds that the total numbers 
of the different kinds of c.p. are related. The symmetry 
set generally does not satisfy these relations. The 
smallest set satisfying these relations and containing 
the symmetry set is called the minimal set MN. The chief 
purpose of this paper is to devise a method for con- 
structing the minimal set. 

The topological relations can be stated quite simply 
for a branch containing only analytic c.p. In two dimen- 
sions let p; denote an analytic c.p. of index 7 and n; 
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denote the total number of these in the manifold. Then 
the following relations hold: 


no> 1, 


(M2) 


ni—no> 1, 
No— Ny +no=0. 


Similarly, in three dimensions let P; denote an analytic 
c.p. of index j and NV; denote the total number of these. 
Then the relations that must hold are: 


No21, 

Ni—No>2, 
N2—Ni+No>1, 
N3—Ni+Ni—No=0. 


In both cases the equality sign in the last relation 
makes it the most useful one for constructing the 
minimal set. A much weaker set (M’) of inequalities 
only can be obtained from these equations by adding 
consecutive relations. Neither set can be applied to 
most branches because many degenerate c.p. will be 
intrinsically nonanalytic. Van Hove' has already applied 
the relations (M’) to branches containing only analytic 
c.p. and c.p. topologically equivalent to them. In the 
Appendix we prove by Morse’s general methods that 
the relations (M;) can be used in the presence of the 
fluted and singular c.p. that occur in our problem. In 
doing so, each nonanalytic point may be assigned an 
index j and a topological weight g>1.!" By definition, 
q is the number of times a c.p. of index 7 is to be counted 
in computing the numbers n; or N; which enter the 
relations (M;). For example, the point in two dimen- 
sions with sector numbers (4, 4) has j=1 and g=3; it 
is to be counted as three saddle points in the rela- 
tions (M2). 

We can assign the index 7 and the number gq to the 
given nonanalytic point once we know the sector num- 
bers (P,N) described in the last section. The topological 
methods for doing this are presented in the appendix; 
here we shall only give the results in terms of a few 
rules. 


(M3) 


1. If the sector numbers are (1,0) or (0,1), then 
g=1 and j=0 or I, respectively. That is, a warped 
minimum or maximum is topologically equivalent to 
an analytic minimum or maximum, respectively. 

2. In two dimensions, an (n,n) point has 7=1 and 
g=n—1. 

3. In three dimensions, usually only one of P or N 
will be greater than 1. In the former case 7=2 and 
q= P—1, and in the latter case j=1 and gq=N—1. In 
general a point must be counted both as a j=1 point 
with g.=N—1 and as a j=2 point with q.= P—1. 


These rules cover all possibilities that can occur for 
general choices of the force constants. 


17 Van Hove’s generalized c.p. are obtained in the special case 
q=1. 
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a) 
e) 


) 


A convenient notation is obtained by writing the 
index j as a subscript to the symbol for the non- 
analytic point. Thus the (4, 4) point in two dimensions 
is called an f; point. All other c.p. occurring in two 
dimensions, both fluted and singular, are equivalent 
to p;’s. Henceforth we use the symbols p; and P; for 
all c.p. topologically equivalent to analytic c.p. of 
index 7. We have completed the task of listing g and j 
in two dimensions; we now do the same for three 
dimensions. 

We begin with ordinary c.p. where complications will 
arise only at degeneracies necessitated by symmetry. 
At a twofold degeneracy lying in a plane of symmetry, 
the possibilities are determined by the behavior in the 
plane. If the behavior in the plane is that of a p; point, 
only a P point can result. But if we have an f; point 
in the plane, an F; or F; point of weight 3 will result. 
Other twofold degeneracies can be handled by our 
general methods. The possibilities arising from a three- 
fold degeneracy are somewhat more involved. To 
classify such points, we recall the statement made at 
the end of the last section to the effect that possible 
sectors can occur only in the directions Ag, 2;, Ag, and 
a general direction in the §;=£; plane. The situation 
for a cubic element 0<z<y<x of the reference sphere 
is illustrated in Fig. 3. The situations arising when 
three or four of the possible sectors have the same sign 
and hence coalesce are easy to treat. When the signs 
along the four special directions indicate the possibility 
of two positive and two negative sectors, one must 
distinguish two cases, each of which is illustrated in 
Fig. 3. In Fig. 3(a) the possible sector in the §;=£; 
plane, which we label the G; sector, lies between A; and 
Ay. In Fig. 3(b), on the other hand, the G; sector lies 
between A; and 2;. The case of two positive and two 
negative will arise only when alternant sectors in the 
sequence (AGAZA); or (AAGEA); have opposite sign. 
Further, the two sectors of the same sign as the central 
area, C;:, must coalesce. 

From these arguments all possibilities for ordinary 
c.p. arising from a threefold degeneracy have been 
obtained; they are listed in Table I. The left column 
contains the symbol 7; for the point, the first five 
columns give the “sign” of the \ surface in the five 
important directions, the next column gives the sector 
numbers (P,N), and the last column gives the topo- 
logical weight g. To use the results of Table I for a 
particular c.p., one notices that the secular equation 
factors in the A;, 2g, and A; directions, so that the 
information required by the first three columns is 


Fic. 3. Sectors 
around a threefold 
degenerate point. 


§ 


(a) (b) 
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easily obtained. That required in the next two is usually 
best obtained graphically. 

The situation is much simpler for the singular points. 
If they are necessitated by symmetry, then g=3 at 
most (at the F; or F: points discussed in Sec. II). If 
they arise from accidental degeneracies, we know from 
Sec. II that they have sector numbers (1,0), (0, 1), 
(2, 1), or (1, 2), so that g=1 in each case. By combining 
this fact with the result obtained earlier that ordinary 
points will have g>1 only at symmetry points, we 
obtain the important conclusion that all c.p. not in 
the symmetry set have g=1. This result simplifies the 
problem of constructing the minimal set, which is 
what we discuss next. 


IV. CONSTRUCTION OF THE MINIMAL SET 


Using the rules given in the last section, we can now 
see if the symmetry set satisfies Morse’s relations. If it 
does, then the symmetry set $ is the minimal set 
M(S=9) ; if it does not, then we must search for the 
additional c.p. in IW. We shall indicate explicitly how 
this is done in three dimensions. Let us define the 
multiplicity of a point in the B.Z. as the number of 
points symmetrically equivalent to it. Then the extra 
c.p. may be classified in order of decreasing symmetry 
or increasing multiplicity according to whether they 
occur in (i) symmetry lines, (ii) symmetry planes, or 
(iii) general points of the zone. We shall now show how 
the Morse relations can be used to locate extra c.p. in 
each category. From the results of the last section, we 
know that the extra c.p. all have g=1, which simplifies 
our task considerably. 

A c.p. will have nonvanishing probability of occurring 
on a symmetry line only if symmetry requires the 
normal components of Y,v? to vanish. A c.p. will then 
occur if y? has a maximum or a minimum along the 
line. The one-dimensional form (M,) of Morse’s equa- 
tions is that the number of maxima and minima are 
equal; further, maxima and minima must alternate 
alone a line. In this way we obtain all c.p. required on 


TaBLE I. Possible intrinsically fluted c.p. arising 
from a threefold degeneracy. 
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symmetry lines by the one-dimensional topological re- 
lations (M)). 

The remaining points of 9% which occur in symmetry 
planes can usually be located by using only the relations 
(M:). In so doing, we must be careful to consider 
enough zones so that the symmetry plane is periodic. 
For example, in the f.c.c. lattice the plane k,=0 is 
periodic only if one considers the first two B.Z. The 
relations (M2) may require c.p. along the symmetry 
lines in the plane which were not required by the one- 
dimensional relations. 

Next, the c.p. of 9M occurring at general points in 
the zone may be located by using the relations (M3). 
As before, these relations may require new c.p. in the 
elements of higher symmetry previously studied. 

In both the two- and three-dimensional analyses, the 
multiplicities of symmetry elements can be used as a 
guide in locating additional c.p. For example, if one 
requires four saddle points in a cubic (100) plane, one 
locates them along the (010) or (011) directions. These 
in turn must be made consistent with the previous 
solution of M, along the symmetry line. If one location 
requires further c.p. while the other does not, the latter 
is chosen. 

Finally, we must search explicitly for singular points 
arising from accidental degeneracies. Some of these can 
be found by observing that two symmetry points are 
often connected by a symmetry line and that along this 
line each solution of the secular equation will belong to 
a small representation. For each small representation, 
the frequency must be a smooth function of wave 
number along this line.’* From the analysis of the 
symmetry set, the ordering in frequency of the repre- 
sentations is known near the two symmetry points. 
If the ordering of two representations near one sym- 
metry point is reversed near the other point, there must 
be a crossover, or accidental degeneracy, along the 
symmetry line. In branches defined by the ordered 
labeling, such crossovers can give rise to singular c.p. 
This happens if the discontinuities in slope along and 
normal to the symmetry line occur with a reversal in 
sign. The same arguments can be used to locate singular 
c.p. on closed curves of contact lying in symmetry 
planes. An example of such c.p. is given in the next 
section. 

We have now constructed the minimal set. This set 
contains the symmetry set, the singular points due to 
crossovers required by the symmetry set, and the 
smallest number of additional c.p. consistent with the 
Morse relations (M;) for all i. Let us designate by 


Fic. 4. A schematic dis- 
persion curve illustrating 
kinks. 
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Fic. 5. C.p. in the 
upper branch of the 
square lattice, 1/2>r7 
>1/5. 

















gv’ (+91) the smallest set properly containing SM and 
consistent with the requirements of symmetry and 
connectivity. The extra c.p. in 9’ which do not occur 
in 9% must have high multiplicity and simultaneously 
be consistent with all the Morse relations. Therefore 
we expect 9’ to be considerably larger than 9M, which 
suggests that SW may often exhaust all the c.p. present 
in a given branch. We can obtain a stronger criterion 
for the completeness of the minimal set from the follow- 
ing more detailed considerations of the nature of the 
extra C.p. 

The situation in one dimension is illustrated by the 
dispersion curve of Fig. 4. The solid curve is a typical 
dispersion curve for short-range forces. The minima at 
0 and 7/2 are obtained as part of the symmetry set 
and the maximum at K is a consequence of these 
minima. If there had been a kink in the dispersion curve, 
as indicated by the dotted portion in the figure, there 
would have been an additional pair of c.p. at Ky 
and Ko». Such kinks can always be added to the minimal 
set and a set satisfying the relations (M;) will still be 
obtained. More explicitly, a kink consists of two c.p. in 
the same symmetry element of the zone. If the sym- 
metry element is an h-dimensional manifold, the two 
c.p. must have adjacent indexes 7 and j+1 when con- 
sidered in 4, h+1, --- dimensions. For example, if the 
symmetry element is a line, one extra c.p. must be a 
maximum and the other a minimum along the line. 
The line will lie in a symmetry plane, and in the plane 
the pair must have indexes 7’ and j’+1. Finally, for 
l=3 the points must have three-dimensional indexes 
j” and j”’+1. It is now clear that such kinks will be 
produced only by terms in the secular equation that 
vary rapidly with k, and these arise only from long- 
range forces. 

The above reasoning breaks down if there are cross- 
overs caused by accidental degeneracies. In effect, these 
produce kinks, as can be seen in Fig. 6 of the next 
section. However, we assume that in constructing the 
minimal set we have located all accidental degeneracies 
and have included in 9M the ep. arising from the 
corresponding kinks. 

It is also possible that the true set of c.p., J, does 
not contain M, i.e., that some of the c.p. that we have 
added to § to form SW are not in 7. This can be checked 
directly from the secular equation. In such a case SM can 
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be modified to obtain a set IN; consistent with 7. Then 
the arguments advanced above regarding completeness 
should still be valid for 9M. Calculations in such cases 
may be quite complicated, however, and we restrict 
ourselves in this paper to examples where 79M. 

We conclude that a consistent minimal set is usually 
exhaustive for the case of short-range forces only. 
These plausibility arguments are reinforced by the 
results of a number of calculations, some examples of 
which are presented in the next section. 


V. EXAMPLES OF THE MINIMAL SET 


We now present a few examples to illustrate the 
method for constructing the minimal set. The simplest 
one is Montroll’s square lattice with central first and 
second neighbor forces.‘ Group theory shows that both 
branches must have c.p. at the origin I’, at the corner R, 
and at the centers of the sides X. Moreover, T and R 
are twofold degenerate. The symmetry set for the 
lower branch with Montroll’s parameter +<1/2 con- 
sists of a fluted minimum at I’, p,’s at X, and a fluted 
maximum at R. Since these c.p. already satisfy the 
relations (M2) in this case the minimal set is identical 
with the symmetry set. In the upper branch there are 
two cases, depending on whether 7>1/5 or 7<1/5. 
For r<1/5 the upper branch has a fluted minimum at I’, 
po’s at X, and an f/f; at R. Again the minimal set is 
identical with the symmetry set. Finally, for 1/2>r7 
> 1/5, the upper branch has fluted minima at I and R, 
and .’s at X. In this case, which is illustrated in 
Fig. 5, the minimal set is obtained from the symmetry 
set by the addition of p,’s along the four diagonals from 
T to R. In all cases the minimal sets include all the 
c.p. found by Montroll. 

We now analyze the more complicated case of the 
simple cubic lattice. The symmetry points labeled by 
I, R, M, and X"* must be ordinary c.p. in all three 
modes; I and R are threefold degenerate, M and X are 
twofold degenerate and lie in planes of symmetry. We 
use Blackman’s” secular equation in which 7 measures 
the ratio of second to first neighbor forces. We study 
the c.p. for 0<7<[2(10)'—5]/6~0.221 and present 
the results in Table II. The first three lines concern 
0<r<1/10. In this case the symmetry sets form 
minimal sets in all three modes. For 1/10<7r<1/7 the 
Ai point in the high mode becomes a Pp point. From 
Morse’s equations we see immediately that this implies 
the appearance of a P; point along A. Similarly as + 
increases further one may say that further changes in 
the symmetry sets produce new c.p. along the sym- 
metry elements of the zone. The nature and location 
of these c.p. can usually be deduced immediately from 
the three-dimensional form of Morse’s equations. In 
some cases it is necessary to find points in planes of 
symmetry, e.g., the plane k;=0 (which we call an sy 
plane) or k;=k; (which we call an sy plane). This is 


18 We use the notation of reference 12 for the cubic lattices. 
19M. Blackman, Repts. Progr. Phys. 8, 11 (1941). 
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easily done by utilizing the two-dimensional form of 
Morse’s formulas in the way which we discussed 
earlier. The results agree with those of Rosenstock, 
who calculated frequency contours up to r=0.221. 

This example illustrates the general principle that 
forces of longer range produce more c.p. Thus for r 
small, and hence essentially only first neighbor forces, 
the symmetry set contains all the c.p. As 7 increases, 
the second neighbor forces introduce more c.p. The 
important point is that the minimal set still contains 
all the additional c.p. introduced by these forces. We 
may expect that as forces of still longer range become 
significant, this will no longer be the case. Kinks and 
consequently c.p. not in the minimal set may then occur. 
Furthermore in this case for 7>[2(10)'—5]/6 the 
actual set T of c.p. in the high mode no longer contains 
the minimal set for that mode.” This occurs because 
the P; point along A spontaneously becomes a P; point 
at r=[2(10)!—5 ]/6 without an accompanying change 
in the symmetry set. At the same time additional p; 
points are introduced into the sy; planes. Even with the 
aid of the Morse relations we now find the situation 
sufficiently more involved that we restrict ourselves to 
7<[2(10)!—5]/6. 

The final example is f.c.c. aluminum, using Walker’s 
secular equation.?! Several aspects are now important 
that were not present in the first two examples. The 
first is that there is a twofold degeneracy at Z which 
does not lie in a plane of symmetry. The general be- 
havior of frequency surfaces at L in f.c.c. lattices can 
be taken from the work of Dresselhaus.’ In general 
the expressions are complicated, but for one atom per 
unit cell they simplify to analytic expressions. The next 
point is that there must be a crossover along 2. This 


TaBLeE II. Critical points in the simple cubic lattice, using 
central first and second neighbor forces. The parameter 7 is a 
measure of the ratio of second-neighbor forces to first-neighbor 
forces. 











Branch 


0<7r<1/10 
High 
Middle 
Low 





1/10<r<1/7 
High 

Middle 

Low 


1/7<r<1/5 
High 
Middle 

Low 


1/5<r<(2/10—5)/6 
High 

Middle 

Low 








2°T am greatly indebted to Dr. Rosenstock for directing my 
attention to this case. 


21C, B. Walker, Phys. Rev. 103, 558 (1956). 
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can be deduced by noticing that = is continued beyond 
K=2na-(1/2, 1/2, 0) into S which ends at X. Thus 
the high (longitudinal) mode along 2 becomes the 
middle (transverse) mode at X, so that there must be 
a crossover somewhere along ©—S. Actually the cross- 
over must occur along a curve of contact in the s; plane. 
The curves for the middle and high modes along are 
sketched in Fig. 6, and detailed frequency contours 
showing the curve of contact in the s; plane are given 
in Walker’s paper. This accidental degeneracy produces 
a singular maximum in the middle mode and a singular 
P, in the high mode along © at the point marked &; in 
the sketch. The second aspect is that symmetry requires 
that the high and middle modes be degenerate at 
W =2ma-'(1, 1/2, 0) but with dv?/dk,~0. The middle 
mode has an f/f; point in the k,k. symmetry plane at W; 
consequently W is a singular Ff, point for that mode. 
The high mode has a fluted fo in the symmetry plane, 
so that there is a singular Po in the high branch at W. 
The minimal sets for each branch, including the singular 
points produced by the kink along 2, are presented in 


TaBLE III. Critical points in the frequency surfaces of aluminum, 
using Walker’s secular equation. 





Branch t L xX Ww z sI SII z= Zz 
High Po P; P; Po P; P» P, P 
Middle Po P, P, F, P; 

Low Py Py Fs Ps 











Table III. Comparison with Walker’s results shows 
that the minimal sets are exhaustive for all branches. 


VI. FREQUENCY DISTRIBUTIONS NEAR C.P. 


Having located the c.p., we proceed to assess the 
singular contributions of their neighborhoods in k space 
to the frequency distribution G(v?). We denote the 
lowest order singular contribution of each c.p. by AGt 
for v?>vo? and AG~ for v?<v?. The AG’s of analytic 
c.p. have already been evaluated by Van Hove,® so 
that we need consider only the fluted points and the 
singular points. Both kinds of c.p. generally have such 
involved frequency surfaces that the resulting integrals 
cannot be evaluated in closed form. We shall present 
simple approximations that should be adequate for most 
purposes. 

The first step is to put Eq. (3) in a simpler form. 
If v?=vo?+(m, «+, ) then it is easy to show” that 
the contribution to the frequency distribution of the 
neighborhood of the c.p. is given by 


Vo p Wm, +++, mdm: + -dm-s 
zl Js | a¢/dm| ) 





(8) 


Here W(m, -: 
22R. Courant, Differential and Integral Calculus II (Inter- 
science Publishers, Inc., New York, 1936). 


-,m) is the appropriate weighting func- 


Fic. 6. Sketch of dispersion 
curves in the high and middle 
branches along 2 = (110) direc- 
tion in aluminum. 
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tion that makes W(m, ---, m)dm- + -dyiy=dS),* and m 
is determined implicitly by ¢(m, ---, :)=v?—vo? on S. 

The simplest example to consider is a minimum in 
two dimensions. If the minimum is analytic, we have 


(e= v?— vo?, E=k—ko) 
e= b&,?+cé,?=r7(b cos*O-+¢ sin’6). (9) 


By using the second half of (9) in (8) with = and 
no=r, we find that AG~-=0 and AGt=aVo/ZI(bc)! in 
agreement with Van Hove’s results. We observe that a 
circular minimum with e=ar? would give the same 
result if a= (bc)*. Thus a is the geometric mean between 
the extreme values 6 and c. On the other hand, if one 
sets b>c>0 and b+c>d in Eq. (7), both surfaces have 
fluted minima at ko. We may approximate the outer 
d line, which has extreme values 6 and (b+c+d)/2, 
by a circle of radius ao=[b(b+c+d)/2]!, and the 
inner line, of extreme values ¢ and (b+c—d)/2, by 
a;=[c(b+c—d)/2]'. The accuracy of this approxima- 
tion can be checked in two cases. If d=b—c, both 
curves become circles and the approximation is exact. 
If d=0, we have two noninteracting analytic minima 
which can be treated exactly, or viewed as a limiting 
case of upper and lower fluted minima. Then the frac- 
tional error in the total jump for both surfaces com- 
puted from the approximations do and a; turns out to 
be 1—(2bc)'(b'+c4)(b+c)-!, which is about 0.08 for 
b= 2c. Mean radii may also be used to compute approxi- 
mate jump decreases in the frequency distribution 
arising from maxima. 

The only remaining fluted point for /=2 is the fi 
point which can be obtained by choosing —c>6>0 and 
b+c+d<0 in Eq. (7). The frequency contours of the 
higher surface, which is an f; point, are shown in Fig. 7. 
We shall calculate AG* as an example of the approxi- 
mations that can be employed. Because of symmetry, 
we need consider only the upper halves of the hyperbolas 
v?> yo” in the first octant. We see, from solving the 
secular equation, that these curves are given by 


b—c 


b+c : 
an —(er-+es)+| (—) (&:?— £2")? 


+ (dé , (10) 


and G is given by 


8x Vo L dé, 
G(v’) —_= f a 
. “ 2Z YS («/b)1/2 | Oe /OEs| 

23H. Margenau and G. Murphy, The Mathematics of Physics 


and Chemistry (D. Van Nostrand Company, Inc., New York, 
1943), p. 190. 


(11) 
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Fic. 7. Frequency contours of an /; point. 
The singularity in G is produced by the tips of the 
hyperbolas so that the upper limit Z need not be 


specified. Near the tips ££, so that, to second order 
in £, Eq. (10) becomes 


(12) 


embi?+ (+) &. 


We observe that (12), which is exact in the terms that 
produce the chief singularity in G(v?), could have been 
obtained more simply from second-order perturbation 
theory. This remark will be of use when we come to the 


three-dimensional fluted c.p. For the f; point we have 
rVo |v? 

—— Inj——1), 
Zat | vo" 


AGt= (13) 


with a+= { —b[.c+d?/(b—c) ]}}. By performing a unitary 
transformation to the diagonal axes £;=+é2, we can 
derive a similar formula for AG~, with a~=}(b+c+d)! 
X[b+c—d+2(b—c)?/d}}. 

At a singular minimum we will have e= f(6)r. Then 
AG-=0 and 


mVo ¢** 1d0 mVo ¢?* 0 
AGt=—— f Gia - f ’ 
2z J, f(0) l2z 4, PO 


so that a singular minimum produces a discontinuous 
increase in G’(v?). 

In three dimensions there are more possibilities to 
consider. We begin by listing in Table IV the singular 
terms that each kind of c.p. may be expected to con- 
tribute to the distribution G(v?). We note that the 
saddle points have a behavior that is qualitatively 
different from that of the maxima and minima. From 
the table, we see that only ordinary points and singular 
maxima and minima having one discontinuous com- 
ponent of ¥,»? can produce discontinuities in G’(y’). 
Thus we need analyze in detail only these points. 
Before doing so, we outline the arguments used to 
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obtain the results of Table IV. The first and fourth 
lines are obtained immediately if one assumes e~r? 
or r, respectively. The second line follows if one observes 
that the reference sphere can be divided into two zones. 
Designate by the equator the intersection of the plane 
in which ¥,v?=0 with the reference sphere. Then the 
first zone, in which e~r’, is an equatorial band of 
width ~ée! while the second zone is the rest of the 
sphere, for which e~r. The second zone contributes 
terms ~ ?, which may be neglected in comparison with 
the contribution of the first zone, which is proportional 
to e!Xel=e. A similar argument gives the result of the 
third line, since the zone where e~r? then occupies a 
solid angle ~«, so that its contribution is ~ eX «= el. 
The results of the last four lines are obtained by direct 
calculation. 

Let us now consider ordinary c.p. in detail. Van 
Hove® has already indicated that fluted points as well 
as analytic points will contribute singular terms ~é}, 
and has calculated the contributions of analytic points 
explicitly. The contributions of the remaining points 
can be approximated by the techniques used for /=2. 
Thus, we approximate warped spheres of fluted maxima 
and minima by spheres of mean radius A. If the mini- 
mum or maximum is twofold degenerate, the frequency 
contours are given by 


e= af (6)p*+ g2”. (15) 


Here z is the coordinate normal to the symmetry plane 
and a is the mean radius in the symmetry plane ob- 
tained by the methods discussed earlier. The radius of 
the equivalent sphere is given by A*=a*g. On the 
other hand, if the minimum or maximum arises from a 
threefold degeneracy, so that it has cubic symmetry, 
we can take A*=ay. Here a, 8, and y are the radii in 
the (100), (110), and (111) directions, respectively, 
easily obtained from the secular equation for these 
directions. The validity of this approximation has been 
checked in two ways for the special case b= 2c and d=0 
in the secular equation. The first way was to fit the 
values a, 8, y to a combination of cubic harmonics, and 
then do the integral numerically, using elliptic integrals. 
The result agreed to within the limits of error with 


TABLE IV. Singularities contributed to G(v*) by various c.p. 








No. of discontinuous 


Designation of c.p. components of Viv 





Maxima and minima 
Ordinary 
Singular (symmetry) 
Singular (curve of contact) 
Singular (isolated contact) 


Saddle points 
Ordinary 
Singular, yWiv?+0 along 
axes of hyperboloids 
Singular 
Singular 


23 
1 (1 axes of hyperboloids) 
2 (L axes of hyperboloids) 
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that given by the approximate radius A. The second 
way used the fact that for d=0 we have three inter- 
penetrating ellipsoids, so that the total AG for all three 
surfaces can be evaluated exactly. The fractional error 
of the approximate formula in this case was 0.10. 
Fluted saddle points can be treated by perturbation 
techniques similar to those used for the f/f; point. 
Consider for example a 6; point, whose frequency sur- 
faces for v*-~yo? are shown in Fig. 8. The contribution 
of the cup-like surfaces for v?< 9, which are shown in 
Fig. 8(a), can be evaluated by observing that the 
singular contribution again comes from the tip of the 
cup. Because of symmetry, we need only consider the 
cup along the positive & axis. Then for the region of 
interest, :?-+ &;?<é,”, so from second order perturbation 
theory 
a 
edi + (<+—) (2+ £5"), 
—¢ 


(16) 


where c>—b>0 assures that we have a 4; point. As 
before, the perturbation expansion is exact in the term 
that produces the leading singularity in G(v?). In this 


case, 
a 2 
a= -1(-+—) , (17) 
b—c 


6rVo 
AG- (v*) = ———(n?— »*)}; 
Zila! 


where the factor 6 occurs instead of Van Hove’s 2 for 
an analytic point, as there are now 6 cups instead of 2. 


For v?> vo”, these perturbation methods no longer apply. 
Although we have not been able to calculate the result 
explicitly, we believe that the connected, tipless sur- 
faces for v?>v? should make similar contributions 
whether they are analytic hyperboloids of one sheet or 
the fluted surfaces of Fig. 8(b).*4 Since the connected 
analytic surfaces do not contribute a singularity to 
G(v?), we shall asswme that the same result holds for 
the connected surfaces of the 6; point for v?> v0. All 
other fluted saddle points may be treated similarly, so 
that this completes the analysis of the AG’s of all 
ordinary c.p. 

We consider now singular maxima and minima for 


Fic. 8. Frequency surfaces near a 6; point. 
(a) PSve; (b) PZ ve. 
% Van Hove has arrived at a similar conclusion regarding the 
similarity of the AG’s arising from analytic and fluted c.p. 
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which ¥;v?=0 in a plane of symmetry, while there is a 
crossover normal to the plane. Suppose, e.g., the point 
is a fluted minimum in the plane and a singular mini- 
mum along the normal to the plane, which we take to 
be the é; axis. Then if the mean radius in the plane is a, 
we may approximate the frequency surfaces by two 
expressions (which are needed because of the cross- 
over; a, g, h>0): 


e~ap’ f (0)+gés, 
~ap’f (0) —hés, 


&>0 

(18) 
<0. 
We still have AG~=0, and a direct calculation gives 


tVo 1 1 
sor (44). 
Zla\g h 


(19) 


This completes our quantitative analysis of the major 
singularities in G(v?) produced by nonanalytic c.p. 


VII. APPROXIMATE CALCULATIONS OF THE 
FREQUENCY DISTRIBUTION 


It can be shown from Eq. (3) that only c.p. con- 
tribute singularities to the frequency distribution. Thus 
it may be hoped that a knowledge of these singularities, 
together with appropriate smooth curves connecting 
them, will be enough to give a good approximation to 
the exact distribution. The moment-singularity method 
developed by Lax and Lebowitz’ is a refinement of this 
idea. They proposed that the strengths of the singu- 
larities, together with the coefficients of a first few 
Legendre polynomials, be left as disposable parameters. 
The parameters are then determined from a correspond- 
ing number of moments of the distribution. By using a 
method due to Montroll, one can calculate the latter 
without solving the secular equation. 

The moment-singularity method was applied specifi- 
cally to two-dimensional lattices which have infinite 
singularities in their distributions. We shall develop a 
somewhat different procedure for sketching G(v?) for a 
three-dimensional lattice. Our expressions for the fre- 
quency distribution near each singularity give us the 
shape of the distribution there but not its magnitude. 
It is laborious to calculate the higher moments of the 
distribution; therefore we reduce the number of mo- 
ments to be calculated by computing the shape of the 
distribution nedr each important c.p. by the methods 
of the last section. Then we will obtain a good approxi- 
mation to the total distribution if we can estimate the 
heights of the chief peaks. The simplest procedure is to 
leave the height of the main peak in each branch 
undetermined, and to add enough linear and quadratic 
terms to the expansions about each singularity to match 
smoothly the distributions at intermediate points. The 
constant in each branch is then determined by normal- 
ization. The natural generalization of this scheme, in 
the spirit of the moment-singularity method, is to 
leave the magnitudes of n; points in the jth branch to 
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Fic. 9. The frequency distribution of aluminum, using Walker’s 
secular equation. The histogram was obtained by Walker from 
a sampling of 2791 points in 1/48th of the zone. The smooth 
curve was obtained by the interpolation scheme described in 
the text. 


be determined. The normalization conditions then 
leave only n;—1 undetermined parameters in the jth 
branch. These can be obtained by computing the first 
> j=1' (nj;—1) moments of the distribution and solving 
the resulting simultaneous equations. 

We have employed this method to calculate the fre- 
quency distribution of aluminum from Walker’s™ secu- 
lar equation. Only the simplest form of the method, 
with the heights of the main peaks determined by 
normalization, was used. The result for the total distri- 
bution is shown in Fig. 9, together with the histogram 
obtained by Walker from the solution of the secular 
equation at 2791 points in 1/48th of the zone. Com- 
parison with Walker’s separate histograms for each 
branch showed that the heights of the main peaks of 
the lower and middle branches were obtained with 
about a 10% error. This was not surprising, since 
both branches had broad maxima, so that the normal- 
ization condition could be expected to determine the 
height with some degree of accuracy. Moreover, the 
linear and quadratic terms which were added to these 
branches to produce smooth curves were small com- 
pared to the terms due to the singularities. On the 
other hand, there is a very narrow peak in the high 
branch. The height of this peak will be hard to deter- 
mine by any moment method since the moments are 
not sensitive to a shift of part of the distribution to 
the wings of the peak. In our case, for example, our 
estimate of the height of the narrow peak is about 50% 
too large. It might be thought that this error could be 
greatly reduced by including fourth order terms about 
the maximum in the high mode, thus increasing the 
magnitude of the right wing of the peak. The improve- 
ment is slight, however, owing to the slow convergence 
of the higher terms, which in turn is a consequence of 
the distortions producing the narrow peak. Thus, in 
such cases if one wants a more exact distribution, one 
must simply calculate the frequency surfaces for the 
critical frequencies on each edge of the peak and 
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estimate the volume of k space between the surfaces. 
Since only two surfaces are required, the additional 
labor should not be great. 

One may conclude from this calculation that if only 
broad peaks are present in a distribution, the distri- 
bution can be sketched with about 10% accuracy by a 
simple interpolation between singularities. 


VIII. CONCLUDING REMARKS 


We now summarize the results of the paper. We have 
shown that by analyzing the matrix elements of Y,v? 
by group theory, one can find all c.p. that must occur 
because of symmetry. The degeneracies required by 
symmetry at these c.p. are obtained at the same time. 
Possible accidental degeneracies can also be inferred 
from the analysis of symmetry points. Next we gave a 
detailed analysis of possible frequency surfaces near 
degeneracies and showed how the sector numbers could 
be used to classify topologically the fluted and singular 
c.p. which can arise. For each branch all c.p. necessi- 
tated by symmetry can be analyzed in this way, and 
we have called the resulting set of c.p. the symmetry 
set $ belonging to the branch in question. We next 
showed that by using the Morse relations (M) one can 
extend § to a larger set SM, which we have called the 
minimal set. 9M is the smallest set of c.p. which is 
completely consistent with connectivity requirements 
as well as symmetry requirements, and includes the 
singular points arising from the cross-overs obtained 
earlier. Arguments were advanced for the completeness 
of 9 under certain circumstances. Several examples 
were given in which the 9M’s belonging to particular 
secular equations were constructed. Most of the minimal 
sets so constructed agreed with those derived from 
detailed frequency contours. 

We next showed how to estimate the singular contri- 
butions to the frequency distribution G(v?) of the 
neighborhoods of fluted and singular c.p. The frequency 
distribution of each branch could then be approximated 
by a smooth curve having the appropriate singularities. 
A sample calculation showed that the method could be 
expected to give good results for real three-dimensional 
lattices. 

We may conclude that it is easy to construct the 
minimal set, that its construction yields information 
about frequency surfaces throughout the zone from a 
detailed analysis about symmetry points alone, and 
that the minimal set forms a suitable basis for approxi- 
mation to the frequency distribution. 

It should be noted that the methods developed in this 
paper are quite general and can be applied to any system 
of functions derived as solutions of a secular equation 
defined on a Brillouin zone. In particular, with minor 
modifications, the method for constructing the minimal 
set can be carried over immediately to the energy bands 
of the Bloch theory of electrons in crystal lattices. 
The minimal set should be particularly useful in the 
calculation of complicated energy bands, since it can 
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be constructed once the secular equation is known only 
in the neighborhood of each symmetry point. 

The modifications that would be required for energy 
bands depend mainly on the fact that each band need 
no longer belong to a vector representation. One conse- 
quence of this is that fourfold degeneracies can occur. 
These can be analyzed by the same methods that we 
have applied to twofold and threefold degeneracies. 

We have seen that the minimal set can be constructed 
from the symmetry set. The latter in turn is obtained 
once one knows both the order of energy values at the 
points of the symmetry set and the curvatures in each 
branch at these points. These values can be obtained 
from effective mass data and from detailed calculations 
such as those based on orthogonalized plane waves. 
Each minimal set will determine the qualitative shape 
of the energy surfaces for that particular branch, its 
extrema, and the qualitative shape of the energy 
spectrum of the band. Moreover, from our calculations 
on the simple cubic lattice, it is clear that a whole 
range of the parameters may correspond to the same 
minimal set. Thus in some cases one need only estimate 
the parameters, or only determine the signs of the 
curvatures at symmetry points, to obtain the extrema 
of the bands. 

These arguments based on the minimal set should be 
compared with the interpolation scheme for construct- 
ing energy bands proposed by Slater and Koster.”® 
They suggested that a tight-binding approximation 
would be suitable in many cases, but that instead of 
computing the required matrix elements, one should 
regard them as disposable parameters, to be determined 
from more exact values at the symmetry points. One 
would introduce as many parameters as could be 
determined from the available data, and decide which 
parameters were significant by physical arguments. 
The method of Slater and Koster establishes a secular 
equation with fewer data than are required to specify 
the actual symmetry set and hence the minimal set. 
Once the secular equation is established, however, its 
energy contours, extrema, and energy distribution can 
be studied by our methods as well as by the sampling 
techniques used by Slater and Koster. 

If there are enough data available, the symmetry set 
can be restricted to a few possibilities. The correspond- 
ing minimal sets can be constructed and the common 
features analyzed. A given interpolation scheme will 
correspond to one of these sets. Thus one can see how 
representative this scheme is of the various possibilities 
consistent with the data. 

Finally, we should discuss the completeness of 
minimal sets for energy bands. If one makes a tight- 
binding approximation and assumes that only nearer 
neighbors contribute significantly to the matrix ele- 
ments, the arguments made earlier in connection with 
short-range forces should suffice. Additional complica- 


26 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1948 (1954). 
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tions could arise from a large number of bands closely 
spaced in energy. This could produce many kinks, and 
the singular points arising from accidental degeneracies 
might be hard to classify. On the other hand, if the 
bands are well separated, one can use the f-sum rule 
to argue that the large curvatures necessary for kinks 
will probably not occur.*® More restrictive statements 
might be obtained as a result of a detailed application 
of these methods to various energy bands. 

The author would like to express his gratitude to 
Professor M. H. Cohen for suggesting this problem 
and for his continued suggestions and encouragement 
throughout the solution of the problem and during the 
preparation of the manuscript. The author also ex- 
presses his appreciation to Professor E. H. Spanier for 
checking the topological results. He is also indebted to 
Professor C. B. Walker of the Institute for the Study 
of Metals, Eugene Blount, Professor G. F. Dresselhaus, 
and Marshall Osborn for various conversations. This 
research was performed while the author held a General 
Electric Fellowship. 


APPENDIX 


It was stated in Sec. III that the Morse relations, 
when properly interpreted, are valid in the presence of 
fluted and singular c.p. We now derive this result by 
the methods of Morse.’ A detailed description of these 
methods can be found in the book by Seifert and 
Threlfall.2”7 We use an outline of their presentation as 
an introduction to our discussion. 

We begin by defining some of the elementary notions 
of algebraic topology. Let 2 be a topological domain, 
i.e., a set of points with a metric such that every point 
has a well-defined neighborhood. Further, let 2 be 
closed, that is, have no boundaries. Because of the 
periodic boundary conditions, our Brillouin zones are 
such domains. They are topologically equivalent to 
J-dimensional toroids. For example, a square with 
opposite sides identified may be deformed into a 
doughnut. 

We now introduce the concept of the topological 
connectivity of a manifold. Define a k chain ¥* as a 
k-dimensional subset of 2. A closed & chain is called an 
absolute & cycle. If an absolute k cycle 3* bounds a 
(k+1) chain ¥**+! of Q, 8* is said to be homologous to 
zero, 3*~0. Two chains X¥* and 9)‘ are homologous in 
case their sum is homologous to zero (if one chain is 
deformable into another, it is homologous to it). The r 
absolute cycles 3", ---,3,* are homologously inde- 
pendent in case, with e,=0 or 1, }>,~1’ ¢,3,*~0 implies 
¢,=0. The kth connectivity number R* of © is defined 
as the maximal number of homologously independent 
absolute & cycles of 2. For a two-dimensional torus, the 


26 T am indebted to Dr. C. Herring for this observation. 

27H. Seifert and W. Threlfall, Variationsrechnung Im Grossen, 
Hamburger Mathematische Einzelschriften (B. G. Teubner, 
Leipzig und Berlin, 1938), Vol. 24. I am indebted to Professor 
E. H. Spanier for bringing this book to my attention. 
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nonzero connectivity numbers are 
R=1, R'=2, R*=1, 
while for a three-dimensional torus the nonzero ones are 
R=1, R'=3, R=3, R=1. 


Morse succeeded in constructing similar connectivity 
characterizations for neighborhoods of separate c.p. To 
do so, one must consider parts of cycles, and in con- 
sidering each neighborhood “discard” the rest of the 
manifold. This can be done in the following way. 
If ZCHCAQ, we say that a chain contained in 7 is 
homologous to zero “mod Z” if it lies entirely in Z. 
For the chains x* and y* x*~y* mod Z is equivalent to 
r*+y'~0 mod Z, since addition of chains is taken 
mod 2. A chain 3* of H is called closed mod Z or a rela- 
tive cycle mod Z if its boundary is ~0 mod Z. Thus, 
a relative k cycle on H mod Z is a k chain lying in H 
with its boundary in Z. We can now define linear 
independence of relative cycles. It is understood that 
a relative cycle 3* mod Z is homologous to zero mod Z 
when it is homologous to a chain g**" of Z. If 41", «++, jo 
are s relative k cycles, they are homologously inde- 
pendent mod Z in case (€,=1 or 0) D>pu1° &§,'~0 
implies é:= ---=«,=0. 

Now suppose J is a continuous function on 0. If @ is 
an arbitrary value of J, we denote the set of all points 
of 2 for which J <a by {J <a}. Let g be a point of 2 
and J(g)=a. We shall call all the relative & cycles in the 
set {J <a}+g mod{J <a} the relative & cycles, or just 
k cycles, belonging to the point g. The “mod{J <a}” 
device used here is the way that we succeed in “throwing 
away” all but a neighborhood of g in determining the 
cycles belonging to g. Now we define the maximal num- 
ber m*=m*(g) of homologously independent & cycles 
belonging to g to be the kth-type number of the point g. 
The type numbers of most points of Q are all zero. 
More generally, the type numbers characterize the 
topological features of each point. In fact, we now 
define a c.p. as a point not all of whose type numbers 
are zero. We show that this definition contains the 
definition given in Sec. I in terms of components of the 
gradient. In our manifolds, YJ is continuous at all 
except crossover points. Consider a point g where one 
component of the gradient is continuous and not zero. 
Then the relative cycles belonging to g end at g. 
However, they can all be deformed to below the level 
a=J(g) by slipping them down along the slope of J 
through g. Thus they are all homologous to zero, and 
all the type numbers of g are zero. Thus g will be a c.p. 
only if all components of the gradient which are con- 
tinuous at g also vanish there. On the other hand, if a 
component is discontinuous, it must change sign at g, 
or else the same deformation could still be effected. 
Hence g can be a c.p. only if one or the other condition 
holds for all three components of the gradient. Thus the 
analytical definition of c.p. given in Sec. I is indeed 
contained in our topological definition. 
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As an example, we shall determine the type numbers 
of the saddle point of the function J =x*— y? occurring 
at the origin. Clearly m°=0, since a point on {J <0} 
+(0,0) is deformable into a point on {J <0}. Also 
m’=(), since if an area on {J <0}+(0,0) contains the 
origin, the origin is a part of its boundary, and so it is 
not a relative two-cycle mod{J <0}; while if it does 
not contain (0,0), then it lies entirely in {J <0}, and 
so is homologous to zero mod{J <0}. A relative 1 cycle 
which is not deformable to {J <0} must pass through 
the origin, with its end points (boundaries) on opposite 
sides of the origin (see Fig. 10). All such 1 cycles are 
deformable into one another, so that there is exactly 
one homologously independent relative 1 cycle and 
m'=1. 

We may also consider the m-fold fluted point®* (the 
ordinary saddle point of Fig. 10 is the special case 


Wy 


Fic. 10. An _ analytic 
saddle point in two dimen- 
sions. 








q 
Wf) 
WM, 


n=2). This contains m sectors where J <0. Here as 
before m=m?=0, but now m!=n—1. Each nonzero 
one cycle must have its end points lying in two different 
sectors. If we label a cycle by sectors in which its end 
points are located, then every nonzero cycle may be 
expressed as a linear combination of the m cycles 
(1,2), (2,3), «++, (#,1). However, the sum of these 
cycles is zero, since they bound the two chain which is 
the neighborhood of the origin. Thus one cycle must be 
removed, so that m!=n—1. A similar argument for 
the multiple three-dimensional saddle points shows 
that if the sector numbers are (r,1) or (1,s), the non- 
zero type numbers are m?=r—1 or m'=s—1, respec- 
tively. For example, if the sector numbers are (1,s), 
the only nontrivial cycles are the one cycles ending in 
separate sectors, and only s—1 of these are homolo- 
gously independent, or nonbounding. If the sector 
numbers are (r,1), the result is obtained by applying 
the same argument to the function —J. A more detailed 
argument can be given to justify the more general 
result for the (r,s) points quoted in rule 3 of Sec. III. 
Consider now a nonzero relative k cycle g* associated 
with a critical point g; again let a= J(g), and denote the 
boundaries of 3, which lie in {J <a}, by Rd3*. If Rag* 
is homologous to zero on {J <a}, it bounds a relative 
& eye u* lying entirely below a. Thus 3*+u*= 3* is an 


= Sen: p. 1. 39 of reference 7. 
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absolute & cycle, and we say that the relative cycle * 
is completable below a to an absolute cycle. 

We are now ready to state, and outline the proof of, 
the form of Morse’s formulas appropriate to our 
problem. Let J have only a finite number of critical 
points on Q, and let the sum of the type numbers of 
each critical point be finite. If we denote the sum of the 
kth type numbers of all critical points by N*, then the 
following equations hold between the N* and the con- 
nectivity numbers R* of Q: 


N°> R®, 


N!—N°2 R'—R’, 


l l 
i (-)W'=2 (—1)'R‘. 
Note that in the last relation it is the equality that 
holds. For now let 8 be a parameter that increases con- 
tinually from the minimum of J to its maximum. The 
connectivity numbers of {J<} will change only when 
B is a critical value a. Let J(g)=a and 4* be a relative 
cycle associated with g. If 3* is completable below a, the 
addition of g to {J <a} will increase the kth connectivity 
number of {J <a} by one, so that we may call a com- 
pletable relative & cycle an “increasing” one. If 4* is 
not completable, the absolute (k—1) cycle Rd3*, which 
is not homologous to zero on {J <a}, becomes so by 
the addition of g. Thus the (k—1)th connectivity 
number of {J <a} is decreased by one by the addition 
of g, and 3* may be said to be a “decreasing” cycle. If we 


1277 


denote the total number of independent “increasing” 
relative k cycles by NV ,*, and the total of the decreasing 
ones similarly by N_*, we have, when @ has attained its 
maximum, 


R'=N,*—N_*, (20) 


(21) 


and N_°=N_'*!=0, since there are no decreasing 0 
cycles, and there are no (/+1) cycles at all. Subtracting 
(20) from (21) gives 


Nt— R'= N_*+N_*1, 
N°— R°= N_°+N_'=N_'30. 


but also 
Nt¥=N,'+N_* 


(22) 
(23) 


The rest of Morse’s formulas are derived in a similar 
way; the equality holds in the last equation because 
N_*1=0. 

The equations (M,) which we have just stated were 
obtained by Morse for any manifold for which all sums 
of type numbers N* were finite. For our manifolds we 
have shown that this is the case. In addition, we have 
shown that the type numbers m* of each c.p. in our 
manifolds usually have the form m*= q6,,, so that is is 
sufficient to know gq and j for such c.p. Moreover, in 
the Morse relations (M;) the sum of the type numbers 
N* can be replaced by the total number of c.p. of index 
k, Ni, where the ath c.p. is to be counted gaz times in 
computing N,. Then, using the connectivity numbers 
stated earlier, we obtain the form of the Morse equa- 
tions stated in Sec. III. Thus, to make a topological 
analysis of our manifolds it was only necessary to 
evaluate the type numbers of the critical points that 
arise. 
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Previous measurements of the magnetoresistance and Hall effect in n-type germanium-silicon alloy 
single crystals have been extended to higher silicon compositions. These observations at room temperature 
show that in alloys with silicon content greater than 23%, the electronic conduction takes place in energy 
minima which are spheroids oriented along the [100] axes in the reduced zone. It is inferred from these 
observations that electrons in these minima have about the same effective mass in the alloys (and probably 


in germanium) as in pure silicon. 





ALVANOMAGNETIC measurements on _ ger- 
manium-silicon alloys in the composition range 0 
to 17% silicon have been reported! and analyzed in 
terms of a specific model for the conduction band 
structure. These observations were made on n-type 
single crystals at about 290°K. We report herein an 
extension of these measurements to materials of higher 
silicon content. These measurements confirm the band 
structure originally suggested by Herman.? 
The magnetoresistance coefficients 6, c, and d are 
defined for a cubic crystal by the equation’: 


(1-H)? Tele + Ith e+ 18H 
+ , 
PH? PH 


Ap 


pH? 





Hides 
it i 


Here I and H are vectors representing the electric 
current and magnetic field, respectively; their compo- 
nents are taken along the cubic axes. If the energy 
surfaces in reciprocal lattice space are spheroids with 


axes along the [111] directions,** 
b+c=0, d>0. (1) 


If the energy surfaces are spheroids with axes along 
the [100] directions in the reciprocal lattice,** 
b+c+d=0, d<0. (2) 


It is by application of these symmetry conditions to 


TABLE I. Galvanomagnetic measurements on n-type 
germanium-silicon alloys. 








Atom- Hall 

ic mo 
a Cente. Magnetoresistance coefficients 
sili- sec) (10* cm*/v#-sec) 


con Re b c d 


Ratio of 
effective 
masses) 
(mi/me 





440 0.03+0.01 —0.17+0.01 
440 
370 
380 


410 


0.14+0.01 
0.12+0.01 
0.10+0.01 
0.11+0.01 
0.11+0.01 


—0.13+0.01 
—0.13+0.01 
—0.13+0.01 


0.03+0.01 
0,030.01 
0.03+0.01 
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the data that we seek to determine the structure of the 
conduction band. 

The new data are presented in Table I. The crystal 
compositions were determined by spectrographic anal- 
yses, with relative standard deviations of about 10%. 
Our estimate of the standard deviations of the magneto- 
resistance measurements is included in Table I. In Fig. 
1 are plotted the two sums, 6+c and b+c+d, as 
functions of composition. The change in the symmetry 
conditions satisfied by the data can be seen clearly. In 
the region 0 to 8% silicon the magnetoresistance 
satisfies the conditions (1) for (111) surfaces, with 
b+c<b+c+d. For alloys of 8 to about 20% silicon, 
the magnetoresistance satisfies neither of the symmetry 
conditions (1) and (2), but is in agreement with calcu- 
lations® based on conduction in both (111) and (100) 
surfaces. From 20% apparently on to 100% silicon, 
the magnetoresistance satisfies the conditions (2) for 
(100) surfaces, with 6+c>>b+c+d. In terms of the 
band structure proposed by Herman,’ the alloys have 
the L; state as the lowest conduction band state for 
compositions from pure germanium to somewhere in 
the vicinity of 15% silicon content, and the A; state as 
the lowest conduction band state for alloys from 15% 
silicon to pure silicon. 

If the relaxation time can be assumed to be a scalar 
function of the energy alone, the data may be used to 
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Fic. 1. The magnetoresistance ratios (b+c)/b and (b+c+d)/b 
as a function of alloy composition for the germanium-silicon 
alloys. The curves are drawn to fit the plotted data. 


° M. Glicksman, Phys. Rev. 102, 1496 (1956). 
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calculate** the ratio of the longitudinal to transverse 
effective masses in the alloys. The observations in the 
range 0 to 17% silicon yielded two results.!'* First, it 
was found that for alloys containing less than 8% 
silicon, the effective mass ratio of electrons in the (111) 
band was essentially the same as in pure germanium, 
ie., about 12.1 Herring and Vogt! have noted that if 
the relaxation time is a tensor which is diagonal in the 
same coordinate system as the effective mass (a situ- 
ation which exists if the carriers are scattered by 
transverse acoustical phonons,’ or by ionized im- 
purities’), the magnetoresistance analysis yields the 
ratio of effective masses, divided by the ratio of longi- 
tudinal to transverse relaxation times. Thus, this value 
of 12 need not be due to an effective mass ratio different 
from the value of 19.3!*-4 found at low temperatures in 
cyclotron resonance measurements in germanium. The 
difference between the two values may be due to an 
anisotropic lattice scattering relaxation time. 

Second, the magnetoresistance of the alloys in the 
range 12 to 17% silicon could be explained by assuming 
conduction in two bands, with effective mass ratios of 
13.5 for electrons in the (111) band and 5.5 for electrons 
in the (100) band. These values are not required by the 
observations. All that the data do is to provide a relation 
between these two quantities, which yields a value for 
one if the other is available from another source. 

The values for the effective mass ratio of electrons in 
the (100) band, determined by the present data, are 
given in the last column of Table I. The spread in 
values reported is not outside the experimental errors. 
These values, with their mean (m;/m,)=5.2, are in 


7C. Herring, Bell System Tech. J. 34, 237 (1955). 

8 Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955). 
®C. Goldberg and R. Davis, Phys. Rev. 102, 1254 (1956). 

10 C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

11W. Dumke, Phys. Rev. 101, 531 (1956). 

12 F, Ham, Phys. Rev. 100, 1251(A) (1955). 

13 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

4 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
954). 
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good agreement with the values 5.5! and 4.9" previously 
determined from observations in pure silicon, and 5.2 
determined from the cyclotron resonance measure- 
ments®:!6 at low temperatures. 

From these calculations, we see that electrons in the 
(100) band have an effective-mass ratio changed little 
(if at all) from the value in pure silicon, when 75% 
germanium is added to the silicon. An extrapolation to 
the pure germanium crystal is reasonable. The alloy 
observations then tell us that in germanium the (100) 
band has about the same shape as in the silicon crystal. 
The magnetoresistance alone does not give direct 
evidence on the values of the effective masses them- 
selves but only on their ratios. However, the longi- 
tudinal and transverse effective masses are determined 
by two different sets of interacting states.!”7 It would 
be surprising if the two changed in just such a way as 
to keep the ratio constant. We may thus tentatively 
conclude that the A; state has about the same values 
for the components of the effective mass tensor in the 
alloys and in pure germanium as in pure silicon. 

The galvanomagnetic measurements demonstrate 
that the germanium-silicon alloy system has a change 
in its lowest conduction band at a composition of about 
15% silicon (at room temperature). Although the 
carrier mobility is decreased by a combination® of 
scattering by the alloying disorder, and interband 
scattering over a limited composition range, the obser- 
vations indicate that the effective masses for the elec- 
tron states in the alloys are about the same as for the 
corresponding states in the pure crystals. 

We thank R. V. Jensen for his valuable contributions 
to the production of the single crystals necessary for 
this work and Dr. M. C. Gardels for the spectrographic 
analyses which determined the alloy compositions of 
the crystals used. 


15 G. L. Pearson and C. Herring, Physica 20, 975 (1954). 

16 Dexter, Lax, Kip, and Dresselhaus, Phys. Rev. 96, 222 (1954). 

17 Dresselhaus, Kip, Ku, Wagoner, and Christian, Phys. Rev. 
100, 1218 (1955). 





PHYSICAL REVIEW 


VOLUME 104, 


NUMBER 5 DECEMBER 1, 1956 


Magnetization Reversal in Thin Films* 


Donatp O. Smitrat 
Lincoln Laboratory, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 15, 1956) 


The magnetization reversal of thin films (~1000 A thick) of 80-20 Permalloy has been studied in a strip 
transmision line. These films are evaporated onto a heated glass substrate in the presence of an orienting 
field. Magnetization reversal along the axis of initial orientation takes place in times less than 20 musec in 
any reversing field large enough to overcome the orienting energy. The switching coefficient S, is defined 
by Sy=Hmr, with +r the reversal time and H» the reversing field. The experiment gives Hm=1 oe and 
7<2X10-* sec, from which $.<2X10-* oe-sec. Reversal by rotation of the magnetization as a whole in 
the plane of the film yields a model which is consistent with the observed reversal times. Preliminary 
measurements of the initial permeability perpendicular to the orientation axis have been carried out to 
2000 Mc/sec and do not yet reveal the expected frequency dispersion of the initial permeability. This is 
an indication that S, may be another order of magnitude smaller than reported here. 





HE preparation and magnetic properties of thin 
films (~1000A thick) of vacuum-evaporated 
80-20 Permalloy have been reported by Blois.! When 
the film is deposited on a heated glass substrate (micro- 
scope slide) in the presence of an external magnetic 
field in the plane of the film, the film develops a pre- 
ferred magnetic axis in the field direction, becoming a 
single domain oriented in this direction. 

If the uniaxial anisotropy energy in the plane of the 
film is described by Ex=K sin*@, then simple theory 
predicts that for a 180° reversing field >2K/M, where 
M is the magnetization, the film should reverse its 
magnetization by rotation of the entire domain within 
the plane of the film. This will be realized experimentally 
if the anisotropy energy is small compared to the 
energy required to create walls; alternatively, since 
rotation reversal is expected to be much faster than 
wall reversal, if a reversing field >2K/M is applied with 
a rise time short compared to times required for walls 
to form and move, rotation reversal will be expected 
to occur. 

The switching coefficient S, has been defined by 
Menyuk and Goodenough? by the expression (H,,— Ho)r 
=S,, with H,, the reversing field, Ho a threshold field 
for irreversible flux change (2K/M for rotation re- 
versal), and 7 the reversal time. S, for thin tapes of 
Mo-Permalloy has an experimental value of 510-7 
oe-sec. The theoretical expression for S, gives S, «4/6, 
with 6 a wall thickness and d the distance this wall 
moves during reversal. For Mo-Permalloy, the theory 
plus the experimental value of S,, give d/6~500. If 
reversal takes place by rotation as a single domain, we 
set d/5=1, leading to S,,~10~* oe-sec. 

The switching coefficients for 80-20 Permalloy films 
as reported by Blois are not much different from those 
for Mo-Permalloy tapes as reported by Menyuk and 
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Goodenough; however, Conger* measured the compo- 
nent of magnetization in the plane of the 80-20 Per- 
malloy films during reversal and obtained results which 
seemed to indicate that the reversal was actually taking 
place by rotation. In an attempt to resolve these 
contradictory results, the reversal of a film made as 
described by Blois has been studied in the apparatus 
shown schematically in Fig. 1. The drive pulse has a 
rise time of 1musec and is generated by discharging a 
coaxial line through a mercury relay. In order to 
provide for an H field with plane geometry, the pulse is 
sent down a strip transmission line which is terminated 
to avoid reflections. A pulse to reset the film after 
reversal by the fast-rise-time drive pulse is provided by 
a simple capacitor discharge through a second mercury 
relay. The pickup loop is balanced to eliminate air cou- 
pling as shown in Fig. 1; the film is placed in one arm of 
the loop with the magnetic axis along the normal to the 
loop and crosswise in the strip line. Typical film dimen- 
sions are 1 cm? by 2000 A thick. The voltage from the 
pickup loop is displayed on an oscilloscope having a 
rise time of approximately 20 musec. 

For drive fields less than a critical value Ho there is no 
switching pulse from the film; for any field >Hp the 
film switches in a time <20 mysec, as shown by the fact 
that the switch pulses have the same character as pulses 
due to imbalance in the air coupling of the two arms of 
the pickup loop, with a duration determined entirely by 
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Fic. 1. Schematic representation of apparatus used to study the 
magnetization reversal of thin films of 80-20 Permalloy. 


3R. L. Conger, Phys. Rev. 98, 1752 (1955). 
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the rise time of the viewing scope. The switch pulse 
amplitude varies linearly with drive pulses >Ho; 
however, the apparent time of reversal does not change 
proportionally with increased drive, because of the 
response limitation of the viewing equipment. 

In order to define a switching coefficient which can 
describe these experimental results, we note that the 
first half of a rotation process is opposed by an effective 
anisotropy field of 2K/M, and in the second half it is 
aided by the same field. Hence the average Hp in the 
definition of S, is zero, and we set Hnr=Sy. Since 
reversal first occurs for H»=1 oe, we have from the 
experimental data S,, <2X 10-8 oe-sec. 

Since faster scopes are not available at present, the 
ultimate speed of a rotation reversal can only be 
estimated by examining the frequency dependence of 
the initial permeability in the direction perpendicular to 
the magnetic axis; this permeability is due almost 
entirely to domain rotation. Using the same apparatus, 
but with sine wave excitation and heterodyne detection 
and rotating the film by 90°, the permeability has been 
studied out to 2000 Mc/sec. Improvements in the 
apparatus are being made in order to obtain accurate 
data at higher frequencies, but the relaxation of the 
permeability with frequency is by no means complete 
at 2000 Mc/sec, indicating that the reversal time by 
domain rotation can be expected to be one or two orders 
of magnitude faster than 20 musec. This is in agreement 
with the previous estimate for the switching coefficient. 


PHYSICAL REVIEW VOLUME 


104, 


1281 


These preliminary results suggest that in this experi- 
ment magnetic reversal is taking place by domain 
rotation as evidenced by the speed of the reversal. It is 
to be expected that under different experimental condi- 
tions reversal can take place by wall motion, or by a 
combination of wall motion and rotation leading to 
slow reversal times. That walls can exist in these films 
has been shown by Fowler and Fryer.‘ Walls will be 
expected to contribute to the switching in several 
different experimental situations, e.g., (a) if the drive 
field is not uniform over the area of the film, and 
(b) if the rise time and duration of the drive pulse are 
long enough that walls can form and move in fields less 
than the critical one for domain rotation. 

Note added in proof —Both the theory and the experi- 
ments have now been extended to show that rotational 
switching can take place over a wide range of speeds, 
depending on the orientation of the magnetic axis with 
respect to the switching field. The importance of this 
orientation was first demonstrated experimentally by 
Olson, Pohm, and Rubens.® Thus the results of Conger 
demonstrating slow rotational switching are completely 
consistent with the fast rotational switching reported 
here. 


4C. A. Fowler, Jr., and E. M. Fryer, Phys. Rev. 100, 746 (1955). 

5 Olson, Pohm, and Rubens, Armour Symposium on Relaxation 
in Ferromagnetic Materials, April 4-6 (1956), Armour Research 
Foundation of Illinois Institute of Technology. 
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Scattering of Electrons by Lattice Vibrations in Nonpolar Crystals* 
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A theoretical analysis of the scattering of electrons by lattice vibrations in nonpolar crystals is made which 
permits an estimate of the relative importance of acoustical-mode and optical-mode scattering in monatomic 
nonmetals. This comparison is achieved by expanding the matrix elements for scattering in powers of the 
electron wave number. Individual terms are examined in the light of crystal symmetries and the nature 
of the band minimum associated with the carriers. The order of the first nonvanishing term is obtained in 
each case. The temperature dependence of the mobility as indicated by these results is compared with that 
observed in the cases of electrons and holes in silicon and germanium. The observed dependence upon 
temperature is understandable in terms of the expected relative importance of acoustical- and optical-mode 
scattering in the cases of holes in silicon and germanium and electrons in germanium. In the case of electrons 
in silicon, optical modes are not expected to contribute appreciably and the strong temperature dependence 
must arise from some other mechanism, presumably intervalley scattering. The relation between the results 
obtained here and those of deformation-potential theory is discussed briefly. 


I. INTRODUCTION 


LTHOUGH the scattering of electrons by acous- 
tical vibrations in nonpolar crystals has been 
studied extensively, there has not been an analysis of 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in Physics at the University of 
Illinois. 

¢ Now at General Electric Research Laboratory, Schenectady, 
New York. 


the scattering by optical modes which allows for com- 
parison of the two when both may be important. The 
purpose of this work is to attempt to supply that 
analysis. 

Optical modes occur only in crystals having two or 
more atoms per unit cell. Since the most important 
cases are those in which there are two atoms per unit 
cell and hence a single band of optical modes, the work 
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is restricted to that case. The analysis is further 
restricted to monatomic nonmetals, germanium and 
silicon being prototypes. 

Comparison of the importance of various scattering 
mechanisms is obtained by expanding the scattering 
matrix elements in powers of the electronic wave 
number and classifying them in terms of the order of 
magnitude of the first nonvanishing term. The elec- 
tronic wave number is small with respect to a principal 
reciprocal lattice vector in nonmetals. Therefore, this 
expansion should converge rapidly and terms of dif- 
ferent order in the expansion should differ greatly in 
magnitude. A degree of generality is obtained by con- 
sidering the terms in the matrix elements for scattering 
on the basis of symmetries which are common to all 
monatomic crystals with two atoms per unit cell. 

The orders of magnitude of the matrix elements are 
then discussed for each type of minimum which the 
band associated with the carriers may have. The results 
are applied to germanium and silicon, for which the 
nature of the band minimum is known both for holes 
and for electrons. The temperature dependence of the 
mobility is discussed in the light of these results and 
compared with the mobilities observed experimentally. 


Il. MATRIX ELEMENT FOR SCATTERING 


According to conventional time-dependent pertur- 
bation theory, the probability per unit time that an 
electron makes a transition from a state of wave 
number k into a state of wave number k’ as a result of 
interaction with a lattice wave is given by the relation 


*6(Ex—Ex), (1) 


2r 
P(k,k’) on) 


where E, is the energy of the state k and M(k,k’) is the 
matrix element for the scattering. In using this formula, 
one implicitly assumes that the scattering time is 
sufficiently large that the delta-function approximation 
is valid. This should be the case for scattering in non- 
polar crystals. 

The matrix element is given by 


Mik’) = [oe aV dr, (2) 
where ¥, and yy, are the initial and final electron wave 
functions, respectively, and V, is the perturbing poten- 
tial arising from the lattice wave. The integration is 
carried out over the entire crystal. 

The perturbing potential, V,, is given by the dif- 
ference between the crystal potential in the distorted 
lattice and that in the undeformed lattice. It will be 
assumed that this potential can be written in the form 


V,=R-VV (3) 
for small displacements of the atoms. Here V is the 


potential in the undistorted lattice. Rt, which is a 
vector function of the electron position r, is equal to 
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the vector displacement of each atom when r assumes 
the value corresponding to the position of that atom. 


Thus, 
Ri (ra(p)) = Ea exp[io-ra(p) ], (4) 


for a lattice wave of wave number @, where rq(p) is the 
vector location of the ath atom in the pth unit cell. 
E, is an amplitude vector which may differ between the 
two atoms in the unit cell. 

This is the form of the perturbing potential which 
has been used in the deformable-ion model? in con- 
sideration of scattering by acoustical modes. In the 
deformable-ion model it is assumed that the potential 
at each point is given a displacement equal to the dis- 
placement of the corresponding point in a continuum 
under a similar vibration. That is, fi is taken equal to 
€ exp(io-r), where & is the vector amplitude of the dis- 
placement in a wave of wave vector o. 

In the rigid-ion model? it is assumed that each atom 
is displaced without distortion, and the perturbing 
potential is written in the form V,=—)>., exp(io-r,)& 
-VV,, where V, is the atomic potential associated with 
the atom at the position r,. This may be rewritten in 
the form V,= —exp(ie-r)>-, explio: (r,—r) JE-V Vo. 
The exponential under the sum may be expanded since 
o-(r,—r) will be small in the range where V, does not 
vanish. It is seen that this model differs from the 
deformable-ion model by a term which is first-order in 
an expansion in the phonon wave number. This diffe- 
rence can affect only the form of the first-order terms 
in the scattering matrix elements. The deformable-ion 
procedure is simpler and therefore will be followed here. 
It will be seen that the modifications in form which 
would arise from a rigid-ion procedure are not sig- 
nificant. 

It has been shown*® that acoustical modes have 
simple continuum-like form [&,= £2 in (4) ] and optical 
modes are sinusoidally modulated vibrations of the two 
atoms in the unit cell against each other [&;=—&, in 
(4) ] if each atom is a center of symmetry. There is an 
admixture of optical and acoustical modes, however, 
when such centers of symmetry do not exist. The atoms 
are never inversion centers in monatomic crystals with 
two atoms per unit cell, so the coupling is expected to 
occur in all cases under consideration here. Thus a 
physical acoustical mode possesses a pure acoustical 
component which is zero-order in the expansion in wave 
number and a pure optical component which is first- 
order. Similarly a physical optical mode possesses a 
zero-order optical component and a first-order acous- 
tical component. 

The deformable-ion model will be generalized by the 
insertion of a function R,(r), which has the full sym- 
metry of the lattice for pure acoustical modes. The 
appropriate generalization to pure optical modes, then, 

1 See, for example, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), p. 127. 


2 F. Seitz, Phys. Rev. 73, 549 (1948). 
’W. A. Harrison, Bull. Am. Phys. Soc. Ser. II, 1, 142 (1956). 
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is the insertion of a function R,(r) which has the hemi- 
hedral symmetry of the lattice, but which changes sign 
between the two atoms in any unit cell. Both R, and 
R, have the translational symmetry of the lattice and 
the full symmetry of the point group centered at an 
atom. Since the atomic displacements for a given mode 
can be written in the form (4), and a physical mode 
can be written as a linear combination of acoustical 
and optical components, it is possible to express {t in 
the form 


R= (A cEaRat+A ER.) exp(io-r). (5) 


A,and A, are the amplitude coefficients of the acoustical 
and optical components of the wave, respectively, and 
&, and &, are unit vectors in the direction of displace- 
ment in the two components, respectively. In an 
acoustical mode, A, is one power higher in the expansion 
in wave number than 4A,; in an optical mode, A, is 
one power higher. 

The amplitude coefficients are dropped temporarily 
for convenience, and the acoustical and optical com- 
ponents of the waves are considered separately. The 
wave functions in (2) may be written in the Bloch form, 

Ve=xxe™™"*. 
Substituting this as well as the form of V, in (2), one 
sees that M(k,k’) vanishes unless k’=k+o+K, where 
K is a principal reciprocal lattice vector. If umklapp 
processes are neglected, K may be taken equal to zero 
and it is seen that 


Mikk’)= f Xu *XERE-Y Vdr (6) 
3 


for the nonvanishing case; R may be either R, or R,. 
Since every factor in the integrand is periodic in the 
lattice, the integral may be restricted to a single unit 
cell, provided the appropriate normalization is made. 
The C under the integral indicates that the integral is 
to be taken over a single unit cell. 

The neglect of umklapp processes is valid when k 
and k’ are near one another. Umklapp processes may 
occur, however, in the case of scattering between sepa- 
rate valleys in the Brillouin zone. The case of intervalley 
scattering will not be considered in detail, but will be 
discussed in general in Sec. III-3. 

It will be assumed that both k and k’ lie near the 
wave number kp associated with the minimum energy 
in the Brillouin zone. This may or may not lie at the 
center of the zone. If it does not lie at the center of the 
zone, there will in general be more than one minimum. 
The xx will be expanded by perturbation theory, using 
the xxo as the basis set. This will provide an expansion 
of the matrix element in terms of |k—ko|/|K|, where 
again K is a principal reciprocal lattice vector. The 
order of the first nonvanishing term in each case will 
give the order of the matrix element. Moreover, it will 
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be possible to find the form of the matrix element in 
certain special cases. 

Every monatomic crystal with two atoms per unit 
cell possesses a center of symmetry located midway 
between the two atoms in each unit cell. This can be 
seen in the following way. The atoms in each unit cell 
may be numbered 1 and 2. The atoms of type 1 and 
those of type 2 form identical Bravais lattices, each of 
which is invariant under inversion through an indi- 
vidual atom. The center of symmetry located midway 
between an atom of type 1 and an atom of type 2 
inverts each of these Bravais lattices and interchanges 
them. This symmetry, which is common to all crystals 
being considered, will be valuable in the analysis of the 
matrix elements. 


1. Energy Minimum at the Center of the Zone 
The xx satisfy the equation 
—$A+V)xut (—ik- 0+3F)xn= Ex, (7) 


where # and m are taken equal to 1 for convenience. 
For k=0, the solutions are written xo,', where i denotes 
the energy eigenvalue and / denumerates any degenerate 
states having that eigenvalue. The operator on the 
left-hand side of (7) is invariant under inversion through 
the point midway between the two atoms in the unit 
cell for the case k=0. Therefore, the xo,‘ may be chosen 
to be real and either even or odd with respect to inver- 
sion. Furthermore, if one assumes that the degeneracy 
is not accidental, all states of a given energy have the 
same parity. 

The xx are found for small values of k by first-order 
perturbation theory and are given by the relation 


, Hi? (k) 
Xui*=xor'(k)+ 2) ——xon’, (8) 


izim Ei— Ei 


Hait(k) = —ik- f xomtVxor(k)dr. (9) 
Cc 


The dependence of the xo:' upon k is associated with 
the fact that the ith energy eigenvalue is degenerate. 
Thus it is necessary to take particular linear com- 
binations of the degenerate set of a type which guaran- 
tees that the perturbation procedure will converge. 
This choice depends upon the wave vector k in the 
perturbing operator. It may be noted that the H»,’*(k) 
vanish for i= 7 in any case, since the integrand has odd 
parity, so that the degeneracy is not lifted to first 
order in k. However, it is still necessary to choose the 
linear combinations so that the second-order approxi- 
mation converges. This choice can be made in such a 
way the xoz'(k) varies continuously, for fixed /, as k 
runs over the region near k=0. If the ith state is not 
degenerate the dependence upon k vanishes. The 
X0m! do not show this dependence since only the initial 
states need be picked specially. 
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(a) Zero-order terms.—The zero-order term of the 
matrix element for scattering from the /th band into 
the /'th band, which touches it at k=0, is found by 
replacing the x, in (6) by the zero-order functions. The 
parity of the integrand is odd unless R is odd. Hence (6) 
vanishes in the zeroth order for acoustical modes. This 
is true for the special case of scattering within the band 
which corresponds to /’=/, as well as for the case /’+1. 
For optical modes, the unit cell may be divided into 
two regions each of which contains one atom and which 
are carried into one another under the inversion. The 
integral over one of the regions may be transformed 
into an integral over the other and the zero-order 
matrix element may correspondingly be written 


M,(k,k’).= tf xo (k’)x0:*(kK) RV Vdr, (10) 
C/2 


in which the integration is carried out over one atomic 
cell, or half of the unit cell. This may vanish under 
appropriate conditions of point symmetry. 

(b) First-order terms.—The first-order terms in the 
matrix element may be found by replacing the x. in 
(6) by the expressions given in (8) and dropping the 
zero-order term. The H,,;’'(k) vanish unless the product 
x01'X0m? has odd parity. The integrals in (6) then vanish 
unless R has even parity. Therefore, the first-order 
term in the matrix element vanishes for optical modes. 

For acoustical modes the integrals may be collapsed 
to one atomic cell, as for the zero-order optical term. 
Making use of the fact that H,,;’*(k) is purely imaginary 
[Eq. (9) ], we obtain 


M,(k,k’), 


=2§- + 


j*i;m 


oo 
Ei— Ei 


f xo (k’)xXom*RoV Vdr 
c/2 


Hawk) po 
-—~—— f xor'(K)xom*RaV var] (11) 
E‘—E' Yop 


If the initial state (7,/) is nondegenerate, xo:'(k) and 
xov'(k’) are identical. Noting the dependence of 
H»:**(k) upon k from (9), one may write 

M\(k,k’).= > E-A,,“1o0-B,,'1= E\\C le, 


iHi;m 


(12) 
where 


Anti=2 f X0'X0m*RaV Vdr, 
c/2 


t 
B,,‘§ =—_——_ f Xom*Vxo'dr. 
Ei—Eideo 


|C\|is a second-rank tensor. ||C|| must have the full 
symmetry of the lattice since A,,‘/ and B,,‘/ are inde- 
pendent of & and @. In a case of cubic symmetry, for 
example, it follows that ||C|| must be a multiple of the 
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unit matrix. In this case (12) reduces to 
M,(k,k’).=CEé-e, 


where C is now a scalar. This vanishes for transverse 
modes, but not for longitudinal modes. 

The situation becomes more complicated if the initial 
state (i,/) is degenerate. It is seen from (11) that the 
matrix element for scattering within a band (/’=/) 
approaches zero as k’ approaches k. On the other hand, 
it may not vanish for scattering between bands in this 
limit. Furthermore, transverse modes may scatter 
either within or between bands. 


2. Energy Minimum Not at the Center of the Zone 


Let the energy minimum lie at k=ko. Then the 
zero-order x, satisfy the equation 


(—§A—tho- V+ 3h +V)xx01'= xoxo’. (13) 
The operator on the left is not invariant under the 
inversion. Hence the parity of a function xxo:' is not 
well defined, and the functions are not real. However, 
the relation 


Ixxot'=Xkot™; (14) 


where J is the inversion operation, plays a role similar 
to those derived from parity when the minimum occurs 
at the center of the band. A proof of the relation (14) 
is given in the Appendix. 

The xx may now be expanded in terms of the x xo! 
for values of k near ko. The xxo:' form a complete orthog- 
onal set for expansion of functions defined over the 
unit cell. 

The perturbing operator is —ix-V¥+x«-ko, where 
x=k—ko, to first order in x. Only the first term con- 
tributes, as in the case in which the minimum is located 
at the center of the zone. First-order perturbation 
theory gives 

Hmi**(x) . 
———X kom’, 
itizm Et— fF} 


(15) 


Xt" =Xkor"(*%)+ 
where 


Hi (x)= ie f xsom'* xno (e)dr, (16) 
Cc 


in analogy with Eqs. (8) and (9). 

(a) Zero-order terms.—Consider a case of scattering 
within a valley in which the /th band and the /’th band 
stick at ko. The zero-order matrix element for scattering 
from the /th band to the /’th band is 


Melk) =E- f xsor Ce) xxl WV Vr. (17) 


Cc 


If one half of the unit cell is inverted into the other, 
Xkow’*(’)xxor'(%) is replaced by its complex conjugate, 
and RVV goes into -RVV. Here the minus obtains 
for acoustical modes and the plus for optical modes. 
Therefore, only the imaginary part of (17) for half the 
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cell contributes in the case of acoustical modes and 
only the real part in that of optical modes. However, an 
integral of this form will generally have both real and 
imaginary parts unless xxor'(%’) and xxor'(x) are the 
same. If the band is degenerate at ko, this will be the 
case only for particular values of x and x’ for each set 
l and /’. Therefore, the zero-order terms are expected 
to be nonvanishing both for acoustical and for optical 
modes in this case. 

Both the subscripts / and /’ and the dependence on 
x and x’ may be dropped if the band is nondegenerate 
at ko. The functions become identical and (17) is real. 
The zero-order element then vanishes for acoustical 
modes and becomes 


Mo(k,k’),=2€- f Xko*XKo' RoW Vdr (18) 
c/2 


for optical modes. 

(b) First-order terms.—Finally, the first-order matrix 
element for scattering will be considered. Only the non- 
degenerate case will be treated, for the zero-order 
terms may be expected to dominate the degenerate 
case. The first-order matrix element is written down 
and the second region inverted into the first. Use is 
made of the fact that H,,’*(«) is real, which may be 
shown by inverting the integrand in (16). The result 
may be written in the form 


Mi(k,k’)= D &-A, ‘(nF x’)-B, = EC || (nF x’), 
ix*i;m (19) 
where 


A,,‘7= f [x ko’ X kom?-F c.c. |RV Vdr, 
Cc/2 


and 
i 
Bh Olay ceremonies 


Fi— Eide 


Xkom?*V Xko'dT. 


The minus sign is valid for acoustical modes and the 
plus for optical modes. ||C|| is a second-rank tensor and 
must have the full symmetry of the group of the wave 
vector ky since A,,*’ and B,,‘? are independent of &, x, 
and x’. 

The results are summarized in Table I, in which the 
numbers in parentheses refer to the equations which 
give the matrix element for the case in question. 

In applying these results, it may be recalled that an 
acoustical mode has an optical-like component which 
is influential by one order higher than the acoustical- 
like component. Similarly, an optical mode has an 
acoustical-like component which enters in high order. 


3. Application to Germanium and Silicon 


The foregoing results may be applied directly to 
germanium and silicon. Herman‘ has predicted the 
location of the energy minima of the bands and the 
symmetry of the wave functions for both holes and 


4 Frank Herman, Phys. Rev. 95, 847 (1954). 


TABLE I. Matrix elements for scattering. 








A. Degenerate band at center of zone 


Zero order First order 
Acoustical Vanish (11) 


Optical (10) Vanish 
B. Nondegenerate band at center of zone 


Zero order First order 


Acoustical Vanish (12) 
Optical (10) Vanish 


C. Degenerate band not at center 


Acoustical (17) 
Optical (17) 
D. Nondegenerate band not at center 
Zero order First order 
Vanish (19) 
(18) (19) 


Acoustical 
Optical 








electrons. It is necessary to consider the full group of 
the wave vector if all the information given by sym- 
metry is to be obtained. This may be accomplished by 
considering the integrals in each of the expressions 
indicated in Table I. Each factor in the integrand is 
classified as to which irreducible representation of the 
group of the wave vector it belongs. The product of the 
representations associated with the factors is found and 
reduced. If the product does not contain the unit 
representation, the integral will vanish. If it does contain 
the unit representation, the integral is not expected to 
vanish. 

The irreducible representations to which the various 
factors belong are listed in Table II. Spin is neglected 
in giving the representations to which the wave 
functions belong. The presence of spin does not affect 
the wave functions in the nondegenerate cases. Spin 
will split off one of the degenerate bands in the case 
of holes and make it necessary to choose different linear 
combinations of the spacial wave functions. This does 
not change the arguments with respect to the vanishing 
of terms, however, since the particular linear com- 
binations need not be specified for those arguments. 

It is found that different components of the gradient 
transform under different representations in the cases 
of electrons in germanium and silicon. The symbols 
V,, and V, denote the components of the gradient 
parallel and perpendicular to the vector location of 
the minimum of the Brillouin zone, respectively. The 
representations listed under x’ are those which give 
nonvanishing H,,/‘(x), and are therefore the repre- 
sentations associated with the xxom’ which appear in 
the first-order matrix elements. 

When this symmetry analysis is applied to the 
valence band in the two cases, it is found that there are 
no symmetry arguments requiring that any of the 
matrix elements listed in Table I vanish. 

When this procedure is applied to the conduction 
band in germanium, certain terms in the matrix elements 
are shown to vanish, but no matrix element is eliminated 
entirely. In the case of the conduction band in silicon, 
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TABLE II. Representations for factors. 








x* Vu Vai Ra 





lis r; 
L;’ I; 
As Ai 


Holes T 25 Tis 
Electrons in Ge Li L,’ 
Electrons in Si Ai Ai 





xm) for which Hm‘ #0 





Holes 
Electrons in Ge 
Electrons in Si 


Tr’, Ti’, 
L,’ for Vu, 
A: for Vu, 


Tis, Vos 
L;’ for Va 
A; for Va 








on the other hand, the zero-order contribution of the 
optical-mode matrix element is found to vanish iden- 
tically, while certain terms in the other matrix elements 
are found to vanish. The results of this analysis give 
the form of the matrix elements for scattering of elec- 
trons in the two cases as indicated schematically in 
Table III. All terms are first-order except for the case 
of optical modes in germanium, which is zero-order. 
The first row and column in each matrix represents 
components parallel to the vector location of the 
minimum in the Brillouin zone; the second and third 
rows and columns represent components perpendicular 
to the first. The vector D is parallel to the vector 
location of the minimum. 

If a rigid-ion model rather than a deformable-ion 
model is used in considering the scattering, it is seen 
that in all cases of electron scattering the additional 
terms must be of the form given for acoustical modes 
in Table III. The addition of such terms can only 
modify the form in the case of the first-order term in 
the matrix element for scattering by optical modes. 
This matrix element, however, is never important in 
the scattering. 

The matrix element associated with the scattering of 
holes by optical modes is relatively large in both ger- 
manium and silicon. This is true for scattering within 
and between bands. The matrix element for scattering 
by acoustical modes is relatively small and the effect 
of the optical modes coupled with the acoustical modes 
may be expected to be of the same order as that of the 
pure acoustical scattering. 

The matrix element for the scattering of electrons by 
optical modes, within a single valley, is large compared 
to that for scattering by acoustical modes in ger- 
manium also. The effect of coupled-in optical modes is 
of the same order as the pure acoustical scattering. 

In silicon, on the other hand, the matrix elements for 
the scattering of electrons by both optical and acoustical 
modes is of the same order and small. The effect of 
coupled-in optical modes is of higher order and should 
not be important. 

The effect of the acoustical component which is 
coupled to optical modes is of higher order than pure 
optical-mode scattering in all cases and should not be 
important. 
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III. DISCUSSION OF MOBILITIES 


It is interesting to interpret the manner in which 
these results affect the carrier mobilities. This again 
will be done for a general crystal and then applied to 
germanium and silicon. 

The probability for scattering from a state k toa 
state k’ is given by Eq. (1). The quantity on the right 
may be weighted by a factor g(k,k’), which gives the 
fraction of the initial momentum lost in the scattering 
event, and summed (or integrated) over al! final states 
k’ to give the reciprocal of the relaxation time for 
scattering. The result is 

l a 

BaP ich © fae.) |*5(— E(k kak 


rh (2m)? 


Here V is the volume of the crystal. The summation 
indicates that one must add processes involving both 
phonon absorption and emission. The quantity g(k,k’) 
is taken equal to (1—cos@), where @ is the angle between 
k and k’, for scattering within a band by acoustical 
modes in order to obtain the relaxation time for scat- 
tering through 90°, on the average. For scattering by 
optical modes, it might be more reasonable to assume 
that a single scattering process randomizes the electron 
momentum and to take g(k,k’)=1. In any case, 
g(k,k’) will be assumed to depend primarily upon the 
relative angles of k and k’ rather than upon their 
magnitudes. 

The delta function involving energy may be con- 
verted to a delta function involving wave number and 
the integration over k’ space replaced by an integration 
over the energy-conserving surface of k’ in wave- 
number space. Thus 


mv | M (k,k’) |?A2¢(k,k’)dk” 


r i(2m)? \k’| 


where the origin of k’ is to be taken at the energy 
minimum of the band. The matrix element contains a 
phonon amplitude factor A which was dropped for 
convenience previously, but is reinserted here. 


1. Relative Magnitude of Contributions 


It is interesting to consider the relative importance 
of various processes in the scattering first. We shall 


TABLE III. Matrix elements for electron scattering. 








Optical 


0 0 O 
é f C2 7 (x+x’) 
00 C2 


Acoustical 


Cc: 0 0 
é 0 CG Ol¢ 
0 0 Cs 


0 0 
C. Ol¢ 





D-é 
0 C2 
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look at the scattering at temperatures equal to the 
characteristic temperature associated with the fre- 
quency of the optical modes, which is 275°K for ger- 
manium and 490°K for silicon.’ The case in which the 
matrix element arising from the optical modes is 
zero-order whereas that arising from the acoustical 
modes is first-order will be considered, for it is the most 
important physically. If the matrix element arising 
from the optical-modes is not zero-order, they will 
not contribute to the scattering appreciably. 

The energy content of a mode having circular fre- 
quency w is given by Planck’s formula; 


hw 
3NMA%? = —_—_—__—_—_, 
exp(hw/KT)—1 


where M is the atomic mass. Hence, 


2h 1 


cts sacle 


~ NMw exp(hw/KT)—1 


(20) 


For acoustical modes, the important vibrations are 
those possessing a wave number about the same as 
that of the electrons, that is c=10’ cm™. For these, 
however, the ratio hw/KT is about } if T=@=300°K. 
The exponential may be expanded, whereupon (20) 
becomes 


A2~ (2h®/NM)(60/KT). 
For optical modes for which iw/KT=1, (20) becomes 
A= (2h?/NM)(0.6/KT) 


or about 1% of the acoustical excitation. 

The ratio of the magnitudes of first- to zero-order 
matrix elements is of the order of the ratio of the 
length of an edge of the unit cube to the electronic 
wavelength, namely about one tenth. Hence, when the 
squares of the matrix elements are multiplied by the 
corresponding amplitude factors, the products have the 
same order of magnitude near the characteristic tem- 
perature. Thus the contribution to the scattering should 
be of the same order. The factor k’ in the integrand 
and the area of the surface of integration would be 
somewhat larger for absorbed optical phonons than 
for absorbed or emitted acoustical phonons and some- 
what smaller for emitted optical phonons. This effect 
will not modify the orders of magnitude. Moreover, the 
factor g(k,k’) should not make a major difference in 
the magnitudes. The scattering by optical modes should 
have only 1% of the effect of acoustical modes at the 


5 These characteristic temperatures have been calculated by 
the author from the measured elastic constants. The force model 
which was used included radial and angular interactions between 
nearest and next-nearest neighbors. The results differ from those 
found by the model of H. M. J. Smith which yields 560° and 
1220°, respectively [see M. Lax and E. Burstein, Phys. Rev. 97, 
39 (1955) ]. Angular interactions between next-nearest neighbors 
were neglected by Smith, giving an interaction potential which 
increases under uniform rotations of the crystal. 
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characteristic temperature if the former is first-order, 
rather than zero-order. 


2. Temperature Dependence 


It is now possible to examine the temperature de- 
pendence of the various contributions to the reciprocal 
of the scattering time. 

(a) Acoustical scattering within a valley.—The matrix 
element is first-order in the electron wave number for 
collisions involving scattering within or between bands 
which have degenerate minima at the center of the 
zone or for scattering within a valley associated with a 
nondegenerate minimum not at the center of the zone. 
Furthermore, we note that the area of the surface of 
constant energy contains two powers of the wave 
number whereas one inverse power of the wave number 
appears explicitly in the integrand. Finally, A? is 
proportional to KT/k? for acoustical modes. Hence the 
integrand varies as the first power of temperature and 
as the first power of wave number. The first power of 
wave number will generate a factor proportional to T! 
when averaged over the Maxwellian distribution of the 
electrons present. The integral which remains after the 
powers of wave number have been extracted will not 
vary substantially with temperature. Thus we may 
expect the scattering contribution to vary approxi- 
mately as the three-halves power of the temperature. 
It should be noted that “coupled-in” optical modes 
enter in such a way as to give the same temperature 
dependence. 

Consider a band having degenerate minima away 
from the center of the zone. The matrix element for 
scattering by acoustical modes is of zero order. Thus 
scattering should vary as the one-half power of the 
temperature. There are no crystals known to show this 
type of band so this case will not be considered further. 

(b) Optical-mode scattering within a valley at temper- 
atures below the characteristic temperature——This con- 
tribution will be important only if the matrix element 
is zero-order. Only absorption of phonons will be 
important and the area of the energy-conserving 
surface, as well as the magnitude of the factor 1/k’, 
will be determined primarily by the energy of the optical 
phonon. The mild temperature dependence arising 
from these factors will be neglected. Therefore, the 
temperature dependence arises primarily from the 
factor A® and is given by (20). 

(c) Optical-mode scattering within a valley at tempera- 
tures above the characteristic temperature —At elevated 
temperatures the factor A? in the matrix element for 
absorption becomes linear in temperature. Further- 
more, the area of the energy-conserving surface and 
the factor 1/k’ show a dependence upon the temperature 
which gives an additional factor of JT! at high tem- 
peratures. 

Finally, at temperatures above the characteristic 
temperature, where an appreciable fraction of the 
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Fic. 1. Calculated drift mobility in arbitrary units, plotted as 

a function of the ratio of temperature to characteristic tempera- 

ture for ratios of optical-mode to acoustical-mode contribution 

of (a) 4, (6) 1, and (c) } at the characteristic temperature. The 

straight lines shown have slopes of (a) —2.3, (b) —1.8, and (c) 
6. 


electrons have sufficient energy to emit optical phonons, 
emission will become important. The scattering asso- 
ciated with this mechanism will increase rapidly with 
temperature since the energy-conserving surface in- 
creases rapidly as the electron energy increases above 
the threshold for emission of optical phonons. Therefore, 
this contribution will cause the mobility to decrease 
more sharply above the characteristic temperature than 
it would if absorption processes were important only. 
It is not possible to indicate the exact dependence on 
the basis of these simple considerations alone. 

In cases where both acoustical and optical modes 
contribute to the scattering, the effects may be added. 
This summation has been carried out for three choices 
of the ratio of matrix elements for acoustical and 
optical scattering, the two matrix elements satisfying 
the requirement that they contribute in the same order 
of magnitude at the characteristic temperature. The 
ratios of the scattering contributions are taken to be 4, 
1, and } at that temperature. The emission of optical 
phonons has been neglected in all cases. Finally, the 
mobility is calculated from the resultant relaxation 
time by multiplying by e/m. The results are shown in 
Fig. 1. It has been pointed out by Ehrenreich® that the 
exponential temperature dependence of scattering by 
optical modes and the 7~* dependence of scattering 
by acoustical modes can be added to give quite good 


oH Ehrenreich and A. Overhauser, Phys. Rev. 104, 331, 649 
(1956). 
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agreement with the observed 7~** dependence for 
holes in germanium as long as the temperature is below 
the characteristic temperature. It is seen in fact that 
this fit is excellent when 7/@ is between 0.1 and 0.8. 
Moreover, small variations in the relative amplitude of 
the optical matrix element provide a considerable range 
of slopes to the curves. The departure from linearity 
at temperatures near the characteristic temperature is 
reduced® if photon emission and other effects discussed 
under case (c) above are included. 


3. Intervalley Scattering 


Intervalley scattering has been neglected in the 
preceding discussion. There are two modifications which 
must be made if intervalley scattering is to be treated 
in a similar way. 

First, the phonons of importance have large wave 
number, so both optical-like and acoustical-like com- 
ponents are comparable in either type of mode. There- 
fore the analysis of the modes must be extended. In the 
absence of umklapp processes the phonon wave vector 
will be approximately equal to the intervalley distance. 
When an umklapp process occurs, the phonon wave vec- 
tor will be approximately equal to the difference between 
a principal reciprocal lattice vector and the intervalley 
distance. The phonon wave vector will not be small 
in either case in general. 

Second, the initial and final wave functions are not 
related in the simple way that they were in the intra- 
valley case. There is the additional complication of the 
factor exp(iK-r) when an umklapp process occurs. 
Therefore, the symmetry analysis must be modified for 
the intervalley case. 

The temperature dependence of this contribution to 
the scattering will be similar to that of intravalley 
scattering by optical modes since the phonons have a 
large fixed wave number, and therefore an associated 
characteristic temperature. This characteristic tem- 
perature will differ for different intervalley processes 
but will always be lower than that for intravalley scat- 
tering by optical modes. 

It is not possible to predict the importance of inter- 
valley scattering without carrying out the analysis of 
the matrix elements. It will be seen in Sec. IV, however, 
that it is probably the dominant mechanism for scat- 
tering of electrons in silicon. 


TABLE IV. Measured drift mobilities. 








Measurements by Prince*:> between 150°K and 350°K. 
Ge fn™3.5X 107 T-' 6 Bp =9.1XK 108 T?3 
Si pn™5.5X 106 T-1-4 Mp =2.4X108 T?3 


Measurements by Morin®4 between 150°K and 400°K. 
Ge pn=4.9X 10? T-1-6 p= 1.05X10° T?-8 
Si pn=4.0X 10°T?* Mp=2.5X 108 T?4 








® See reference 8. 
> See reference 9. 
© See reference 10. 
4 See reference 11. 
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IV. COMPARISON WITH EXPERIMENT 


(a) Holes in germanium and silicon.—It is to be 
expected that optical modes will be important in the 
scattering of holes in germanium and in silicon. There- 
fore, the temperature dependence of the mobility 
should be of a type shown in Fig. 1. Comparison with 
the observed dependence upon temperature as compiled 
by Fan’ and given in Table IV*" indicates that this 
is the case. The measured temperature exponents indi- 
cate that in both cases the scattering by optical modes 
is approximately four times as effective as that by 
acoustical modes at the characteristic temperature. The 
departure from linearity indicated in Fig. 1 would be 
apparent in the measurements on germanium, for which 
the characteristic temperature is about 300°K. The 
fact that it is not probably indicates that the emission 
of optical phonons is becoming important in this range. 

(b) Electrons in germanium.—lIt is to be expected 
that scattering by optical modes will be important in 
this case also. The observed temperature exponent 
indicates that optical-mode scattering is approximately 
4 as important as acoustical scattering at the charac- 
teristic temperature. Thus the ratio of optical to 
acoustical scattering at room temperature differs by 
a factor of 16 between the case of electrons and the 
case of holes in germanium. Such a variation is not 
surprising in the framework of the analysis given here. 
It could be explained, for example, by a difference in 
the ratio of optical to acoustical matrix elements of a 
factor of four. 

Furthermore, the fact that the temperature exponent 
is near three-halves indicates that intervalley scattering 
may not be important in this case. A more rapid de- 
pendence on temperature would be expected if inter- 
valley scattering were appreciable. 

(c) Electrons in silicon—Optical modes do not enter 
in zero order in silicon and should not scatter electrons 
appreciably. The measurements of temperature de- 
pendence differ as reported by Prince and by Morin 
(Table IV). Fan suggests that the result of Prince does 
not represent lattice mobility in this case, but that 
there was appreciable scattering by impurities in the 
samples. Morin and Maita computed a correction for 
scattering by ionized impurities and determined the 
lattice mobility from measured mobility using this 
correction. The more rapid temperature dependence 
indicated by Morin and Maita has been confirmed more 
recently by Ludwig and Watters,”* who measured drift 
mobility by a Haynes-Shockley experiment and from 
conductivity measurements directly. The results from 
both types of measurements indicated a T-** de- 


7H. Y. Fan, Solid State Physics (Academic Press, Inc., New 
York, 1955), Vol. 1. 

8M. B. Prince, Phys. Rev. 92, 681 (1953). 

®M. B. Prince, Phys. Rev. 93, 1204 (1954). 

 F, J. Morin, Phys. Rev. 93, 62 (1954). 

1 F, J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 

2G. W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 
(1956). 
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pendence. It would appear that a type of lattice scat- 
tering other than that of acoustical modes dominates 
the scattering. Intravalley scattering by optical modes 
is not expected to be important. Hence, the mechanism 
which causes the rapid variation with temperature 
must presumably be intervalley scattering. 

In summary, it may be said that the ratio of optical- 
mode to acoustical-mode scattering is found to be in 
the range which would give the strong dependence of 
mobility on temperature observed in the cases of holes 
in germanium and silicon and of electrons in germanium. 
In the case of electrons in silicon, on the other hand, 
optical modes are not expected to contribute appre- 
ciably and the strong temperature dependence must 
arise from some other mechanism. It seems likely that 
this mechanism is intervalley scattering. 


V. NOTE ON DEFORMATION POTENTIAL 


The scattering of electrons within a valley associated 
with a nondegenerate band may readily be rewritten 
in the formalism of deformation potential theory. 

(a) Acoustical modes.—The mechanicak strains arising 
from an acoustical mode are given by 


j= (£0 ;+£,0;) exp(io-n), 


where i and j denote components according to the 
convention used in Table III. Therefore, if a deforma- 
tion potential of the form 


V p=Cie€11+Co(€22+ €33) (21) 


is introduced and the problem treated by the method 
of effective mass, the form of the scattering is found 
to be identical to that obtained here. This form is the 
same as that given by Dumke" for electrons in ger- 
manium. 

It can be shown that if the coupling of modes is 
introduced, the form of the interaction with acoustical 
modes is not modified. This follows from the fact that 
the optical-mode displacements may be generated by a 
third-rank tensor operating on the strains. This tensor 
is analogous to the piezoelectric tensor in polar crystals. 
The interaction of the electrons in silicon with these 
displacements may be neglected since it is of higher 
order. The interaction of the electrons in germanium 
with these displacements is given by a dot product with 
the vector D in Table III. The dot product of D and 
the third-rank tensor yields a second-rank tensor 
operating on the strains. The second-rank tensor 
must have a full symmetry of the group of the wave 
vector at the zone minimum, and must therefore be of 
the form (21). 

Consider the limit of the matrix element for scat- 
tering as @ goes to zero and & becomes large such that 
their product is constant. k’ approaches k and the 
matrix element becomes the shift in the band edge 
under the limiting strain. 


8 William P. Dumke, Phys. Rev. 101, 531 (1956). 
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The results given in Table III for acoustical modes 
are therefore formally equivalent to the results of 
deformation potential theory. 

(b) Optical modes.—The “optical strain” ¢ is defined 
as the displacement of the sublattice containing one 
type of atom with respect to the sublattice containing 
the other. The displacements are given in units of a 
unit cube edge. This strain is described by a vector 
rather than a second-rank tensor. 

A deformation potential for optical modes in ger- 
manium is written in terms of this optical strain. It is 
given by 


V,=D-¢, (22) 


where D lies along the (111) direction. The intravalley 
scattering of electrons by optical modes in germanium 
may then be obtained correctly using the effective mass 
approximation and this potential. If the limit of the 
matrix element for scattering by optical modes is taken 
as k and k’ are permitted to go to ko, the matrix element 
becomes the shift in the band edge under a uniform 
optical strain. 

The form of the matrix element for scattering of 
electrons by optical modes in silicon is given in Table 
III. This corresponds to a distortion of the band near 
the minimum under optical strains but no shift in the 
band minimum. Such distortion of the minimum is 
properly neglected in the deformation potential theory. 
Hence, the deformation potential for optical-mode 
interactions vanishes for this case. 

Similarly, any generalization of the deformation- 
potential method to scattering by acoustical modes for 
degenerate bands or to intervalley scattering may pre- 
sumably be extended to optical modes also. 
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Vil. APPENDIX. PROOF OF THE RELATION 
Ix x01 = Xkoi* * 


The xxor' satisfy the equation 
[—4A—iko- Vt pke+ V Jxkot'X kot". 4 


If we take the complex conjugate of (A1), we see that 
ko is replaced by —ko and xxo1* by xxor*. There is a 


(Al) 
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one-to-one correspondence between the solutions xxoz' 
of Eq. (Al) and the solutions xxo:** of the complex 
conjugate equation. It necessarily follows that if the 
Xxor' constitute all the solutions of (A1), the xxor** con- 
stitute all the solutions of the complex conjugate 
equation. 

Let us apply the inversion to (A1). It is seen that ko 
is again replaced by —Ko, and that the inverted solution, 
Jxxoi', satisfies the complex conjugate equation. Since 
the xxo:* form a complete set of solutions of that 
equation, Jxxo:' must be a linear combination of 
the Xkol'™. 

Ixvot'=>m Tia teen (A2) 


If we operate on this equation with the inversion, we 
see that U* is unitary, since the xo" are orthonormal. 

Additional properties of the matrix U* may be found 
by noting that the degeneracy of the wave functions 
implies the existence of an irreducible representation of 
the group which sends functions of the degenerate set 
going with ko into one another. We assume herewith 
that the degeneracy is not accidental. Applying an 
operation R of this group, we obtain 


Rxxo1'= Dom Dim (R)Xxom': (A3) 


By considering the details of the inversion operation 
and any symmetry operation, it is seen that the product 
of operations JR differs from th product RJ by a 
principal lattice translation. But the xxor' go into 
themselves under a principal lattice translation, so we 
have 


I Rx xot'= RIX cot’. (A4) 


Using the expressions (A2) and (A3), one may carry 
out the operations explicitly. Equation (A4) becomes 
the matrix equation 


D® (R)U*=U'D*(R) (AS) 
for all R. 

The condition which is both necessary and sufficient 
for U‘ to be a multiple of the unit matrix is that U' and 
D©(R) commute for all R in the group. The relation 
(AS) reduces to this condition if and only if the repre- 
sentation of the group of the wave vector is real. Thus 


if the representation is real, (A2) reduces to 
Ix x01'= ex x01. 


In this case, it is only necessary to adjust the phase of 
the xxor' by a(z)/2 to transform the relation to the form 


IX xot'=X ot". (A6) 


It will always be possible to take the representations 
real in the cases of interest here. 
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A theory of molecular polarization is developed which applies to nonpolar gases consisting of axially 
symmetric molecules. The interaction Hamiltonian of the system includes induced dipole and induced and 
permanent quadrupole contributions. The average induced dipole moment of a molecule is evaluated through 
third order of perturbation theory, following earlier calculations for hydrogen and helium atoms by Jansen 
and Mazur. General equations are given for the induced dipole moment in terms of tensors T), T®, T, 
characteristic for dipole-dipole, dipole-quadrupole, and quadrupole-quadrupole interactions, respectively ; 


and characteristic functions C1, C2, 


-++C;, depending upon the molecular charge distributions. It is shown 


that a in the Clausius-Mossotti equation is in general not equal to the polarizability of a free molecule, but 


depends on the density of the system. 





INTRODUCTION 


CCURATE measurements of the dielectric con- 
stant of nonpolar gases have shown’ that the 
Clausius-Mossotti (C-M) relation, 


is not strictly valid. The dielectric constant of the gas is 
e, V is the molar volume, N is Avogadro’s number, and 
a is the polarizability of the molecules. For all gases it 
has been found that (e—1)V/(e+2) with increasing 
density first increases, reaching a maximum at about 
150 to 200 Amagat units, and then decreases, eventually 
becoming smaller than the value for standard condi- 
tions.‘ This density dependence must be explained in 
terms of the following possibilities: 


(1) The time average of the field acting on a specific 
molecule is not equal to the Lorentz field. 

(2) The polarizability, a, of a molecule in interaction 
with other molecules is no longer a well-defined quantity 
independent of the medium. 


Kirkwood,’ Yvon,® Van Vleck,’ Brown,’ and de Boer® 
have discussed the first possibility and have shown that 


* Supported by the Office of Naval Research, and taken from 
part II of a thesis by A. D. Solem to be submitted to the Graduate 
School of the University of Maryland in partial fulfillment of 
requirements for the Ph.D. degree in Physics. 

Ton the staff of the Naval Ordnance Laboratory, White Oak, 
Maryland. 

1 Uhlig, Kirkwood, and Keyes, J. Chem. Phys. 1, 155 (1933). 

2 A. Michels and C. Michels, Trans. Roy. Soc. (London) A231, 
587 (1933). 

8 A. Michels and L. Kleerekoper, Physica 6, 586 (1939). 

4 The maximum deviation of (e—1)V/(e+2) from its value at 
zero density amounts to almost one-half of one percent for argon at 
room temperature and around 200 Amagat units of density; for 
carbon dioxide it is two percent higher at 48°C, again at about 200 
Amagat density. 

5 F. G. Keyes and J. G. Kirkwood, Phys. Rev. 37, 202 (1931). 
J. G. Kirkwood, J. Chem. Phys. 4, 592 (1936). 

6 J. Yvon, Recherches sur la Théorie Cinétique des Liquides 
(Hermann & Cie, Paris, 1937). 

7J. H. Van Vleck, J. Chem. Phys. 5, 320, 556 (1937). 

8 W. F. Brown, Jr., J. Chem. Phys. 18, 1193, 1200 (1950). 

9 J. de Boer ef al., Physica 19, 265 (1953). 


owing to fluctuations in the induced dipole moments of 
the molecules, the local field averaged over time is 
actually larger than the Lorentz field at low and 
moderate densities. This fluctuation can be expressed in 
the form of a virial expansion in powers of the density 
of the gas. At low densities the factor (e—1)V/(e+2) is 
larger than (4/3)rNa and at very high densities it is 
smaller, in qualitative agreement with experiments. 
Although the virial theory cannot be expected to be 
accurate at high densities it should permit accurate 
comparison with experiments in the region of low 
densities. It was found that the initial increase in the 
C-M function is about one-half of the experimental 
value for argon and carbon dioxide. 

Mazur and one of us"! have investigated the effect 
of molecular interactions on the polarizability of a 
molecule, and it was found that the factor a in the C-M 
function is density-dependent and gives rise to an 
additional increase in the C-M function at low densities. 
Numerical results were given for hydrogen atoms with 
parallel spins and helium atoms; this effect on the 
polarizability appears to be of the same order of 
magnitude as the dipole fluctuation effect. Very re- 
cently Zwanzig” has calculated the dielectric constant 
for compressed carbon dioxide gas; the effect of molecu- 
lar interactions on the polarizability was taken into 
account in an approximate way, following references 10 
and 11. 

In this and the following paper we will extend the 
calculations to include the heavy rare gases and also to 
include gases consisting of some simple diatomic mole- 
cules (in general, any axially symmetric molecules). The 
derivation of an expression for the polarizability in 
isotropic media involves the calculation of the average 
induced dipole moment of an atom or molecule. We 
consider a system of N identical atoms or molecules 
between the plates of a plane condenser. The external 
static electric field is Eo, and equal to the electric 
displacement vector D between the parallel plates. The 


10L. Jansen and P. Mazur, Physica 21, 193 (1955). 
1 P, Mazur and L. Jansen, Physica 21, 208 (1955). 
2. W. Zwanzig, J. Chem. Phys. 25 211 (1956). 
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calculation of the average induced dipole moment of a 
molecule will be performed in two steps: (1) a quantum 
mechanical calculation of the induced dipole moment, 
(p), for a fixed configuration of molecules in different 
orders of perturbation theory; (2) a subsequent clas- 
sical average over a canonical ensemble, {(p)}. In 
general we will use a symbol (A) for the quantum me- 
chanical expectation value of an operator A for a fixed 
configuration of molecules; a symbol {(A)} for the 
average over a canonical ensemble; and a notation 
(A)or if the statistical averaging involves only the 
orientations of the molecular symmetry axes. The mole- 
cules are supposed to have no permanent dipole mo- 
ments, but the effect of permanent and induced 
quadrupole moments will be taken into account. In 
general, (p) is the sum of two contributions: a term 
(p)zo due directly or indirectly to the external field, and 
a term (p)g due to the quadrupole moments of the 
surrounding molecules. Thus 


{p)=(Pi)zot+(Pig; i=1, 2, 3, ---N. 


For isotropic media, however, the statistical average of 
(p.)@ is zero, so that we have only to consider (p,) zo. The 
average value, {(p)}, is generally obtained as a power 
series in the density of the system. We shall limit 
ourselves to the term linear in the density, which 
implies that the density must be so low that simultane- 
ous interactions between more than two molecules may 
be neglected. In this case the perturbation Hamiltonian 
may be given as a series of interactions between 
multipoles of increasing order. The higher multipole 
terms are difficult to handle if they are expressed ex- 
plicitly in the angles of orientation of the molecular 
symmetry axes. We shall therefore give the multipole 
expansion in a tensor notation. 


MULTIPOLE INTEACTIONS IN TENSOR 
NOTATION 


To derive an expression for the electrostatic inter- 
action between two molecules, we consider two arbitrary 
charge distributions; for convenience we consider these 
distributions to be continuous, with charge densities 
p(r,) and p(r;). The vectors r; and r; are measured with 
respect to a fixed center in each charge distribution. The 
distance between the two centers is r. Then the po- 
tential, V(r), at the center of distribution 2 resulting 
from all the charges of distribution 1 is 


V(r)= [ 
— oan foe )r dr; 
ve(-):f otedrinact--> (1) 
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The double dot product (:) of two second rank tensors, 
A and B, is }>ag AcsBga. The first integral in Eq. (1) is 
zero since molecule 1 has no net charge. The other terms 
can be rewritten with the help of the usual multipole 


definitions: 
n= [ p(r,)ridr;; 
1 


Quadrupole moment: a= f o(t,)rirdts 


1 


Dipole moment: 


The definition of higher multipoles, octupoles, etc., is 
similar. Thus 


V(r)=—V(1/r)-pi +30 (1/7) ait::: 
If we define a symmetric tensor 
Te=1/A(U—3rr/r),  T=Ta, (2) 
where U is the unit second rank tensor, then 


Vv (1i/r)=—-T, (3) 
and 


V(r) =—V(1/r)-pi— 4 Tie quit ::-. (4) 


The next step is the evaluation of the electrostatic 
interaction energy between the two charge distributions: 


Ha'= f o(r,)V (rtr, dry. 
2 


Now 
V(rt4))= 


and by defining dipole and quadrupole moments for 
molecule 2 as for 1 we obtain 


A. = VV -p2t3V (VV) qQot+ ahh 


V(r)+0V-254+30(9V) crirjt+-::, 


Using expression (4) for V(r), the electrostatic inter- 


action becomes 


Ai = pr: T12- pot dpi VT 12:q2 
—}$pe- VT i2:q1—t41:VVTi2:q2+---. (5) 


We make the convention that we always write the 
interaction between the dipole moment of one molecule 
(7) and the quadrupole moment of another molecule (k) 
with the dipole in front; thus p;-VTix:q., where 
vV=0/0(r;—r;). The total electrostatic interaction 
energy between all molecules in the gas is then given by 
the sum 


§ Die per Tix pet} Die per VT ix ge 


—$LDieg:VVTuaet:::. (6) 


The tensor characteristic for dipole-dipole interactions 
is T, that for dipole-quadrupole interactions is YT, and 
that for quadrupole-quadrupole interactions is VVT. 
To shorten the notation further we will denote these 
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tensors by T®, T®, and T ; thus 
T®=T=—-Vv(1/r), (7) 
T®=yvT=—VVV(1/r), (8) 
T®=VvT=—-VVVV(1/r). (9) 


The quadrupole tensor, q, has in general nine coordi- 
nates; it is a symmetric tensor and can therefore always 
be diagonalized by proper choice of coordinates. For 
diatomic and axially symmetric polyatomic molecules, 
the quadrupole tensor can be diagonalized by choosing 
the direction of one of the axes along the line connecting 
the nuclei. If we call this the z axis, then gz2=qy, and 


T® :q= T° (Gez—Q2z) + Trace[T® ]gzz 
_ T 5” (des— zz), 


since 


Tracel[T® ]=0. 


From this, one sees that only the quantity Q= (¢..—4qzz) 
of the quadrupole tensor enters into the interactions 
between axially symmetric molecules; this quantity is 
known as the molecular quadrupole moment. (This is 
zero for spherically symmetric charge distributions.) 
The z and x axes in the expression for the quadrupole 
moment lie along the length axis and perpendicular to it, 
respectively. In transformation formulas, we often meet 
with the case that we have to evaluate an expression 
(qe’2"— zx’), where 2’ and x’ are two axes of an arbitrary 
Cartesian coordinate system. There is no simple expres- 
sion connecting (g:2—Qz'z’) and (g:z—Qzz); on the 
other hand a simple transformation applies to the 
quantity 20= (2q..—qzz— yy) namely 


Gy'y' =Q(3 cos’*?—1). 


In this expression @ is the angle between the length axis 
of the molecule, z, and the z’ axis. Whereas the value of 
the dipole moment of a molecule is independent of the 
origin of the coordinate system, the quadrupole moment 
does depend on that choice. We make the convention of 
taking the center of positive charge of the molecule as 
the origin of the coordinate system. Of further im- 
portance is an expression for the electric field induced at 
the center of a molecule by the multipole moments of 
another molecule, 


F(r)=—VV=—T®-pit3T® git: :-. 


2q2’ 2! — Jz’ 2! — 


(10) 


INDUCED DIPOLE MOMENT (f) IN VARIOUS 
ORDERS OF PERTURBATION THEORY 
We will now calculate (p,)z. in successive orders of 
approximation with perturbation theory; the zeroth 
order refers to the free molecules in the absence of an 
external field. The total Hamiltonian of the system is 
H=Hyot+ 2H’, 
with 
H’=-) i pi: Eot+} Lik pi Tix? +p 
+3 De pi Tie qu—3 Di ae:T (11) 


Poa Qk. 
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The tensors T®, T®, and T have been defined in the 
previous section; p and q are the dipole and quadrupole 
moment operators, respectively. We expand (p,) in 
increasing orders of perturbation theory as 


(Pi) = (Pi) + (Pi) +(DH)® + (0) + 


It is assumed that the system of V interacting molecules 
in the external field Ep is in its ground state, specified by 
W, an eigenfunction of the total Hamiltonian, H. The 
energy eigenfunctions of the unperturbed system are 
¢.(k=0, 1,2, ---), where x labels the various eigen- 
functions. The perturbed wave function WV is expanded 
in successive orders of approximation as 


V=VOFWOFWO+WH+.. 


The perturbation expressions for the different order 
wave functions are” 


(12) 


(13) 


yoO= $0, (14) 


Ld 


 (Ey—E,) 
rs Ho" 


Le OE )( E- Ey) 


Vo = (15) 


GH «0' Hoo! 


 (Eo—E )? 


y= = 


oll o« Ho! 


I (16) 
«0 (Ey—E,)? 


eal Hy! Hy! 


E,)(Eo— E)(Eo— E,) 
Geld a’ Ayo’ Hoo’ 
an z. ———_______— 
x0 1X0 (Ey—E,)? (Ey—E ») 
GL en’ Hy0' Hoo! 
«0 440 (E o—E )(Eo— E,)? 
es A Hoy’ Ayo 
—E,)?(Eo—E ») 


Le Ho)’ Ayo’ 


Y=LDUY 


«40 44040 (E o— 


«0 440 (Es 





1 


paps 
«4040 (Ey—E )(Eo— E,)? 
eee’ (Hol? 


“ (Ey—-E ) 


The difference between the energy eigenvalues of the 
ground state and the «th excited state of the unper- 
turbed system is (E)—£,). All matrix elements are 
calculated in the system of eigenfunctions of Ho. In the 
perturbation scheme we will retain only those terms 
which are linear in Ep. 


13E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 30 ff. 
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First and Second Orders in the Dipole Moment 


If the density of the gas is sufficiently low, the 
unperturbed wave function Y may be written as a 
simple product of wave functions for the isolated 
molecules. For the first order in the dipole moment we 
then obtain simply 

(Pi)oe (Pi) «0° Eo 


(p)?= eat + i =a Ep, 
«0 (Ey—E,) 


(18) 


where ao, is the polarizability tensor of a free molecule. 
The second-order approximation, (p,;)®, has the 
following form: 
(Pi)ocLd xx’H yo’ 
(p)?=2D 2 
c 0 (Ey— E,)(Eo— Ey) 


Hox (pi)erAno’ 
«0 0 (Ey— E,) (Eo— Ey) 
(pi) o«Ld co’ Hoo’ 


—2),————__,, (19 
~ (Eo—E,)? ( 








with H’ given by Eq. (11). The various sums in Eq. (19) 
can be evaluated if the wave functions of the free 
molecules are known with sufficient accuracy. This 


TABLE I. The distinct terms of (p,)® and their 
multiplying factors. 








Factor XU0 


+17/4 
-7/2 
+9/4 
+17/16 
+17/16 
—13/8 
—7/8 
-7/8 
+7/8 
+9/16 
~11/8 
~11/8 
+31/16 
—73/16 
~9/8 
+35/8 
17/16 
~13/8 
—11/8 
—11/8 
+35/8 
+17/64 
—7/32 
+31/64 
+7/32 
—55/32 
—9/32 
~17/64 
+97/64 


Term 





(pipi- Eops- T® - pei T®  px)o0 

(pips- Eo) 00 (ps: T® - pups: T™ « pz) oo 
(pipi)oo- T® - (pipe) oo T - (pipi- Eo) 00 
(pips Eop;- T® :qups- T :qx) 00 

(pips Eope- T :qpi- T™ 2) 00 

(pip: Eops- T :qupe-T :q;) 00 

(pips Eo) 00 (p,-T® :qip;-T® 7k) 00 

(pipi- Eo) o0(pe- T® :qipe-T™ :q;) 00 

(pips Eogs) 00:T® - (pepx) 00° T :(qz) 00 
(pi Eop;)00- T : (ququ)o0:T™ + (pips) oo 
(pe: Eopz)oo- T™ :(qipipi)oo- T™ : (qx) 00 
(pips) 00° T™ : (qup- Eopx) oo: T : (qi) 00 
(qx) 00:T® - (psp; Eop;p;) 00° T™ : (qx) 00 
(pi- Eops) 00: T® : (qx) 00(pepi) 00° T : (qx) 00 
(pips Eo) 00(qx)00:T™ - (pep;) 00° T™ : (qx) oo 
(pips) oo: T™ : (qx) 00(pe Eopx)00- T : (qs) 00 
(Pipi Eo) 00(qi)00:T - (pepx)oo- T :(qi) 00 
(pipe Eops: T® - pigs :T™ :q,) 00 

(px Eopx) oo: T - (pipiqs) o0:T : (qx) 00 
(pips) o0- T® - (pepe Ege) 00:T : (qs) 00 
(Pipi) 00° T®. (Pepe Eo) 00(qi) 00 :T® :(qu)oo 
(pips Bogs :T™ :qu.qi :T™ sx) 00 

(pips Eo) 00(qe:T™ :quqs :T™ :qx) 00 
(qx)00:T™ :(qepi- Eopiqs) o0:T™ : (qu) 00 
(pips Bogs) o0:T™ : (quqe)oo:T™ : (qi) 00 
(pips Eogs) 00:T™ : (qu) 00(qs)00:T™ : (qx) oo 
(pips Eo) 00(qx) 00:T™ :(qiqs) 00:T™ : (qu) 00 
(pips Eo) 00(Gs) 00:T™ : (quqe)o0:T™ : (qi) 00 
(peps* Eo) 00(4s) 00:1 : (qx) 00(4s) 00:T™ : (qu) oo 
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procedure, however, is unfeasible even in the simplest 
cases. Instead we will use the centroid assumption 
implying that all excited energy states of the molecule 
lie within a narrow region on the energy scale. (The 
width of the range should be small compared with the 
average energy of the levels in that band.) If this condi- 
tion is fulfilled, we may replace each factor of the 
denominators of Eq. (19) by a multiple of —Uo, where 
Uo is an “average excitation energy” of the molecule. 
For instance, if (E)—£,) refers to the difference in 
energy between the ground state and the xth excited 
state of two molecules, then (Z)—£,) is replaced by 
—2U , with Uo counted positive. With the help of this 
approximation, the matrix summations in Eq. (19) can 
be carried out. The result is 


| 
(p)?= 2 (pips: Eoq,) oo iT :(qx)o0 


J? k#i 
3 
ee , > (pips: Eo)00(qi)oo:T™ :(qx)oo 
o” ki 


+o > (pipe Eop;-T® + px)oo. (20) 


U?? ki 


Third Order in the Dipole Moment 


From Eqs. (15), (16), and (17), one obtains the 
following expression for the third-order dipole moment: 


a (pi)ocll ex’ Hay! H yo! 
allian ba yee E) (BoB) (He E,) 
(pi)oxF ax’ Ho’ Hoo 
" ‘pie (Ey— E,)*(Eq— Ey) 
(pi)ocH ax’ Hyo' Hoo’ 
«400 (Eo— E,) (Eo— Ey)? 
(p.)ocET «o! Hon’ Ho! 
«0 (Ey— E,)*(Eo— Ey) 
(pi) ox co! Hon’ Hy! 
* 0 (Ey— E,)(Ey— Ey)? 
‘r (pi)ou xo’ (Ho0’)? 
 (Ey—E,)! 
Leese Hoe (pi) aA xy H yo’ 
«0 4) (Ey—E,) (Eo— Ey) (Eo— Ey) 
Hox! (pi) nyo’ Hoo’ 
«0 \ (Ey— E,)(Ey— Ex)? 


























1 





Hox! (pi) coll on’ Ayo’ 1) 
2 ’ 
«0 40 (Eo— E,) (Eo— E,)* 





MOLECULAR THEORY 


with H’ again as given by Eq. (11). As was done for the 
second approximation to the dipole moment, the 
centroid assumption is used to replace the factors 
occurring in the denominators of the expression for 
(pi) by an “average excitation energy” and then the 
matrix sums can be evaluated. The total number of 
terms obtained in this way is approximately 200, of 
which twenty-nine are distinct. These twenty-nine 
terms with their corresponding factors are listed in 
Table I; (p,) is given by the sum of these terms. 


RELATION BETWEEN INDUCED DIPOLE MOMENT 
AND THE LOCAL FIELD 
For the derivation of the Clausius-Mossotti equation 
it is convenient to establish the relationship between the 
induced dipole moment, (p;), and the local field acting 
on the molecule. To do this we first introduce a tensor 8; 
defined as 


(Pi) zo= Bi" Eo, 


The tensor 6; can therefore be immediately obtained 
from the results for (p;)zo of the previous section. The 
local field acting on molecule (7) is 


Etocai= Eo— > Tix? -( pe) +3 D Tie qu) 
ki k#i 


i=1, 2,3, ---N. (22) 


= (Eo— > Tix -(px)z0) 


ki 


{Ft Tix +(pee—} > Ti (qx). (23) 
hos ksi 


The first term in parentheses on the right is that due 
directly or indirectly to the applied field, Eo, whereas 
the second term arises from the quadrupole moments of 
the surrounding molecules. We now introduce a tensor 
«;(i=1, 2, 3, ---V) by 


(pi)zo= ai: (Eo— © Tix - (pe) zo), 


ki 


i=1,2,-++N. (24) 


It will be shown later in this section that this set of 
Eqs. (24) is consistent. The quantity a; may be looked 
upon as the “effective” polarizability of a molecule in 
the field of its neighbors. It will be found that in general 
a; is not equal to the polarizability of an isolated 
molecule, except in the case of a three-dimensional 
harmonic oscillator model.’:° The tensors @; can now be 
expressed in terms of the 8; and T® with the help of 
Eqs. (22) and (24) as 


Bi=a,:(U— > Tix - Bx); 
ki 
or otherwise 


a;=6,-(U- XTi). (25) 


The term within the parentheses can be expanded as a 


power series in terms of T”-§ to give" 
a=6i+6i D Ti-6: 
k#i 


+B DD Tie Ba Tir-Bit+--+. (26) 


ki l¥i 


In the previous section, we calculated (p,) or §; in 
successive orders of approximation with perturbation 
theory. The corresponding orders of approximation in 
qa; are 


(27) 
(28) 


om (0) 
@,O= 6, : 


¢%=80+> 6 - Ty -B,, 


ki 


a? =8,2+ > Bi) + Ti+ B+ :s 6 - Ti. - By 


ki ki 


+6, > =: Ti. ° 6.°T ° 6,, 


k#i l¥i 


(29) 


etc. Note that §, corresponds to (p,;), 6; to (p,), 
etc. From Eq. (18), it follows that a; = ao, the polariza- 
bility of a free molecule. The expression for a; can be 
obtained directly from Eqs. (20) and (28) as'® 


: pm L(PiP iq) oc To :(Qk)oo 
2U>? k#i 
= (p:P.)oo(qs)oo iT :(qx)oo ]. 


It is seen already in this order of approximation that a; 
no longer represents the polarizability of an isolated 
molecule. However, if we average over the orientations 
of molecule k, then the net effect is zero. This corre- 
sponds to the case of atoms with spherical charge 
distributions.” 

The second order of approximation, e;”, is obtained 
from Eqs. (20), (21), and (29). The resulting expression 
is as complicated as the terms in Table I for (p,) and 
will therefore not be written down explicitly. In gases 
we are interested in the averages of (p,), a:, or 6; over 
the orientation and position coordinates of the mole- 
cules. In the following section we will calculate the 
“effective” polarizability averaged over the molecular 
symmetry axes. 


a, =— _ 


(30) 


TRANSFORMATION EQUATIONS AND AVERAGE 
“EFFECTIVE” POLARIZABILITY 


The process of averaging the different terms of 
(p:)® over the orientations of the molecular symmetry 
axes is performed by considering a fixed Cartesian 
coordinate system (x’y’z’) and a rotating (molecular) 


4 We assume that the series in Eq. (25) converges; the de- 
termining factor appears to be T®-@, or 8/r*. Configurations of 
molecules for which this series diverges will generally have zero 
probability because of repulsive forces. 

18 We omit subscripts (7k) on tensors T whenever the expressions 
are unambiguous. 
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length axis of the molecule. The x and y axes are chosen 
such that the y axis lies in the x’y’ plane; this may 
always be done since the molecule has axial symmetry 
around the z axis. Consequently we need only two 
Eulerian angles, @ and g, to indicate the relative 
orientations of the two coordinate systems. The relation 
between the coordinates of a vector, for instance the 
dipole vector p, in the two coordinate systems is given 
by 
p'=G:-p, 
where 
cos§ cose —sing siné cose 
G=G,G,=|cos@ sing cosy  siné sing). 
— sind 0 cos 


(31) 


The polarizability tensor a, or equivalently (pp), then 
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transforms like 
(p'p’)=(G-pG-p), 
so that its components are 


(p'P’)as= Lvs GayGas\pyps) =), GayGpy( py»), 


since (pp) is diagonal in the molecular coordinate system. 
The quadrupole tensor (q) of the molecule transforms in 
the same way as (pp). The transformation of terms like 
(ppq) involves a fourfold multiplication of matrices G, 
etc. A general form for the expression of the induced 
dipole moment (p,)“, or equivalently for 8;°, valid for 
any molecular model can now be worked out by ap- 
plying the transformation formulas, retaining only 
those terms which do not vanish upon averaging over 
the orientations. The following general form of 8; is 
then obtained: 


B= (C14 1)DY Ta -Ta4Ce > (Tu Tix) U+Cs © Te :Tn.+C, ¥ (Ta. ?T i.) U 
ki k#i 


ki 


+€5 ¥ Tae :Ta4+Ce YE (Tae ?T)U0+C, © Ta Ti. 


ki 


ki 


(32) 


ki ki 


The coefficients (C;+1), C2, etc. have the following values 


(Ci +1) U8 = (17/6)[(pa*) (pa*) J+ (9/4) (pa?) (pa? ps") ]— (19/4) (pa*) (Paps Paps) ]- 
C2U = (17/12)[(pa*) pa’) ]— (7/2) Lda’) I ba’X bs") J+ (9/4) [(ba*) {paps Pas) 


(33) 
(34) 


C3U 8 = (17/36)[ (pat) I(qaa*) J+ (17/30) [(pa*) J pa°qaa’) |— (13/18) [(pa*gaa) IL (pa*gaa) ] 


+ (31/12)[(g6y96x) L(ba*) + 7[(ba*) (Pabsdar)9er) ]— (11/2) [ (pap rar) L(peprX Yar) ] 

— (7/2)[(qas?) (Paps Paps) \+ (35/2)[(pab>)(gar) L(Paps)ges) ]— (9/2)L(ger'G1) Lapa Paps) | 

— (17/2)[(pa) (PabsXGarX4er) | (9/8)[(gae*) pa? bs?) + (Pab>)(Pabr) ]— (11/2) [(psps9ss) ] 
XL(PabrX Gar) ]—7L(Pa*) I Pabs)(Gar9Br) ]— (73/8)L(gaeXqse) (Pa? Ps?) + (ahr) Pabr) ]. 


(35) 


CU = (17/72) [(pa*) W(qaa®) J+ (17/120) [ (pa?) {Pp a®qaa?) |— (7/4) [{pa*) (pa? 98*) ] 
+ (31/24)[(ge1Xger) (Pat) J+ (7/4) (pa?) {Pagar 9er) ]— (7/4) (qs?) (pa? Ps") ] 
— (9/4) L(q78X Gv) (a? pp?) |— (17/8) (pa?) pa? XGx(Ge1) | 


+ (9/8)L(91s°) (Pads Paps) |— (73/8)L(G18 978) (babs) Dabs). 


(36) 


CsU P= (17/180)[(Gaa’) I(Pa’Gaa’) J+ (31/60) [(geyX 961) I(Pa?)(qaa*) ]— (55/2)[(gse{qoe) {PaPsGarX 967) ] 
+ (7/2) (que?) L{papedard9er) |— (9/2)L(qse(qse) L{Pabs)Qar9ar) ]— (17/4)L(gse*) ] 


XL(pabsXgar9ex) ]— (7/2) qse2) WX Pabsqav9er) + (97/4) [(qseXqee) IL(PabsGar)(¥ea) J. 


(37) 


CoU P= (17/720)[ (gaa?) 1 (Pa2qua®) J (7/8) (qs) (P22 gay") + (31/240)L(gsMaer) IL(Pe*dee’) 
— (55/8)[(9s-)(qse) I(Pa*geyX Gar) J+ (7/8) (gsc?) I pa°gerX{Gex) ]— (9/8) {goed qae) IL{Pa°){G61") J 


— (17/16) [(qs2) (pa*){qayXGer) J+ (97/16) [(gse)gae) Pa? XGyaXGra) ]- 


(38) 


CU d= — (13/2) [(pappgas) (pahsqas) |—11[(pappgas) I (papsXqas) ]+ (35/2)[(papsgas) I (PaPs)qas)]- (39) 


In this formalism, averaging with respect to orienta- 
tions extends simultaneously over all factors occurring 
within the [ ] brackets; the usual quantum mechanical 
averages are implied by the ( ) brackets. The compo- 
nents pa, sy, etc., refer to the fixed coordinate system 
(x’y's’); for the averaging over the orientations of the 





molecular symmetry axes a, 8, y, «+: are arbitrary 
indices. However, they must be taken as different 
whenever they are indicated as different subscripts. 
Equation (32) for §; is quite general ; i.e., it is valid for 
any molecular model. It also shows, when combined 
with (30) and (26), that the set of Eqs. (24) for the 
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“effective” polarizability is consistent, at least up to 
third order of perturbation theory. 

For atoms or molecules with spherical charge distri- 
bution, only the first two terms of (C)+1) are nonzero. 
The same applies to the first two terms of Co, the first 
three of C3, and the first three of Cy. Of the terms in Cs; 
all vanish except the first, of Cs all except the first two, 
and of C; only the first term is nonzero. To obtain values 
for the coefficients C, we have to make use of a specific 
molecular model except for a few terms which can be 
determined directly from experimental measurements. 
If we denote the molecular quadrupole moment by Q, 
and introduce an anisotropy factor « of the polarizability 
given by 


— (Oe— .)/3(P*)or, (P)ar= 3(2p2+ p,) ; 


then 


[987 967) Jor=Q?/15, 
L(paps)( Paps) lor el (p? —p2/15= KP" Dor’, 
[(PapaX Paps) lor a [3(2p.2+ pi’)? 
oa (2/45) [pe— p.*) P 
= (pa [1B], 
[(PaPsar)(¥ex) lor= (0?/105)(p,2— p.’) 
= (0?/35)k(p*)or. 


For the part of 6; involving only dipole-dipole 
interactions, the only quantity which has to be com- 
puted from a molecular model is (pa*)or/(p*)or?; by using 
the identity ao= 2(p*)../Uo for the average polarizability 
of a free molecule one obtains the following expression 
(we will again omit subscripts on the tensors T and also 
the summation sign.) 


(6. dip-dip lor 


ao® 34 (Pa*)or 
oe [-( )+9-15e [rer 
321L3 \(p*)o? 


Cs a 


This equation simplifies further if the charge distribu- 
tion has spherical symmetry. For hydrogen atoms, 
(Pa*)or/(p*)or® is equal to 9/2; for helium atoms, if one 
uses Slater wave functions, this ratio is 15/4. For 
heavier atoms, we take a Gaussian charge distribution 
function: 


p(r) = (8°/x) exp(—0"). (41) 


Then the above ratio is equal to 3, independent of b. The 
final formula for 8; aip-aip based on a Gaussian distri- 
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bution is 


Bi dip-a ip= ag (43/32)T® -T® 
+ (3/32)T® :T@U]. (42) 


From Eqs. (27), (28), and (29) connecting tensors e and 
$, we can also obtain average values for the “effective” 
polarizability of a molecule. The following results apply 
for unweighted averages over the orientations 


Le, or 0, 
[o.Jue= (9: e—a0[1 + $e ]T-T2 


a a Dig 
(p Peete Ie :T®, (44) 
(Por (Por 


The expression for [@; |, is very much simpler for 
spherical atoms; by combining Eqs. (42) and (44) we 
obtain in this case for the dipole part of a; : 


0; dip-aip = aro (11/32) T® -T 
+ (3/32)T® TOU], 


When we consider the problem of two spherical charge 
distributions at a distance r between their centers and 
interacting through induced dipole forces, then Eq. (45) 
shows that the “effective” polarizability differs from the 
polarizability of a free molecule by (31/16) (ao/r*)*ao 
along the line joining the centers and by (29/32) (ao/r*)*ao 
in a direction perpendicular to it. This illustrates that e; 
is dependent on the density of the medium. The 
remaining terms in a;*, viz., those due to dipole- 
quadrupole and quadrupole-quadrupole interactions, 
can also be calculated easily using Eq. (41). The results 
are 


(43) 


i iQue| 


(45) 


25 


645? 


T® To4— Te:ToOY 
320° 


Qi dip-q uad” = ae 


13 
os T® te, (46) 
320? 


17 3 
T!:TO+ 


TT TU (47) 
12854 51264 


Q; eudasi ac 


The values for the parameter 0b in the Gaussian distribu- 
tion can be determined, for example, by calculating first 
the London dipole forces between two Gaussian atoms 
and then equating the expression to an empirically 
known quantity, for instance, the 1/r® part of the 
Lennard-Jones (6-12) potential.'® 

In a subsequent paper we will evaluate the expressions 
involving the higher multipoles and give a derivation of 
the Clausius-Mossotti function for gases consisting of 
axially symmetric molecules. 


161, Jansen and R. T. McGinnies, Phys. Rev. 104, 961 (1956). 
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Analytical fits to the Hartree curves of 19 neutral atoms are presented. These are in the form of either 
Wentzel potentials, for lighter elements, or a series of Wentzel-like terms, for heavier elements. Applications 
to the scattering of electrons by atoms are briefly discussed. Among the principal results is an iteration 
method which yields expressions, in terms of tabulated integrals, for the radial eigenfunctions for a particle 


scattered by a Wentzel potential. 





INTRODUCTION 


HE collision of electrons with atoms is, properly 
speaking, a many-body problem. As such, it is 

not easily amenable to exact treatment and recourse to 
approximation methods is necessary. Regardless of the 
strength (or weakness) inherent in any approximation 
used, the results of calculating quantities of interest in 
scattering applications will be affected, to some extent, 
by the interaction potential employed. It is, therefore, 
clearly desirable to have as accurate an analytical ap- 
proximation to the atomic potential as possible. Of the 
potential functions proposed, the Hartree potential 
corresponds to the best approximation of the atomic 
wave function which can be achieved by regarding it as 
a product of the one-electron wave functions chosen so 
as to minimize the value of the total energy, neglecting 
spin-orbit terms. The purposes of this note are these: 
(1) to furnish accurate analytical approximations to the 
Hartree potentials; (2) to discuss briefly some applica- 
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Fic. 1. Screening factors, Z,/Z, as a function of the variable 


x=1.13Z4r/ao, for selected atomic numbers. 


* Now at Physics Department, University of Mississippi, Uni- 
versity, Mississippi. 


tions in electron scattering utilizing the expressions we 
find for the potentials. 
The energy domain discussed is nonrelativistic. 


REPRESENTATION OF THE HARTREE 
POTENTIALS 


The interaction potential, based on the Hartree 


scheme, may be written 
V(r) = (—Ze?/r)(Z,/Z). (1) 


The Coulomb potential of the nucleus is modified by the 
factor Z,/Z, representing the screening effect of the 
orbital electrons on the nucleus. The function Z,/Z 
satisfies the conditions Z,/Z—1 as r-0; Z,/Z-0 as 
r—o. Tabulated numerical values of the quantity 
Z,/Z exist for a number of atoms and ions.!.? We wish to 
represent them analytically. To do this, semilogarithmic 
plots of Z,/Z as a function of *«=1.13Z!v/ao, the 
Thomas-Fermi variable, are useful. Here, and through- 
out, the quantity ao is the Bohr radius of hydrogen. 
Figure 1 shows a plot of Z,/Z versus x for a few elements, 
with the Thomas-Fermi screening factor, ®(x), included 
for comparison. There is, as seen, a difference between 
the Thomas-Fermi and Hartree representations which 
becomes large as the atomic number Z decreases. This 
reflects a breakdown of the statistical model of the atom 
on which the Thomas-Fermi potential is based. For the 
Hartree functions, the Z,/Z curves deviate but little 
from linearity in several cases. This means that they can 
be fit, when a linear plot exists, with one term of the 
form Z,/Z=e—**, where b is a constant to be deter- 
mined. The potential will then be a Wentzel type. For 
heavier elements, Ruark* first proposed the repre- 


sentation 
Z,/Z=d 0 Cap **, (2) 


> .¢n=1, but otherwise, the c, and the b, are adjust- 
able. We have found that by making some of the c, 
negative, it is possible to account for the localization of 
charge due to electron shells; this is manifested by 
slight sinuosities in the Z,/Z curves. 

Table I contains the results of fitting 19 Hartree 
curves of neutral atoms, ranging in atomic number from 

1A. J. Freeman, Phys. Rev. 91, 1410 (1953). 

2D. R. Hartree, Reports on Progress in Physics (The Physical 


Society, London, 1946), Vol. 11, p. 113. 
3A. E. Ruark, Phys.Rev. 57, 62 (1940). 
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HARTREE POTENTIALS AND ELECTRON SCATTERING 


Z=2 to Z=80 by either one-term Wentzel potentials or 
series of the form of Eq. (2). The Thomas-Fermi 
function is given by a representation due to Moliére.‘ 
The series for the Hartree curves are accurate, generally, 
to within about 5% out to a distance at which Z,/Z 
has fallen to a value of about 0.01. Some are con- 
siderably more accurate. The potentials for A and Kr 
contain a polarization correction after the fashion of 
Holtzmark.§ 
For ions, a series of the form 


Z,/Z=+n/Z+[(Z¥Fn)/Z {Xie cre**}, (3) 


where m is the numerical value of the charge on the 
atomic ion, yields accurate results. 


APPLICATIONS 


If one now substitutes the analytical fits to the 
potentials into a first Born approximation, there results 
for the scattering cross section J (@) 


1(0)= (2mZe*/h®){> n Cn/ (K?+d,2)}?, (4) 


where K= (20 sin}0)/h, and d,=b,(1.13Zag"). In 
these formulas, fo is the initial momentum of the elec- 
tron, and @ is the angle of scattering in the center-of- 
mass coordinate system. It has been found that when 
potentials containing polarization corrections are used 
in (4), the agreement between calculated and observed 
cross sections is, as expected, better at small scattering 
angles than cross sections found by neglecting polariza- 
tion entirely. For the remainder of the cross sections we 
have computed using (4), the errors are those inherent 
in the Born approximation. That is, the Born approxi- 
mation yields a monotonically decreasing cross section 
for all incident electron velocities and all atomic num- 
bers. The strong backscattering and diffraction patterns 
sometimes observed experimentally cannot be predicted 
by the Born approximation.® 

When the Born approximation is no longer useful, 
phase shift methods are usually employed to find accu- 
rate values for the scattering cross section. The use of 
the potentials in finding phase shifts is illustrated below, 
using a variational principle due to Pais.” The method is 
unsuited for the determination of zero-order phase 
shifts. The Pais principle can be formulated in the 
following way. If, in the radial wave equation Lw,=0, 
with L the operator 


a n(n-+1) 
L= q +(e 
dr” 


2 


r 


-ve], 


one makes the assumption that U (r)n(n+1)/r’, then 
the potential may be treated as a perturbation on the 


4G. Moliére, Z. Naturforsch. 2a, 133 (1947). 

5 J. Holtzmark, Z. Physik 55, 437 (1929) ; 66, 49 (1930). 

6 For an excellent review of electron scattering, see the review 
article by J. H. McMillen, Revs. Modern Phys. 11, 84 (1939). 

7 A. Pais, Proc. Cambridge Phil. Soc. 42, 45 (1946). 
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angular momentum of the particle. One then assumes 
that the effect of the potential is to produce a phase 
shift which is found mathematically as a shift in the 
index of the Bessel function characterizing the free 
particle solution. Thus, one takes w, to be of the form 


Wn(7)=Jnytran(hr). (S) 
The boundary conditions satisfied by this function are 


w,(0)=0; limw,(r)~sin(kr+nnr/2+Ann/2). 


Since the latter condition is characteristic of the 
asymptotic form of the wave function in scattering 
problems, the phase shifts produced by the potential 
may be related to the An through the equation 


6,= —7An/2. (6) 
The An are now fixed by requiring that 


a 


f w,Lw,dr=0. 
c 


If (5) is placed into (7), the result is, for potentials given 
by Eq. (2), 
An(An+2n+1) mZeé 


” Sie Ak 


i COn+an(1 +d/?/2k?*), (8) 
2An+2n+1 t 


TABLE I. Exponential fits of Z,/Z and of the Thomas-Fermi ®(x). 








Zp/Z (series of terms)* 


He ci 1.25¢71-789— 0.256" 8-082 

Be e-0-5142_ () 48¢-1.0812-4 0) 48¢-3.062 
1.25¢70-882—0.44671412-4-0,19¢-+-2 
1 .20e79 9042 — 0.32e7} 4824 ().12¢—9-652 
1.256702 —0,35¢6-*-*-++-0.10¢- 448 


Element Z»,/Z (one term) 





[0.84e~° 5662 0.24e71 05624 () 40e-3 bs'}e 
0.659e~-5%424.0,34162-772 (Ruark>) 
0. 1 24¢70 0542 +0.68¢?-7652 +0. 196¢7?-%= 
0.20¢--1952 4.0), 56¢-0.72 4.0, 2463.08 
79-7312 _ (0) 20 ¢-1-262 4.0), 20 ¢-3-702 
0.25¢° 3352 +0.56¢7-8282+4-(), 19¢~3-762 
0.22¢~° 319240), 7863 O8lz 
0.22¢° 26324 () 78¢-1 1652 
0.295¢-0-3872 4.0, 705¢-12982 
0.36067? 3%62-+4-0).640e7} AB3z 
[0.335¢-°2%=+ 0.60e-1-3*4.0.065¢-7#]* 
0.415¢-3782-4.0.51¢-1482+.0.075¢-7# 
0.19¢-2182-4.0,72¢-0-92-4.0,09¢-152 
Hg 0.19¢--287= + 0), 56¢-0-792 4.0, 25¢-3-18 
(x) 0.35¢0-4*+-0,55e12#-+.0.1e-8 








® The expressions in square brackets contain a polarization correction 
(reference 5). 
b reference 3. 
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TABLE II. Phase shifts in helium. 








Phase 


Approximation E 
(radians) ais 


=xact Approximation 
Voltage McDougall Born 


16 by 0.067 
b2 0.0069 


25 61 0.1139 
52 0.0130 


49 1 0.170 
52 0.042 
53 0.0101 


51 0.249 
52 0.0896 
53 0.0396 


bi 0.272 
52 0.1389 





0.070 
0.0065 


0.042 
0.0045 


0.186 
0.0411 


0.272 
0.0946 


0.308 
0.1524 








where the 0:4, are Legendre polynomials of the second 
kind. Equation (8) is a transcendental one in the An. 
Application of (8) to the case of scattering of electrons 
by He for incident electron energies in the voltage range 
16< V<340 yields phase shifts which are significantly 
better that Born phases. Comparison is made with the 
exact work of McDougall.* At the higher energies, the 
Pais and Born calculations are equivalent. Table II 
presents the results. 

To deal with the question of zero-order phase shifts, 
where the Pais principle cannot be applied, it is possible 
to use other variational principles which are related to 
the Pais method. However, the author is at present 
engaged in attempting to solve the radial wave equation 
for a Wentzel potential by means of converting it and 
its boundary conditions into an integral equation and 
solving by iteration. To date, it has been possible to 
extract the following facts. For particles of zero angular 
momentum, an integral equation equivalent to the radial 
wave equation and its boundary conditions is 


wu(r)=sin(br+-6) +8 f U(€)wo(€) sink(E—r)dé. (9) 


The highest order approximation to the eigenfunction 
thus far found is the second ; the eigenfunction is, to this 


8 J. McDougall, Proc. Roy. Soc. (London) A136, 549 (1932). 
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order, 

wo(r) = sin(kr+60)+ (A/4k)[— 2 cos(kr+5o) £1 (ar) 
+f(ur)+ fu*r)] 
+ (A*/8k*) {exp[— i (kr —50) Lg (aur) —g (4,047) J 
+exp[—i(kr+60) ]L¢(u,u*,7)—2(Ex(ar))*] 
+exp[+i(kr—60) Lg(u*,0,7)—g(a,u*,r) ] 
+exp[i(kr+50) J[—g(u*,u,7) 

+2(Ex(ar))*}}. (10) 


The notation is as follows. E,(x)= /2*(e~*/t)dt, the 
exponential integral; f(u,r)=4 exp —i(kr—5o) JE, (ur); 
f(u*,r)=4 exp[i(kr—60) JE:(u*r), with a the quantity 
appearing in the Wentzel potential exponent, u.=a— 2zik, 
and u*=a+2ik. A typical quantity g is given by 


g(7,8,r) =i; — Ei (yr)— Ex(yr) Ingr 


(- ij" n 
— 8, (+E — rrr) (=) |. 
n nin ¥ 
In this expression E,° (yr)= /,,*(E:(t)/t)dt, and is 
tabulated by Kourganoff.? The function I'(yr,n) is the 
usual incomplete I function. 

On application of the boundary condition wo(0)=0 to 
Eg. (10), one is led to a fairly simple expression for the 
phase shift. Unfortunately, this expression is little 
better than the Born approximation. For that reason, it 
will be discussed no further. However, inspection of (10) 
reveals a symmetry that promises hope that further 
iterations can be quickly made if only one term can be 
reduced to known integrals. It is hoped that a more 
complete account of the latter part of this discussion 
will be ready shortly. 

The potentials developed in this paper have been 
applied to a consideration of finding atomic form factors, 
to a discussion of multiple scattering, and to the 
question of corrections for inelastic scattering and 
scattering in solids. These are discussed in the author’s 
thesis” and will not be covered here. 

The author wishes to extend his thanks to Dr. 
Arthur E. Ruark for pointing out the usefulness of the 
potentials shown and for many discussions. 

®V. Kourganoff, Basic Methods in Transfer Problems (Clarendon 
Press, Oxford, 1952). 


0 W. J. Byatt, thesis, University of Alabama, 1955 (unpub- 
lished). 
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The spherically symmetric component of the ground-state wave functions of the two-electron series 
(H-, He, Lit, Be?*, C**, Ot, and Ne®*) has been investigated by using the orthonormal complete set of 
(2q+2)-order associated Laguerre functions as radial orbitals in the method of superposition of configura- 
tions. The results for the total energies and the corresponding expansion coefficients demonstrate the excellent 
convergence properties of these functions. They are also useful practically since only one single-orbital 
exponent is used. Applied to excited quantum states, they indicate a more slowly convergent process. 





HE method of superposition of configurations has 
already been applied to the problem of the ground 
state of helium by several authors.'~‘ Recent investiga- 
tions by Léwdin and Shull‘ show the necessity of 
including continuum terms in the hydrogen-like set 
of functions when rapid convergence is sought. How- 
ever, by using the orthogonal complete set of as- 
sociated Laguerre functions (applied first to helium by 
Hylleraas'), we can avoid such an inclusion. It is 
surprising to see how much less attention has been paid 
in the literature to this complete set of functions than 
to the hydrogen-like set when an atomic or molecular 
wave function is built up as an expansion in configura- 
tions. They also have been applied in a modified form, 
including radial configurational interaction only,*:* to 
the problem of non-spherically-symmetric states. 

The results presented in this short note are the first 
step in the development of a systematic, practical 
procedure for obtaining a configurational wave function 
(with rapid convergence) for any spherically symmetric 
state of a many-electron system in terms of normalized 
Legendre functions of the cosine of the angles which the 
electrons subtend at the nucleus. 

The calculations were based on the following con- 
figurational expansion of the wave function: 


V (11,7 2,712) = pa n,q c(mq| nq) gh (mq | nr) 
X 9% (ng| nr2) Pa’ (cosd), 


where the P,‘(cos’?) are the normalized Legendre 
polynomials of order g of the cosine of the angle between 
the electron vectors, and the y%(nq|nr) are the ortho- 
normal complete set of radial orbitals’ : 


1 E, A. Hylleraas, Z. Physik 48, 469 (1928). 

2G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. 38, 154 
(1952). 

3L. C. Green et al., Phys. Rev. 93, 273 (1954) ; 96, 139 (1954). 

4P. O. Léwdin and H. Shull, Phys. Rev. 101, 1730 (1956); 
J. Chem. Phys. 23, 1362 (1955); Report of the Symposium on 
Quantum Theory of Molecules at Stockholm and Upsala, p. 373, 
1955 (unpublished). 

5 E. A. Hylleraas, Z. Physik 83, 263 (1933); Astrophys. J. 111, 
209 (1950). 

6 E. Holgien, Arch. Math. Phys. 51, 1, 81 (1951). 

7R. Courant and D. Hilbert, Methoden der Mathematische 
Physik (Verlag Julius Springer, Berlin, 1931), p. 440. 


go (ng| nr) = — N (n,q) (2nr) “Lng 41? **? (2mr) 
Xexp(—nr)/(n+q+1)! 


= (279i) 1N in) f dtX (2nr) t-"+9(1—1)-2¢-8 


n(1+) 
xexp( - . ) 


1—? 


Here the (2nr)*Ln4q4172t?(2nr) Xexp(—nr) are the 
associated Laguerre functions of order 2g+2, n and g 
are the principal and azimuthal quantum numbers, 
respectively, of the configurations included, and 7 is the 
effective nuclear charge (the scale constant). By using 
positive integral values of m and g only, as required in 
these computations, the path of integration C of the 
above contour integral is reduced to a closed curve 
enclosing the singular point ‘=0. 

By means of an electrical computer it has been 
possible to calculate the total energies and the corre- 
sponding expansion coefficients of the spherically-sym- 
metric component (q¢=0) for the ground states of helium 
and similar atomic systems up to neon. The inclusion of 
the terms (configurations) in the wave function can be 
made in different ways. As a result of later investiga- 
tions on three- and four-electron systems, the sequence 
shown in Table I has been chosen. As can be seen from 
Table I, the data show a surprisingly rapid convergence 
for all the members of the series isoelectronic with 
helium, with the exception of the negative hydrogen ion. 
However, by the addition of successive configurational 
terms (up to 6s?) we have shown that here also the 
energy converges towards a finite limit, listed in 
Table II. As would be expected, the total energies 
calculated for helium (listed in Table I in parentheses) 
agree pretty well with those obtained by Léwdin and 
Shull‘ in their natural-orbitals expansion of rank 2, 3, 
and 4. The data presented in Table II emphasize 
especially the excellent approximation of the very 
simple symmetrized exponentials ¢—"!tY"~-v" 
+e" -Y 1-10+9 72, where 7 is the scale constant and 7 
is a splitting parameter, but also demonstrate the good 
agreement between our results and those estimated by 
Green et al.’ As can be seen from Table III, the process 
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TABLE I. The expansion coefficients of the spherically symmetric component of the ground-state wave functions. ¢(1s?) =1. 


Total energies (— 


Z~E) in units of Rzhc are given in parentheses. 








1s*, 1s2s, 2s? 


Superposed configurations 


1s?, is2s, 2s%, 1s3s, 253s, 3s? 


is*, 1s2s, 2s?, 153s, 253s, 35%, 194s, 284s, 354s, 4s? 





—0.04753, —0.45946 
(0.92768) 


n=0.6875 
—0.02527, —0.16785 
(0.97416) 


n=2 
—0.25354, —0.03495 
(1.42511) 


n= 1.6875 
—0.00385, —0.06045 
(1.43020) 


n=3 
—0.17367, —0.02598 
(1.60639) 


n= 2.6875 
—0, 00148, —0.03678 
(1 60778) 


n=4 
—0.13180, —0.02049 


(1.70067) 


n=3.6875 
—0.00078, —0.02642 
(1.70123) 


n=6 
—0.08878, —0.01433 
(1.79760) 


= 5.6875 
—0.00032, —0.01690 
(1.79776) 


=8 
—0: 06689, —0,.01099 
(1. 84711) 


n= 7.6875 
—0.00017, —0.01242 
(1.84717) 


n=10 
—0.05365, —0.00891 
(1.87716) 


n=9.6875 
—0.00011, —0.00982 
(1.87719) 


n=1 
—0.77492, —0.04385, +0.36320, 
+0.00351, —0.01018 
(1.00417) 


=0.6875 
—0.31117, —0.23145, +-0.38676, 
—0.00003, +0.01223 

(1.02488) 


=2 
—0.36761, —0: 03386, +0.13539, 
—0.00046, —0.00695 

(1.43906) 


n= 1.6875 
—0.08566, —0.06488, +0.11238, 
—0.00701, —0.00675 

(1.43863) 


n=3 
—0.23621, —0.02504, +0.07722, 
—0.00166, —0.00504 
(1.61146) 


n= 2.6875 


—0.048239, —0.037361, +0.064934, 


—0.005182, —0.00529 
(1.61117) 


n=4 
—0.17353, —0.01964, +0.05292, 
—0.00187, —0.00393 
(1.70320) 


=3.6875 
—0.03346, ~0. 02633, +0.04562, 
—0.00400, —0.00414 
(1.70305) 


n=6 
—0.11320, —0.01364, +0.03197, 
—0.00171, —0.00272 
(1.79859) 


n=5.6875 


—0.02071, —0.016424, +0.028592, 


—0.00272, —0.00284 
(1.79854) 


1=8 
—0.08395, —0.01043, +-0.02274, 
—0,00147, —0.00208 
(1.84763) 


n=7.6875 
—0.01499, —0.01196, +0.02081, 
—0.00205, —0.00215 

(1.84760) 


n=10 
—0.06673, 0084s, +0.01761, 
—0.00127, —0.00 
(1 87747) 


=9.6875 
—0.01174, 0.0054, +0.01637, 
—0.00165, —0.00 
(1. 37746) 


n=1 
—0.86789, —0.04314, +0.58846, —0.00370, —0.00702, 


—0.18401, +0.01178, —0.00158, —0.00396 
(1.01848) 


= 0.6875 


” 
—0.33465, —0.23781, +0.43317, +0.02703, +0.01812, 


—0.03226, —0.03698, —0.00624, —0.00666 
(1.02604) 


n=2 

—0.37040, —0.03423, +0.14659, —0.00504, 

—0.01113, +0.00758, —0.00225, —0.002753 
(1.43930) 


= 1.6875 


—0.00507, 


—0.08042, —0.06418, +0.09035, —0.01154, —0.00532, 


+0.02406, +0.00615, —0.00388, —0.00332 
(1.43918) 


=3 


i] 
—0.23542, —0.025350, +0.07391, —0.004766, —0.00367, 


+0.00348, +0.00531, —0.00190, —0.00201 
(1.61156) 


n= 2.6875 
—0.04603, —0.03733, +0.05046, —0.00831, 
+0.01685, +0.00495, —0.00270, —0.00230 
(1.61150) 


n=4 

—0.17267, —0.01990, +0.04773, —0.00418, 

+0.00579, +0.00404, —0.00158, —0.00158 
(1.70329) 


n=3.6875 

—0.03227, —0.02632, +0.03503, —0.00630, 

+0.01269, +-0.00387, —0.00205, —0.00175 
(1.70326) 


n=6 

—0.11269, —0.01384, +0.02718, —0.00322, 

+0.00562, +0.00272, —0.00116, —0.00110 
(1.79865) 


n=5.6875 
—0.02021, —0.01656, +0.02175, —0.00421, 
+0,.00842, +0.00265, —0.00138, —0.00118 
(1.79864) 


n=8 

—0,.08365, —0.01058, +0.01877, —0.00258, 

+0.00479, +-0.00204, —0.00091, —0.00084 
(1.84767) 


n=7.6875 
—0.01471, —0.01208, +0.01577, —0.00315, 
+0.00629, +0.00200, —0.00104, —0.00089 
(1.84766) 


—0.06651, —0.00856, +0.01427, —0.00215, 
+0.00408, +0.00163, —0.00075, —0.00068 
(1.87750) 


n=9.6875 
—0.01157, —0.00951, +0.01237, —0.00252, 
+0.00502, +0.00161, —0.00083, —0.00071 
(1.87750) 


—0,00404, 


—0.00212, 











RADIAL CONFIGURATIONAL 


TABLE II. The radial limit of the total energies (—Z~Z) in units 
of Rzhc when maximum of configurations are included. 
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TABLE III. Doubly excited (2s*) 1S state of helium. Total energies 
obtained by similar approximations. 7=0.5, ¢(2s*) =1. 








Estimated maximum 
and minimum®* 


1.0231, 1.0264 


1.4388, 1.4400 
1.6114, 1.6121 


Symmetrized 
exponentials 


1.0266 
1.4378 
1.6108 
1.7029 
1.7985 
1.84756 
1.87744 


Radial limits 


1.0262 
1.4394 
1.6116 
1.7034 
1.7986 
1.84767 
1.87750 


Atoms 
H- 
He 
Li* 
Be 
cH 
Os 
Ne®+ 











* From Green ef al., see reference 3. 


applied to excited quantum states (here the doubly 
excited state) shows a slower energy convergence, but 
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Terms up to 4s? 


0.3626 


Terms up to 3s? 


0.3566 


Terms up to 2s? 


0.3494 











the best total energy calculated for the doubly excited 
state (2s”) 1S of helium (—1.4504 Ry-Ac, terms up to 
4s*, n=0.5) is lower than the Hartree-Fock energy 
(— 1.4404 Ryhc). 

Investigations on the angular component (g=1, 2, 3, 
etc.) are now in progress and fuller details of the 
calculations will be given elsewhere. 
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Scattering of 7.5-Mev Protons by Helium* 


T. M. Purnam, J. E. Broitey, Jr., AND Louis ROsEN 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received July 23, 1956) 


The differential cross section for the elastic scattering of 7.5+0.1 Mev protons from helium has been 
measured at 2.5° intervals over the laboratory angular range 10° to 172.5° using the Los Alamos nuclear 
plate camera. The results obtained have an absolute standard error of +2.5% to +3%. A phase-shift 
analysis of the data gives for the S, P, and D phase shifts : 595 = —57.95°, 6: = 112.1°, 6:> = 52.51°, 6+ =0.44°, 
52- = —1.87°. These results fit the experimental data with a root-mean-square deviation of 2.7% and appear 
to be in harmony with those determined from experiments at other energies. 


I. INTRODUCTION 


HE general theoretical interest in the inter- 

actions of the hydrogen and helium isotopes 

has prompted many experimental studies over a wide 

range of energies. In spite of this there still exist many 

gaps in the data. The new Los Alamos variable-energy 

cyclotron facilitates the closing of these gaps in the 
region of moderate energies. 

Previous measurements on the proton helium inter- 
action have been made at 0.95 to 3.58 Mev,! 5.10 Mev,? 
5.78 Mev,’ 9.48 Mev, 9.55 Mev,°® 9.73 Mev,® 9.76 Mev,’ 
17.5 Mev,’ and 31.6 Mev.® Theoretical treatments in 
terms of phase-shift analysis have been done by Critch- 
field and Dodder™® on the work of Freier ef al.; by 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
1949). 

2 C. H. Braden, Phys. Rev. 84, 762 (1951). 

5 Kreger, Jentschke, and Kruger, Phys. Rev. 93, 837 (1954). 
‘T. M. Putman, Phys. Rev. 87, 932 (1952). 


5 Freemantle, Grotdal, Gibson, McKeague, Prowse, and 
Rotblat, Phil. Mag. 45, 1090 (1954). 

® B. Cork and W. Hartsough, Phys. Rev. 96, 1267 (1954). 

7J. H. Williams and S. W. Rasmussen, Phys. Rev. 98, 56 
(1955). 

8K. W. Brockman, Jr., Phys. Rev. 102, 391 (1956). 

9B. Cork, Phys. Rev. 89, 78 (1952). 


” C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949), 


Dodder and Gammel! on the measurements of Kreger 
et al. and Putnam. The phase shifts have been treated, 
in terms of a potential interaction between the proton 
and alpha-particle core with a spin-orbit interaction of 
the Thomas type, by Sack ef al.” An interpretation in 
terms of the energy levels of the compound nucleus Li® 
has been given by Adair." 

Examination of the available data indicated that in 
order to firmly establish the variation of the phase 
shifts with energy, in the energy region below 10 Mev, 
a measurement at about 7.5 Mev would be highly 
beneficial. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


The nuclear multiplate camera used in this measure- 
ment has been described in detail elsewhere.’ Certain 
modifications have been made, however, to reduce the 
background of slit and collimator scattered particles 
and to improve, in general, the data obtained. These 
modifications together with the experimental setup 
associated with the Los Alamos variable-energy cyclo- 
tron will now be described. 

1D. C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 

12 Sack, Biedenharn, and Breit, Phys. Rev. 93, 321 (1954). 

13 R. K. Adair, Phys. Rev. 86, 155 (1952). 

4 Allred, Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 
191 (1951). 
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The multiplate camera is located in an experimental 
vault which is shielded from the cyclotron. The external 
proton beam from the cyclotron is positioned and 
focused by means of a system of magnets located inside 
the cyclotron vault. After being bent through 30° the 
focused beam is collimated by a series of gold apertures, 
} in., } in., and } in. in diameter. The first of these is 
located in the cyclotron vault and the remaining ones 
in the experimental area. Final collimation of the beam 
is achieved by a ;5-in. collimating system at the 
camera. This system consists of five ;;-in. diameter 
collimating apertures and a }-in. diameter antiscattering 
aperture, extending over a length of approximately 
12 in. The over-all collimation system permits a maxi- 
mum angular spread in the primary beam of less than 
0.1°. Beam components scattered from the first 3%-in. 
aperture of the camera collimator and by the entrance 
window can have an angular spread of as much as one 
degree. 

The proton beam enters the camera through a half- 
mil aluminum window at the entrance of the ;-in. 
coilimator system. The collimated beam passes through 
the central region of the camera and out through a 
2-in. diameter window into a Faraday cup assembly. 
The cup and its associated charge measuring system is 
shown schematically in Fig. 1. The emergent window 
of the camera is mounted on an insulated ring and 
maintained at +90 v to inhibit the escape of electrons 
from the window. In addition, a transverse magnetic 
field of the order of 200 oersteds is placed across the 
entrance to the cup for electron trapping. The Faraday 
cup is maintained near zero voltage (ground) by the 
current integrator which is of the slide-back voltmeter 
type. A servo system automatically adjusts the slide- 
back voltage on the precision integrating capacitor to 
maintain the Faraday cup near zero. A separate pump- 
ing system maintains a vacuum in the cup of the order 
of 10-7 mm of Hg. 

In the analysis of the nuclear plates certain rather 
stringent criteria are applied for the selection of tracks 
to be counted. These criteria have been discussed pre- 
viously (see reference 4). By careful application of these 


MAGNET AL. wincow 


INSULATOR INSULATORS 


| 





/ BEAM FROM 
ERA 


' 
WPRECISION / 


CAPACITOR 
FARADAY 200 GAUSS 
cuP FIELD 


BALANC 
AMPLIFIER 


REGULATED 
CURRENT 


Fic. 1. Schematic diagram of Faraday cup and current-inte- 
grating circuit. Cup was maintained at ground potential by an 
automatic slide-back voltmeter circuit. Final voltage was meas- 
ured to determine the total charge accumulated. 











BROLLEY, AND ROSEN 


TaBLE I. Measured cross section as a function of angle in the 
center-of-mass system at 7.50 Mev incident proton energy. 
Tabulated errors include statistical errors. At angles marked with 
an asterisk, recoil helium nuclei were observed. 








Standard 
error % 


Tracks 
counted 


4702 
2716 


¢(c.m.) 
degrees 


12.5 


15.6 
18.8 


«(¢) 
barns/sterad 


1.316 
0.738 
0.599 
0.497 
0.459 
0.401 
0.347 
0.281 
0.211 
0.166 
0.160 
0.126 
0.0904 
0.0694 
0.0652 
0.0450 
0.0330 
0.0376 
0.0314 
0.0343 
0.0356 
0.0395 
0.0382 
0.0430 
0.0526 
0.0648 
0.0672 
0.0671 
0.0716 
0.0810 
0.0848 
0.0934 
0.0894 
0.0957 
0.0973 
0.105 
0.110 
0.105 
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criteria, spurious slit-scattered particles are in general 
eliminated. However, in order to reduce these further, 
the slit system was rebuilt with thinner slit edges. 

In the present experiment, spectroscopic helium fills 
the entire camera and the scattering volume is defined 
by the slit system. The pressure of the gas is measured 
by means of Bourdon-type pressure gauges, calibrated 
by a mercury manometer and precision cathetometer. 
The temperature of the gas is determined by means of 
a thermometer in a reentrant well in the camera lid. 

The nuclear plates used in the experiment are 
predesiccated in vacuum with a liquid air trap for 
approximately forty-eight hours before loading in the 
camera. After loading, the camera is pumped for two to 
four hours with a liquid air trap and diffusion pump. 
This results in a negligible rate of rise of camera pressure 
(without liquid air). 

Runs are made at pressures between 5 and 20 cm of 
Hg and with beam currents of the order of 0.05 micro- 
ampere. The runs are of the order of 10 to 30 minutes in 
duration. Background runs are made under conditions 
similar to the regular exposures. These indicate that 





















background corrections are necessary only at the most 
forward laboratory angles. 


III. CORRECTIONS 


The use of nuclear plates for recording the data gives 
one the advantage of a permanent record of the range, 
direction, and specific ionization of the particles which 
impinge upon the detectors. By suitable analysis of the 
data, one can determine what corrections, if any, are 
necessary. 

Investigations were made of corrections due to slit 
penetration, angular resolution, finite beam size, beam 
alignment, and loss of particles due to multiple scatter- 
ing in absorbers used at forward angles to take out 
recoil alpha particles. Background corrections were 
only necessary at angles up to 17.5° for proton counting 
and these amounted, in the worst case, to less than 2%. 
On forward angle plates where recoil alpha particles 
were counted, background corrections were sometimes 
quite high. The correction for slit edge penetration was 
investigated, found to be less than 0.1% and was not 
applied. The corrections for finite angular resolution 
and finite beam size are of the order of 0.5% for the 
smallest angles. 

Since data are taken simultaneously on each side of 
the beam, any misalignment of the beam and camera 
axis would show up when the final data are plotted. 
Since no misalignment trend in the data is detectable, 
it can be concluded that the beam was aligned to better 
than 0.1°. 

Considerable time and effort were spent in an in- 
vestigation of the effect of multiple scattering in 
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Fic. 2. The differential cross section for proton-helium scattering 
as a function of angle in the center-of-mass system for 7.50-Mev 
incident protons. 
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Fic. 3. Proton-helium scattering cross sections for various 
incident proton energies below 10 Mev. 


absorbers used at forward angles to reduce background 
and to cut out recoil helium nuclei. The treatment used 
followed that of Dickinson and Dodder."* It was finally 
concluded that for protons in the energy range con- 
cerned, the effect was completely negligible. 

Because of the varying gas pressures used in the runs 
and small variations in the cyclotron beam energy, the 
mean energy between different runs varied from 7.39 
to 7.71 Mev. In order to normalize the data to 7.5 Mev, 
those runs which were significantly different from this 
energy were corrected by means of the relation de- 
veloped from a phase shift analysis of proton-helium 
scattering below 10 Mev. 


IV. RESULTS 


The final results of the measurements of the angular 
distribution of the scattered protons and recoil alpha 
particles are given in Table I and Fig. 2. The differential 
cross sections for various incident proton energies are 
shown in Fig. 3. The data are given in terms of the dif- 
ferential cross section per unit solid angle as a function 
of angle in the center-of-mass system. 

The errors assigned to the various terms in the cross- 
section determination are as follows: 

Current integration—Leakage checks and numerous 
calibration runs were made on the current integrator 
during the course of the experiment. On the basis of 
these, an error of 0.5% is assigned to the final value of 
total charge. 


18 W. C. Dickinson and D. C. Dodder, Rev. Sci. Instr. 24, 428 
(1953). 

16 This conclusion is in contradiction to previous results (see 
reference 4 and Appendix I). 
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Fic. 4. P phase shifts for proton-helium scattering as a function 
of incident proton energy. The curve represents the calculated 
phase shifts for a Gaussian well interaction as given by Sack et al. 
(see reference 12). 


Gas pressure.—As indicated above, the pressure of 
the gas in the camera was determined by pressure 
gauges which were calibrated by means of a mercury 
manometer and precision cathetometer. Temperature 
and gravity corrections were applied to the manometer 
readings to obtain the absolute pressure. Readings were 
taken on several different gauges, cross checked, and 
averaged. An error of 0.25% is assigned to this meas- 
urement. 

Gas temperature—The temperature of the gas was 
measured to +0.1°C by a mercury thermometer in a 
reentrant well in the lid of the camera. An error of 0.2% 
is assigned to this measurement. 

Geometrical factors—Measurements of the camera 
slit system were made and checked with feeler blocks 
and precision micrometers. An error of 0.25% is assigned 
to each of these measurements which include slit widths, 
slit spacing, and plate position with respect to the center 
of the camera. 

Number of tracks on plate area analyzed.—Continual 
cross checks were made during the analysis of each 
plate. In general, two or more analysts read each plate. 
For plates where protons were counted an error of one 
percent is assigned for the uncertainty in the selection 
of valid tracks. In the case of alpha-particle plates, due 
to the shorter range of the tracks and large background, 
an error of 2% is assigned. 

Swath-width measurement.—The determination of the 
actual width of a plate utilized in counting tracks is 
dependent on the calibration of the eyepiece reticule 
used in the measurement. To this an error of 0.5% is 
assigned. 

The resultant standard error for the measurements 
of constants which enter into the calculation of the 
cross sections is 1.3% for proton points and 2.2% for 
alpha-particle points. 
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TABLE II. Revised values of the cross section as a function of 
center-of-mass angle for proton-helium scattering at 9.48+0.15 
Mev. Results have a standard error of 3% which includes a 
statistical error of approximately 2%. 








¢(c.m.) 
degrees 


94.7 

99.8 
104.9 
107.0 
111.9 
114.6 
116.6 
123.9 
128.4 
132.8 
134.7 
141.4 
145.5 
149.5 
151.2 
157.4 
159.0 
165.1 
166.7 
172.7 
174.2 


¢(c.m.) 
degrees 


12.3 
12.8 
15.4 
15.9 
18.5 
19.0 
21.6 
25.2 
27.8 
31.4 
34.0 
37.5 
40.1 
43.6 
49.6 
52.1 
61.4 
63.9 
78.5 
84.0 
86.3 


o(¢) 
barns/sterad 


barns/sterad 


1.053 
0.924 
0.613 
0.584 
0.498 
0.476 
0.439 
0.402 
0.374 
0.358 
0.335 
0.306 
0.303 
0.279 
0.237 
0.230 
0.170 
0.165 
0.0819 
0.0716 
0.0654 





0.0432 
0.0323 
0.0279 
0.0252 
0.0231 
0.0222 
0.0231 
0.0274 
0.0335 
0.0395 
0.0426 
0.0531 
0.0567 
0.0674 
0.0686 
0.0807 
0.0811 
0.0857 
0.0870 
0.0924 
0.0970 








The beam energy for the various runs was determined 
from the mean of the range measurements taken on 
each plate, suitable corrections being made for gas 
absorption. 

A phase-shift analysis similar to that done previously" 
has been performed by Dr. J. L. Gammel on the present 
experiment. This gave the following phase shifts: 
bo= —57.95°, 6y5+=112.1°, 6y-=52.51°, 52+=0.44°, 53- 
= —1.87°. These results fit the experimental data with 
a root-mean-square deviation of 2.7%. The P phase 
shifts obtained from this and previous work are plotted 
as a function of energy in Fig. 4. 

We wish to acknowledge the valuable assistance given 
us in this work by Professor J. H. Williams, during the 
initial stages of the experiment, and by the staff of the 
microscopy laboratory in analyzing the plates. 


APPENDIX I. PROTON-HELIUM SCATTERING 
AT 9.48 MEV 


In view of the interest and conflicts in the results of 
experiments at energies near 9.5 Mev, the data taken by 
one of us* at 9.48 Mev were re-evaluated. Primarily 
corrections of the order of 6% occurred at forward 
angles where an error had been made in correcting for 
multiple scattering in absorbers placed over the plates. 
In addition, a more accurate center-of-mass transforma- 
tion and the latest values of the physical constants 
were used in evaluating the results. The new corrected 
results are given in Table II. A calculation of phase 
shifts for the revised data yielded 69>=—65.36°, 5;+ 
=109.2°, 6:-=54.72°, d+=—3.21°, and 63-= —5.73°. 
These fit the experimental data with a root-mean- 
square deviation of 3.2%. 
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(p,d) and (p,a) Reactions in Bet 


G. WEBER,* L. W. Davis, AND J. B. Mariont 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received August 27, 1956) 


Excitation curves for the Be®(p,d) Be® (ground state) reaction have been measured at observation angles 
of 15°, 45°, 70°, 90°, 110°, and 135° for proton energies between 0.8 and 3.0 Mev. These curves show pro 
nounced resonance structure and strong interference effects between different levels. About 60 angular 
distributions and the total cross-section curve were constructed from the 6 differential cross-section curves. 
The angular distributions are peaked forward, except in the region near 1.6 Mev, where a broad resonance, 
interfering with nonresonant amplitudes, causes the angular distribution to become almost symmetric 
about 90°. The occurrence of forward peaking at all energies and the good agreement of the angular dis- 
tribution at 2.84 Mev with a theoretical stripping curve suggest that a pickup process can account for a 
sizeable fraction of the reaction cross section, even at energies as low as 1 Mev. The total cross section 
indicates a resonance at 0.93 and weak maxima at 1.25, 1.65, and 2.3 Mev, but not at the 7=1 level at 
2.56 Mev. The differential cross section for the Be®(p,«)Li® (ground state) reaction was measured at 90° 
from 0.8 to 3.0 Mev. In addition to the 0.93-Mev peak, this curve shows a pronounced minimum near 1.4 
Mev and a weak anomaly at 2.56+0.02 Mev indicating a slight violation of the isotopic spin selection rule. 
An upper limit of 4X 10~ is obtained for the 7=0 impurity of the 2*, T= 1 state at 8.89 Mev in B¥. 


INTRODUCTION 


HE proton bombardment of Be® has been used 
by many investigators'~® to explore the level 
structure of B" for excitation energies greater than 
6.585 Mev. Excitation curves for the reactions Be®(p,a)- 
Li® (ground state) Be*(p,d)Be® (ground state), and 
Be(p,p)Be® for proton energies between 0.2 and 1.3 
Mev were obtained by Thomas, Rubin, Fowler, and 
Lauritsen! and angular distributions below 1 Mev were 
measured by Neuendorffer, Inglis, and Hamna.? These 
measurements are in agreement with the recent work 
on the elastic proton scattering by Mozer® who inter- 
prets the data in terms of five B"” levels at proton 
energies of 0.330, 0.980, 0.998, 1.084, and 1.33 Mev. Six 
additional levels have been identified in the energy 
range from 2 to 5 Mev by studies of the (p,d), (p,ey) 
and (p,m) reactions.° 
Most interesting in the region above 2 Mev is the 
existence of a degenerate 2+—3*+, T=1 doublet at 
2.562 Mev, recently investigated by Marion,‘ who also 
gives a summary of the properties of the other levels. 
Since the ground states of Li® and Be* as well as the 
a particle and the deuteron have T=0, neither the 
(pao) nor the (p,do) reactions should be resonant at 
2.56 Mev, unless there is an appreciable isotopic-spin 
impurity in one of these doublet members or in the 
residual nuclei. One of the reasons for the present 
: + Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
* International Cooperation Administration Research Fellow; 
now at the Max Planck Institut fiir Chemie, Mainz, Germany. 
t National Science Foundation Postdoctoral Fellow ; now at the 


University of Rochester, Rochester, New York. 
1 Thomas, Rubin, Fowler, and Lauritsen, Phys. Rev. 75, 1612 
1949). 
; S Novendortfer, Inglis, and Hanna, Phys. Rev. 82, 75 (1950). 

3R. Malm and D. R. Inglis, Phys. Rev. 95, 993 (1954). 

4 J. B. Marion, Phys. Rev. 103, 713 (1956). 

5 Further references are given by F. Ajzenberg and T. Lauritsen, 
Revs. Modern Phys. 27, 77 (1955) and in references 1 and 4 of the 
present paper. E 

6 F. S. Mozer, Phys. Rev. 104, 1386 (1956), this issue. 


investigation was to look for the effects of possible 
isotopic-spin impurities in the (p,do) and (p,a0) reac- 
tions, since earlier attempts* to detect these effects had 
failed. In view of the Be®(p,p)Be® investigations® which 
reveal a relatively large level density near E,=1 Mev, 
it seemed worthwhile to study the excitation curves of 
at least one of the reactions at several observation 
angles, in order to estimate the effects due to inter- 
ference of different levels. The Q values of the reactions 
studied are: 


Be®(p,d) Be’, 
Be®(p,a)Li®, 


Q=0.559 Mev, 
Q=2.132 Mev. 


Since, in the energy range investigated (0.8 Mev< E, 
¢3.0 Mev), the magnetic analysis of the ground-state 
deuterons is relatively easy over a wide range of angles, 
it was decided to study the (p,d) reaction as a function 
of both angle and energy, whereas for the (p,q) reaction, 
only one excitation curve at @=90° was obtained. 
Apart from a study of the level structure of B, a 
thorough investigation of the Be*(p,d)Be*® reaction 
seemed of interest from the point of view of reaction 
theories. It has been found that the angular distribu- 
tions of (d,p) and (d,n) reactions in light nuclei can be 
well described by the Butler’ theory, for deuteron 
energies larger than about 4 Mev, i.e., above the Cou- 
lomb barrier. For very low energies, say less than 1 Mev, 
stripping effects are in general relatively unimportant 
and the reactions proceed predominately by compound 
nucleus formation. Finally, between 1 and 3 Mev, both 
compound nucleus effects and stripping contribute to 
the reaction cross section." Similar effects are ex- 
7T. S. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
W. Tobocman (unpublished). 
al Eisinger, Kraus, and Marion, Phys. Rev. 101, 209 
9 Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 


0 J. B. Marion and G. Weber, Phys. Rev. 103, 167 (1956). 
11 J. B. Marion and G. Weber, Phys. Rev. 103, 1408 (1956). 
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pected for (,d), (p,d), (d,t) reactions, which at low 
energies should proceed mainly through compound- 
nucleus formation, whereas at higher energies the 
pickup mechanism® should account for the largest part 
of the reaction cross section. At very high energies, the 
Be*(p,d)Be® reaction has indeed been found to proceed 
through a pickup-type process."* The energy region in 
which the pickup process becomes noticeable will, of 
course, depend on the properties of the target nucleus. 
In Be® the binding energy of the last neutron is only 
1.7 Mev, compared to an average of about 7 Mev for 
light nuclei, and hence the wave function has a very 
long tail. It is therefore to be expected that in the 
Be*(p,d)Be® reaction the pickup process will become 
important at much lower energies than for reactions 
in other nuclei. 


EXPERIMENTAL PROCEDURE 
A. Thick-Target Measurements 


For the (p,d) measurements at observation angles 
270°, the thick-target technique’* was used, the 
Kellogg Laboratory’s 16-in. magnetic spectrometer 
serving as the analyzer for the dueterons. The target 
was a ? in. in. plate of metallic beryllium about } in. 
thick, the surface of which had been polished and 
etched to a mirror finish. A thin CsI crystal was used 
for particle detection. The ground-state deuteron group 
was always well separated in momentum from the other 
particle groups and integral biasing was used only to 
discriminate against noise pulses. 

After it was verified at a few angles and energies that 
the target surface was sufficiently smooth and free of 
contamination layers to give a clean momentum step, 
the excitation curves were obtained by measuring the 
number of counts at the top of the step at each proton 
energy setting. The absolute differential cross sections 
per unit solid angle were obtained from the formula" 


do ReessN y 
—=——— cm’/steradian, 
d2 2QE 


where R is the momentum resolution and 0 the solid 
angle of the spectrometer, E is the average energy (in 
Mev) of the emitted particles at the point of their 
production, V is the number of particles detected per 
incident proton and é¢ is the effective stopping cross 
section“ (in Mev cm*) of the target material, which 
was computed from the-recent measurements of Bader, 
Pixley, Mozer, and Whaling.’® For the 90°, 110°, and 


% Cuer, Morand, and van Rossum, Compt. rend. 228, 
481 (1949); J. Hadiey and H. York, Phys. Rev. 80, 345 (1950) ; 
C. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 

18 W. Selove, Phys. Rev. 101, 231 (1956); S. Glashow and W. 
Selove, Phys. Rev. 102, 200 (1956); J. B. Reynolds and K. G. 
Standing, Phys. Rev. 101, 158 (1956). 

4 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1950). 

18 Bader, Pixley, Mozer, and Whaling, Phys. Rev. 103, 32 
(1956). 
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135° measurements, the target was oriented such that 
the angle between the direction of the beam and the 
normal to the target surface was 135°; for the 70° 
measurements this angle was 125°. A number of points 
of the 90° curve were remeasured at the latter target 
angle. The cross sections computed for both target 
angles agreed to within 2.5%. 

For the (p,a) curve, an unsupported Be foil was used, 
which was thin enough to give a line profile for the 
deuteron group but thick enough to give a step profile 
for the a particles. In this way, the thick-target tech- 
nique and integral biasing could be used, since the tail 
of the deuteron peak did not interfere with the @ profile. 
The correction for the a+/a*+ ratio was made. 


B. Thin-Target Measurements 


For observation angles forward of 70°, a thin (~10 
kev) layer of metallic beryllium, evaporated onto a 
thin (~50 kev) Cu foil, was used. Contrary to the 
experience with unsupported Be foils of the same 
thickness, which tend to break under bombardment, 
Cu-backed targets were found to be quite stable under 
thermal and mechanical stress. 

With this target placed at 135° with respect to the 
beam, complete momentum profiles were taken in 
steps of about 250 kev over the entire energy range at 
15°, 45°, and 70°. For these points, the absolute cross 
sections were obtained by normalizing the data to the 
70° thick-target curve. For €=15° and 45°, the ratio of 
the cross section to the maximum number of counts in 
the line profile was plotted versus energy and a smooth 
curve drawn through each set of points. These curves 
were used to correct the experimental excitation curves, 
ie., the maximum number of counts in the line profile 
versus energy, to absolute cross sections. A more de- 
tailed description of this procedure has been given in an 
earlier paper.'® 


C. Accuracy of the Cross-Section Measurements 


In the present experiments the spectrometer had a 
solid angle of 1.13 10~-* steradians and a momentum 
resolution (p/Ap) of 452. In a recent check!* on the 
accuracy of these spectrometer constants, it was found 
that the ratio p/ApQ which enters into the expression 
for the cross sections is accurate to about 1.5%. 

The absolute cross sections derived from the thick- 
target measurements, i.e., for 6270°, are probably 
accurate to about 7%. This error arises from the 
uncertainties in the spectrometer constants (1.5%), 
the effective stopping power és: (5.0%), the target 
angles (2.0%), counting statistics (generally about 3%), 
and the integrator calibration (1.0%). The relative 
probable errors amount to about 3 or 4%. 

For the thin-target measurements a larger uncer- 
tainty (about 12%) arises from the application of the 


16 J. B. Marion and G. Weber, Phys. Rev. 102, 1355 (1956). 
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correction curve and the normalization. Consequently, 
the absolute cross sections for the 15° and 45° curves are 
probably accurate to about 15%. The relative errors are 
of the order of 5%. 

Table I gives a comparison of the differential cross 
sections at E,=1.00 Mev for the Be*(p,d)Be® and 
Be®(p,a)Li® reactions obtained by Thomas, Rubin, 
Fowler, and Lauritsen! at 6), = 138° with values found 
in the present work. The comparison is made in the 
center-of-mass system, since our (p,d) cross section at 
#14» = 138° had to be obtained from the angular distribu- 
tion, which is given in center-of-mass coordinates (see 
next section). Since in the work described here, the 
(paz) cross section had been determined only at 
is» =90°, the relative angular distribution measured 
by Neuendorffer, Inglis, and Hanna? was used to 
transform the (p,«) cross section of Thomas et al.' to 
the corresponding center-of-mass angle (98.5°). There 
is good agreement between the cross sections for both 
reactions. (The values of Thomas ef al. are accurate to 
about 15%.)!7 

RESULTS 


A. Be®(p,d)Be® 


The excitation curves obtained for the (p,d) reaction 
at Oian=15°, 45°, 70° and at O45=90°, 110°, 135° are 
shown in Fig. 1 and in Fig. 2, respectively. The differ- 
ential cross sections in millibarns per steradian are 
plotted against the bombarding energy, without a 


correction for the energy loss in the target. The curves 
show pronounced resonance structure and change quite 
drastically with angle. The maxima near 0.93 Mev and 
2.3 Mev are common to all 6 curves. In the forward 
direction additional maxima show up near proton 
energies of 1.2 and 1.6 Mev. At 90° the 1.2- and 1.6-Mev 
peaks do not occur, but a maximum is observed near 
1.4 Mev, about the same energy at which the forward 
curves have dips. At @4,=110° and 135°, a strong 
minimum appears at about 1.1 Mev and the peaking 
near 1.4 Mev is stronger than at 90°. Near 1.75 Mev, 
where the 90° curve has a minimum, the 110° curve 
shows the indication of a broad maximum which has 
grown to a strong peak at 135°. Careful studies were 
made of the energy regions near 1.084 Mev where 
Mozer® finds an s-wave resonance in the elastic proton 
scattering, and in the region of the 2.562-Mev, T=1 


TABLE I. Comparison of differential cross sections for the 
Be®(p,d)Be® and Be®(p,a)Li® reactions at E,= 1.00. 








Cross section in mb/sterad (c.m.) 


Thomas ef al.* 
Neuendorffer e¢ al.» 


Reaction 6(c.m.) 





Present work 
8.5+0.7 
23.741.9 


143° 


Be®(p,d) Be® 
98.5° 


Be*(p,a)Li® 19.5 








* See reference 1. 
> See reference 2. 


17 W. A. Fowler (private communication). 
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Fic. 1. Differential cross section curves for the Be®(p,d)Be® 
(ground state) reaction as a function of bombarding energy 
(uncorrected for target thickness) at observation angles of 15°, 
45°, 70°. 


resonance.*!® No resonance structure within experi- 
mental error was found at either energy. The rapid 
variation with angle of the energy dependence of the 
cross section suggests that strong interference effects 
between states of opposite parity are operative, espe- 
cially for proton energies between 1 and 2 Mev. 

In order to determine the true locations of the reso- 
nances, the energy dependence of the total cross section 
was computed from the data of Figs. 1 and 2. The 
following procedure was applied: for each energy at 
which 15° data had been taken, the differential cross 
section for all six angles was transformed to the center- 
of-mass system by using the tables of Marion and 
Ginzbarg'® and was plotted against the cosine of the 
center-of-mass angle. In this way more than 60 angular 
distributions were obtained, from which the totai cross 
sections were derived by integration. The total cross- 
section curve thus obtained is shown in Fig. 3. There 
are maxima at 0.93, 1.25, 1.64, and 2.3 Mev, superposed 
on a monotonically decreasing background. The peaks 
in Fig. 3 are relatively weak, indicating that the large 
variations in the differential cross-section curves are due 
mainly to the interference terms. 


18R. J. Mackin, Jr., Phys. Rev. 94, 648 (1954). 

19 J. B. Marion and A. S. Ginzbarg, Tables for the Transformation 
of Angular Distribution Data from the Laboratory System to the 
Center-of-Mass System (Shell Development Company, Houston, 
1955). 
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To demonstrate the energy dependence of the 
angular distributions, nine typical distributions are 
shown in Fig. 4, along with the more complete angular 
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Fic. 2. Differential cross-section curves for the Be®(p,d)Be® 
(ground state) reaction as a function of bombarding energy 
(uncorrected for the energy loss of the protons in the target) at 
observation angles of 90°, 110°, 135°. 
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distribution at E,= 1.820 Mev, which was measured in 
5° intervals from @=15° to 140°. For proton energies 
less than about 1.25 Mev, the distributions are strongly 
peaked forward, the forward-to-backward ratio going 
through a maximum at about 1.1 Mev. Near 1.25 Mev 
the asymmetry starts decreasing and near 1.6 Mev the 
angular distribution is almost symmetric about 90°. Up 
to 1.8 Mev the distributions can be represented approxi- 
mately by an expansion of the form: 


do /dQ=2x[a(E)+6(E) cosé+c(E) cos’*?]. (1) 


The coefficients a, b, and c for the data below 1.8 Mev 
are plotted against the proton energy in Fig. 5. The 
total cross section, plotted on an arbitrary scale, is 
shown for comparison. 

For proton energies greater than about 1.8 Mev, the 
angular distributions become increasingly peaked for- 
ward. Fitting the angular distributions for E,> 1.8 Mev 
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Fic. 3. Total (,d) cross section as a function of bombarding 
energy. The points shown were obtained by integrating the 
angular distributions which had been constructed from the dif- 
ferential cross sections of Figs. 1 and 2. 


with a cosine expansion of the form (1) is neither pos- 
sible nor sensible, in view of the contribution from the 
pickup process for these energies. 


B. Be®(p,a)Li*® 


The differential cross section measured at 61, =90° 
for the Be*(p,a)Li® (ground state) reaction is shown in 
Fig. 6. After passing through the 0.93-Mev resonance, 
the cross section shows a broad maximum near 1.25 Mev 
and decreases rapidly, reaching a minimum at 1.4 Mev. 
Up to this energy the (p,a) excitation curve looks very 
similar to the (p,d) curves at 45° and 15°. Between 
1.4 Mev and 1.8 Mev the (,a) cross section increases 
and is fairly constant between 1.8 and 2.1 Mev. For 
E,22 Mev the yield shows an over-all decrease inter- 
rupted by a small resonance anomaly at 2.56+0.02 
Mev. The region near the resonance is shown on an 
expanded scale in the insert of Fig. 6. The width of this 
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resonance is 40+ 10 kev which is in good agreement with 
the known width*®*!* for the J=2+, T=1 resonance. 
The identification of the resonance with this level is 
supported by the smallness of the effect, since the decay 
B*—Li®+a involves a change of isotopic spin by one 
unit and consequently the transition rate is expected 
to be small. 
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Fic. 4. Typical angular distributions of the Be®(p,d) Be® reaction. 
The differential cross sections were taken from Figs. 1 and 2, 
transformed to center-of-mass coordinates, and plotted against 
the cosine of the center-of-mass angle. 


DISCUSSION 
A. Angular Distributions and Excitation Curves 


It seems probable that the small peak near 1.25 Mev 
in the (p,d) total cross-section curve (Fig. 3) corresponds 
to the 1.33-Mev resonance observed by Mozer.® The 
larger width, derived from proton scattering, may result 
from the neglect of a level near E,=1.6 Mev in the 
analysis of the scattering experiments.” That the 
1.084-Mev resonance was not observed either in the 


2” F, S. Mozer (private communication). 





Fic. 5. The coeffi- 
cients «4, 6, ¢ of 
the expansion do/dQ 
=2n(a+b cosé+c cos’) 
as a function of proton 
energy. The total cross 
section, plotted on an 
arbitrary scale, is shown 
for comparison. 
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(p,d) or (p,x) experiments is consistent with a J=0+ 
assignment® for the corresponding 7.56-Mev level in 
B” which forbids the emission of ground state deuterons 
and a particles. Near 1.6 Mev where a strong peak 
appears in the differential cross-section curves at back- 
ward angles, only a weak maximum is visible in the total 
cross section. Strong interference effects with neigh- 
boring levels and the nonresonant (probably pickup) 
background must be responsible for this behavior. 

The total (,d) cross-section curve shows a resonance 
at E,=0.93 Mev with a width of 130+30 kev. The 
equality of the width of the 0.930-Mev resonance found 
in the (p,d) reaction and: that of the 0.998-Mev reso- 
nance found in the elastic scattering® suggests that the 
corresponding levels are actually identical. Why the 
resonance energies do not agree is not clear; it is pos- 
sible that the peak in the (,d) experiments is shifted to 
a lower energy by the interference with a level or levels 
of the same parity, or by the interference of resonant 
and nonresonant (possibly pickup) amplitudes of the 
same parity. It is known! that the resonance level at 
E,=0.33 Mev (B*=6.88 Mev) strongly emits deu- 
terons and a particles as well as intense E1 radiation” 
to the T=1 level at 1.74 Mev. The 6.88-Mev level is 
therefore identified as a J=1-, T=0 state formed by 
s-wave protons; the deuteron and a-particle widths 
arise from a sizable T= 1 impurity resulting from strong 
coupling to another J=1~ state with T=1 at a higher 
energy. If one assumes that this latter state is the 7;=0 
analog of one of the levels at 5.96, 6.18, and 6.26 Mev 
in Be", it should correspond to a proton energy of about 
1.5 Mev. The broad maximum near 1.6 Mev in the total 
(p,d) cross-section curve (Fig. 3) or (less likely) the one 
at 2.3 Mev may be due to this level. It is possible that 
a similar situation obtains for the 7.48-Mev state 
(E,=0.998 Mev). Since this level has* J=2-, the large 
radiation width for the transition to the ground state” 


21D. H. Wilkinson and A. B. Clegg, Phil. Mag. 1, 291 (1956). 
2 W. F. Hornyak and T. Coor, Phys. Rev. 92, 675 (1953). 
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Fic. 6. Differential cross-section curve for the Be*(p,a)Li® 
(ground state) reaction at 6=90° as a function of bombarding 
energy. The portion of the curve near the 2.56-Mev resonance is 
shown in the insert on an enlarged scale. The proton energies have 
not been corrected for the energy loss in the target (~3 kev). The 
resonance energy is 2.56++0.02 Mev. 


requires El radiation, and therefore the isotopic spin 
must be T= 1. If the 0.930-Mev resonance is indeed due 
to this level, then the fact that deuteron and a-particle 
emission is rather strong indicates an appreciable T=0 
impurity. Such an impurity would result from coupling 
to a J=2-, T=0 state in the neighborhood; this level 
may be the 7.75-Mev state (E,1.3 Mev) found in 
elastic scattering® and in the present experiments. It is 
possible, however, that the 0.930-Mev (p,d) resonance 
is distinct from the scattering resonance and corresponds 
to a different B” state at 7.42 Mev. The fart that the 
(p,a) resonance also occurs at 0.930 Mev may support 
this hypothesis. 

The angular distributions below and above the 1.6- 
Mev region are peaked forward and do not change very 
strongly with the bombarding energy, suggesting that 
part of the reaction cross section is due to a pickup 
process over the whole energy range studied. This 
behavior is not surprising in view of the structure of 
Be*®; because of the low binding energy of the last 
neutron (1.7 Mev) the Be® core and the neutron are 
during part of the time fairly well separated, and there 
is a good probability for the incoming proton to pick up 
the neutron without interacting with the core. That the 
pickup mechanism can account for the largest part of 
the reaction cross section near 3 Mev is demonstrated 
in Fig. 7, where the angular distribution, taken at 
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E,=2.84 Mev, has been fitted by a Bhatia-type* 
stripping curve for /,=1, using a radius of 6.14 10-* 
cm. The good agreement between the experimental 
points and the theoretical curve at forward angles leaves 
little doubt that the reaction proceeds mainly via a 
pickup process. 


B. 2.56-Mev Resonance 


None of the six (p,d) excitation curves (Figs. 1 and 2) 
shows indications of an anomaly near 2.56 Mev, i.e., no 
systematic deviations of the experimental points from 
the smooth curves are noticeable. From the maximum 
deviations of the points from the curves it can be 
concluded that, if there are contributions to the differ- 
ential cross sections of a narrow resonance near 2.56 
Mev, they must be smaller than about 1.2 mb/sterad 
at all angles. Since a weak resonance, superimposed on 
a nonresonant background, is usually visible mainly by 
virtue of the interference terms, the actual resonance 
cross section ar is probably much smaller. However, 
since no such effect was observed, one has to rely on 
the total cross-section curve. From Fig. 3 it can be seen 
that the total resonance cross section o7<13 mb, and 
from this an upper limit for the deuteron width can be 
obtained. Taking Marion’s valuet for the reduced 
proton width y,?=2.5X10~"* Mev cm and using the 
tables of Breit and co-workers” to get the penetration 
factor, a proton width of ',=7 kev is obtained.?* With 
the known total width*+!* of 38 kev, the Breit-Wigner 
formula yields an upper limit for the deuteron width of 
T'aS13.5 kev for d waves (for /,=1 and J=2+ or 3+, 
the angular momenta of the outgoing deuterons, and 
ao particles are uniquely determined to be /,=]a=2, no 
matter whether the channel spin in the entrance channel 
is 1 or 2). The ratio of the reduced width to the sum rule 
limit is 0?S4.5X 10%. This value is certainly much too 
large to be used for an estimate of the isotopic spin 
impurity of the 8.89-Mev state in B”. 

The deviation Ac= |7—op| of the (p,q) cross section 
from a smooth curve (Fig. 6) in the resonance region is 
of the order of 0.45 mb/sterad. The cross section at 
resonance can be expressed as the sum of 3 terms: 


o(90°)=op+or+071, (2) 


where oz is the cross section of the nonresonant back- 
ground, or the resonance cross section, and a, is the 
cross section resulting from the interference of resonant 


*% Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 

* This value is consistent with the radii found in the fitting of 
(d,p) data from other nuclei with the theory of A. B. Bhatia et al. 
A compilation of these radii has been given by R. Huby [Progr. 
Nuclear Phys. 3, 177 (1953)]. 

** Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 

*6 The radii for the a-particle and proton channels were obtained 
from the formula R(A:+A 2) =1.45X 107(A +A!) cm. For the 
estimate of the deuteron width, R(Be®+d) was taken equal to the 
stripping radius R=6.14X 10-8 cm (see reference 24) which was 
used to fit the angular distribution of Fig. 7. 
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and nonresonant amplitudes. Assuming that the entire 
background is interfering with the resonance amplitude, 
and that both contributions are completely in phase, one 
obtains an upper limit for 7: 


lor| < 2er'op!. (3) 
Since crop, Eqs. (2) and (3) give a lower limit for cr: 
ore (Ac)*/4op. 


The opposite extreme case that the resonant and the 
nonresonant amplitudes have a phase difference of 90°, 
i.e., ¢r=0, is evidently not realized, since the shape of 
the anomaly clearly indicates destructive interference. 
The pure resonance cross section certainly amounts to 
less than Ao/2. The total resonance cross section is 
orr=(16r/3)o(90°) for entrance channel spin 1 or 
orr= (16x/5)0(90°) for entrance channel spin 2. There- 
fore, using Ao(90°)=0.45 mb/sterad, one obtains 


0.08 SorrS3.9 mb. 


For the resonance parameters, one obtains in the same 
way as for the deuteron case: 


0.08<T4<4.0(kev), 
1.2X10-""<y.2<6.0X 10-6(Mev cm), 
2.2X 10-°<6,2< 1.1 10-3. 


Since 6,? must arise from a T= 1 admixture to the Li® 
ground state and/or a T=0 admixture to the T=1 
state in B”, 

9.2 = p(Li8)Oa°-+ p(B™)Oq0°, 


where p(Li®) and p(B") are the impurities of the states 
involved. 6.;2 and @a0? are the dimensionless reduced 
widths resulting from T= 1 and T=0 parts of the wave 
functions. For the (T= 1)—(T=1) transition B!°(8.9)—> 
Li§(3.57)+a, Mackin'® has found a reduced width of 
6.°=0.25. If one takes this value for both @a0? and 6.1’, 
and uses the estimate of MacDonald” for the T=1 
impurity of Li®, p(Li®)=10~, then the upper limit on 
the isotopic spin impurity of the B" level is p(B*)<4 
X10-*. About the same upper limit holds for the 3+ 
member of the 8.89-Mev doublet, since this state would 
have been more difficult to observe because of its larger 
total width. 

For T=0 states in B” excited to less than about 10 
Mev, MacDonald”’ estimates 7=1 impurities of the 


27, W. M. MacDonald, Phys. Rev. 101, 271 (1956). 
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Fic. 7. The angular distribution of the Be®(~,d)Be® (ground 
state) reaction at E,=2.84 Mev in the center-of-mass system. The 
relative errors are indicated by vertical lines. The solid curve was 
computed from the stripping theory of Bhatia et a/.% for /,=1 and 
a radius* of 6.14 10-" cm. 


order of 10-*. The present result seems to indicate that 
the T=1 states in this region have T=0 impurities of 
the same order of magnitude. 
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New Isotope Einsteinium-248} 
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The new isotope E** has been identified among the products of the deuteron bombardment of Cf™®*. It 
decays principally by electron capture with a half-life of 2545 minutes and also by the emission 
of (6.87+-0.02)-Mev alpha particles. A branching ratio (E.C./a) of ~400 was determined from the amount 
of Cf ** formed by electron-capture decay of the new isotope. Partial excitation functions supporting the 


assignment to mass number 248 are presented. 





NEW isotope of einsteinium, E**, has been 

identified among the products of the bombard- 
ment of Cf** with 18- to 22-Mev deuterons. It decays 
principally by electron capture with a half-life of 255 
minutes and also by the emission of (6.87+-0.02)-Mev 
alpha particles. 

The deuteron bombardments were made in the 60- 
inch cyclotron of the Crocker Laboratory, using the 
recoil collection technique described elsewhere.!:? The 
target used for this work contained about 10" atoms of 
monoisotopic Cf in addition to about 2X10" atoms 
of its parent Bk™*. Immediately after bombardment, 
the californium and einsteinium reaction products were 
separated by ion-exchange methods*® and electrode- 
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Fic. 1. Excitation functions for the (d,2n) and 
(d,3%) reactions on Cf*9, 





+ This work was done under the auspices of the U. S. Atomic 
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*On leave from the Nobel Institute of Physics, Stockholm, 
Sweden. 

1Ghiorso, Harvey, Choppin, Thompson, and Seaborg, Phys. 
Rev. 98, 1518 (1958), ’ eng 

? Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson, 
Phys. Rev. 104, 1315 (1956), following paper. 

* Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 


posited on platinum foil for examination by alpha 
pulse-height analysis. From ten to thirty alpha events 
of 6.87 Mev were observed in each experiment in addi- 
tion to larger amounts of E*” (a, 6.76 Mev, 2 hours)? pro- 
duced by the Cf°(d,2n) reaction. 

The atomic number of the new nuclide was estab- 
lished by its elution together with E*” from cation 
exchange resin, using a-hydroxyisobutyric acid as the 
eluting agent.‘ The assignment to mass number 248 was 
on the basis of the partial excitation function of Fig. 1. 
The approximate cross sections shown were calculated 
from the observed alpha-disintegration rates and 
branching ratios, assuming recoil collection yields of 
100% in the bombardments. The excitation function 
for the production of E*** is seen to differ qualitatively 
and quantitatively from that for the production of 
E*”, and to exhibit a shape consistent with that ex- 
pected for the (d,3m) reaction. The assignment to mass 
number 247 is excluded by the observed production of 
the 25-minute activity below the threshold of the 
(d,4n) reaction, as calculated from the data of Glass, 
Thompson, and Seaborg.® 

The electron capture-to-alpha decay branching ratio 
was determined from the amount of Cf*48 (a, 6.28 Mev, 
225 days) which grew into a carefully separated sample 
of the einsteinium isotopes resulting from Cf? (d,xn) 
reactions. From the observed counting rates of E** and 
Cf**8 in this experiment a branching ratio of about 400 
(E.C./a) was estimated. 

It is a pleasure to acknowledge the cooperation of 
the staff and crew of the 60-inch cyclotron in this work. 
The authors are also indebted to B. G. Harvey, S. G. 
Thompson, and G. R. Choppin for their part in the 
preparation of the target material. The continued 
interest and encouragement of Professor G. T. Seaborg 
is gratefully acknowledged. 


4 Choppin, Harvey, and Thompson, J. Inorg. Nuclear Chem. 2, 
66 (1956). 

5 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 3 
(1955). 
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The new isotopes E**, E*, E*5!, and E*? were produced by bombardment of Bk? with helium ions. 
A recoil method was used to separate the bombardment products from the target material, so that the target 


could be used repeatedly. 


Approximate excitation functions for the formation of the einsteinium isotopes were measured as well as 
their half-lives, a-particle energies, and electron-capture branching ratios. 





INTRODUCTION 


HE bombardment of heavy-element nuclei with 
charged particles leads mainly to fission.! The 
cross sections of reactions such as (a,x) are therefore 
much lower for target nuclei of Z>90 than they are 
for lighter elements. The excitation functions of several 
reactions of the (a,«n) and (a,xp yn) types have been 
studied for target nuclei up to Cm**,!2 It is of some 
interest to investigate similar reactions with even 
heavier targets to see whether the same pattern of 
competition between fission and spallation is maintained. 
In the work described herein, the 280-day 6--emit- 
ting Bk” was bombarded with helium ions from 20 to 
40 Mev, and reactions of the type (a,xm) were studied 
radiochemically. Such reactions can produce four 
previously unobserved isotopes of einsteinium (symbol 
E, atomic number 99) with mass numbers from 249 to 
252. E*® could presumably be produced by (a,5m) 
reaction at the highest energies, but in fact it was not 
observed. 

The production of Bk” by multiple neutron captures 
and @- decays, starting with Pu**, has already been 
described.* The amount of Bk™® available was only 
1.2X10-* g, or about 3X10" atoms. Hence it was 
necessary to use all of it in each bombardment, and to 
use the highest available helium-ion beam density in 
the Crocker Laboratory 60-inch cyclotron. 

These requirements were met by using a deflector- 
channel target assembly previously developed for the 
production of the new element mendelevium (atomic 
number 101). The target material was deposited as a 
very thin layer over a rectangular area 0.6X6 mm on a 
0.005-cm-thick gold foil. (This small target area was 
chosen to match the area of the most intense helium-ion 
beam.) The target area was exposed to a collimated 
helium-ion beam whose intensity varied from about 20 
to 75 wa/cm?, depending on how well the cyclotron was 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Glass, Cobble, Carr, and Seaborg, Phys. Rev. 104, 434 (1956). 

2 Chetham-Strode, Choppin, and Harvey, Phys. Rev. 102, 747 
(1956). 

3’ Thompson, Ghiorso, Harvey, and Choppin, Phys. Rev. 93, 
908 (1954). 

4Ghiorso, Harvey, Choppin, Thompson, and Seaborg, Phys. 
Rev. 98, 1518 (1955). 


adjusted. The beam passed first through the gold foil 
and then through the Bk™® target, so that nuclear 
reaction products were ejected from the target in the 
forward direction. They were caught on a 0.00025-cm- 
thick gold “catcher” foil placed about 5.5 mm from the 
target foil. By this method it was possible to bombard 
the Bk” target a large number of times without the 
necessity of dissolving it. Some 45 bombardments, 
many of them for as long as 9 hours, were made with no 
loss of target material. 

The energy of the helium ions was varied by inserting 
aluminum degrading foils into the beam ahead of the 
target. The helium-ion beam intensity was measured 
with a Faraday cup placed behind the thin gold catcher 
foil. The Bk target also contained a known amount of 
Cm*, from which Cf** was produced by the (a,2m) 
reaction. From the known cross section for this reaction® 
and the measured amount of Cf** finally separated from 
the catcher foil, the over-all yield was calculated for 
each bombardment. The yield value obtained in this 
way included both the recoil collection efficiency and 
the chemical handling loss. In almost every case, yields 
between 60 and 90% were obtained. 


EXPERIMENTAL 
1. Target Preparation 


The recoil of At? atoms produced by bombardment 
of Bi? with helium ions was investigated by Chetham- 
Strode.® For helium ion energies of 20 to 40 Mev, he 
found that high ejection yields of nuclear reaction 
products should be obtained if the density of the target 
deposit was less than about 30 ug/cm?. Since the target 
area was only 0.036 cm’, the total weight of target and 
impurities could not be allowed to exceed 10~* g. Pre- 
liminary experiments with targets of Cm showed 
that it was possible in practice to obtain ejection yields 
very close to 100% for the (a,2m) reaction. The Cf 
produced in this case was found to be projected forward 
into a rather narrow cone. 

Radiochemically pure Bk” was isolated by precipita- 
tion and ion-exchange methods, which have been de- 


5A. Chetham-Strode, University of California Radiation 
Laboratory Report UCRL-3322, 1956 (unpublished). 
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scribed earlier.* At this point, a known amount of Cm*“ 
was added. Final chemical purity was obtained by 
elution of the berkelium and curium with pure 6M 
hydrochloric acid through a bed, 4 cm by 0.3 cm in 
diameter, of purified Dowex-50 cation-exchange resin 
(4% cross-linked). By use of a very low flow rate of 
eluant, the berkelium and curium were eluted as a very 
sharp band in a volume of only about 0.1 ml. The 
solution was then evaporated to dryness. 

The deposition of the mixture of Bk*® and Cm™ onto 
the gold target foil was made electrolytically. The Bk 
and Cm were dissolved in 6M ammonium chloride of 
high purity at a pH of about 2, and transferred to a cell 
in which the annealed gold target foil was the cathode. 
The bottom of the cell (Fig. 1) defined the area over 
which the target materials would deposit. A carefully 
cleaned platinum wire anode was used. A current 
density of about 1 amp/cm? of cathode surface, main- 
tained for about 40 min, brought about the deposition of 
80 to 90% of the target material onto the gold foil. 
After the ammonium chloride was rinsed off, the foil 
was washed with acetone and heated to a dull red to 
expel volatile substances. Finally it was fastened into a 
stainless steel holder (see Sec. 2) with Epon’ resin. 

The amount of Bk” in the target was estimated by 
counting aliquots of the cell solution before and after 
the deposition. A windowless proportional counter was 
assumed to give a counting efficiency of 90% for the 
8- particles from Bk** mounted on thick platinum 
plates. 


2. Cyclotron Probe 


An expanded schematic view of the deflector-channel 
probe is shown in Fig. 2. The helium-ion beam was first 
collimated by means of the water-cooled copper and 
graphite collimator A. The second collimator B reduced 
the beam to the required size. The stainless steel 
holder C supported a 0.04-cm-thick duraluminum foil 
which sealed the rest of the probe assembly from the 
cyclotron vacuum. Aluminum absorber strips could be 
mounted behind the duraluminum foil. Holder D 
supported the target. The foils C and D were cooled by 

6 Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. 
Soc. 76, 6229 (1954); Choppin, Harvey, and Thompson, J. Inorg. 
Nuclear Chem. 2, 66 (1956). 


7An epoxy resin supplied by Shell Development Company, 
Emeryville, California. 
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means of rapid circulation of helium between them. The 
gold “catcher” foil E was mounted on the end of rod F 
with Scotch tape. The rod F terminated in a water- 
cooled aluminum block which served as the Faraday 
cup. The space between the target and the catcher foil 
was evacuated. The several cooling and vacuum systems 
were interlocked so that the cyclotron could not be 
operated until proper conditions were obtained. 

The rod F could be very rapidly withdrawn after 
completion of a bombardment, so that no time was lost 
in examining the products. Holders C and D sealed into 
the assembly with O-rings so that they too could be 
readily withdrawn to permit a change of target or 
absorber. 

The target and collimator B assembly cou!d be moved 
vertically by remote control so that the most intense 
beam could be located. Cooling of the foils wasadequate 
to permit a beam as large as 200 wa/cm? to be used over 
prolonged periods of time, but such intense beams were 
not commonly available. 


3. Chemical Separations 


At the end of a bombardment, the Faraday cup rod 
was removed and the catcher foil torn off. The foil was 
dissolved in a few drops of 8M hydrochloric acid con- 
taining a little nitric acid. The solution was then forced 
rapidly through a 5-by-0.3-cm bed of Dowex-1 anion- 
exchange resin. The resin bed was heated to 87°C by 
means of an outer jacket through which trichloroethyl- 
ene vapor was circulated. Under these conditions, gold 
was very completely retained by the resin, while the 
tripositive actinide elements passed through. The resin 
bed was washed with a few drops of 8M hydro- 
chloric acid. 

The solution thus obtained was evaporated to dry- 
ness. The several actinide elements were then separated 
from one another by means of elution through a bed of 
Dowex-50 cation-exchange resin, with a solution of 
ammonium a-hydroxy isobutyrate as eluant. This, and 
the other chemical procedures, have been fully described 
elsewhere.* The a radioactivity of the separated actinide 
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NEW ISOTOPES OF E 


TABLE I. Nuclear properties of einsteinium isotopes. 








Ratio of electron 
capture to @ 
branching 


760 
a not observed 


a-particle 
energy 
(Mev) 


Type of 
Isotope decay* 


EM” §=6E.C.,a@ 
E =E.C., a? 
E% §6E.C.,a@ 
E22 a, E.C.? 


Half-life 


2 hr 

8 hr 

1.5 days 

~140 days 
48" >20 yr 





6.76 
Not observed 
6.48 


6.64 E.C. not observed 








* E.C. refers to electron capture. 


element fractions was then examined with a gridded 
ionization chamber and pulse-height analyzer. 

In experiments where the electron-capture activities 
were to be examined, further decontamination from 
radioactive impurities was required. The actinide 
element fraction from the Dowex-1 anion-exchange bed 
was purified by coprecipitation of the actinide elements 
with a carrier of lanthanum fluoride. The precipitate 
was redissolved in a saturated solution of boric acid. 
The actinide elements were further purified (and separ- 
ated from the lanthanum carrier) by elution through a 
bed of Dowex-50 cation-exchange resin with saturated 
hydrochloric acid containing 20% ethyl alcohol.* The 
final separation of the actinide elements from one 
another was then made as described above. The full 
chemical procedure required about 2 to 2.5 hours. 


NUCLEAR PROPERTIES OF EINSTEINIUM ISOTOPES 


Four previously unobserved isotopes of einsteinium 
were produced in this work. Their mass assignments 
were made initially from the systematics of decay® and 
confirmed by means of excitation functions. Their 
properties are summarized in Table I. 

The electron-capture decays were observed in a 
windowless proportional counter, for which a counting 
efficiency of 80% was assumed for thin samples mounted 
on platinum plates. It was not possible to measure the 
counting efficiency for any of the nuclides involved, but 
the assumed counting efficiency is based on the general 
experience of this laboratory. 

The observed a-particle energies (not necessarily 
ground-state transitions) of the known isotopes of 
californium and einsteinium are plotted against their 
mass numbers in Fig. 3. The einsteinium isotopes show 
a break associated with a neutron number of 152, which 
was first observed for the californium isotopes.’ A 
similar break has also been observed for the isotopes of 
fermium.” (In Fig. 3, data are included for the recently 
discovered nuclides E748 and Fm?*®!,11.!2) 


8 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 3 
(1955). 

®Ghiorso, Thompson, Higgins, Harvey, and Seaborg, Phys. 
Rev. 95, 293 (1954). 

%” A, Ghiorso ef al. (unpublished) ; A. M. Friedman ef al., Phys. 
Rev. 102, 585 (1956). 

1 A, Chetham-Strode and L. W. Holm, Phys. Rev. 104, 1314 
(1956), preceding paper. 

12 Harvey, Chetham-Strode, Holm, and Thompson (to be 
published). 
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The half-life measurements were most accurately 
made by resolution of proportional-counter decay 
curves such as that shown in Fig. 4. The decay of E*®, 
however, was observed only by means of a-pulse 
analysis, which yielded the decay curve shown in Fig. 5. 
The decay of the other nuclides was also studied by 
a-pulse analysis to check the half-life values obtained 
in the proportional counter. 


REACTION CROSS SECTIONS 


The yields of the four new isotopes of einsteinium 
were measured in some experiments with a windowless 
proportional counter and in others by a-pulse analysis. 
The accuracy of the cross-section measurements was 
limited to about +30% by (1) uncertainty in the 
amount of Bk“ in the target (the very soft @~ activity 
of Bk is not easy to count accurately, since the 
counting yield is very sensitive to the thickness of the 
sample), and (2) counting statistics in those experiments 
in which yields were measured by a-pulse analysis. For 
example, less than 20 events of the 6.76-Mev a particle 
of E** were usually observed. 

The 8 decay of the Bk* produced Cf’, so that 
bombardment of the target yielded progressively larger 
amounts of Fm isotopes whose electron-capture decay 
produced further amounts of E*, E*!, and possibly 
E*°, Reactions such as Cf™°(a,p2n)E*” presumably also 
occurred. 

The Bk? (@,2) and (a,2) reactions were studied at a 
time when the amount of Cf’ in the target was neg- 
ligible. The E*° was produced by Bk**(a,3m), by 
Cf?(a,p 2n), and by Cf*(a,3n)Fm**—g.c¢.—E™. Al- 
though the-atom ratio of Bk*** to Cf* in the target was 
always larger than 2:1, a large fraction of the E*” was 
probably produced by the Cf (a@,p 2m) and (a,t) 
reactions, since reactions of this type appear to have 
unexpectedly large cross sections." It was not possible 
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18 W. A. Wade (private communication, 1956). 
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to distinguish between the various modes of production 
of E*, so that the excitation curve shown in Fig. 6 is a 
sum of the cross sections and serves mainly to confirm 
the mass assignment of E*®. The cross sections given 
for the (a,m) curve are based on the assumption that 
E*® is 6-stable. This is almost certainly not true. Hence 
the cross sections for Bk**(a,n)E* represent lower 
limits, but probably fairly close ones. 

The (a,m), (a,2m), and (a,4) curves in Fig. 6 are very 
similar in shape and magnitude to those obtained for 
other somewhat lighter nuclides such as Pu™* or Pu. 
The cross sections are comparable in magnitude, show- 
ing that fission is not rapidly superseding spallation as 
the Z and A of the target are increased. (For a more 
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detailed discussion, see reference 1.) The flatness of 
both the (a,m) and (a@,2m) curves is not readily to be 
explained by the usual compound-nucleus mechanism. 
To avoid fission or further particle evaporation, the 
residual nucleus must be left with less than about 6 Mev 
of excitation. This implies that much more energy is 
carried off by the neutrons in the (a,m) and (a,2n) 
reactions than is required by an evaporation mechanism 
involving commonly accepted values for nuclear tem- 
peratures. The small peak in the (a,2m) curve might 


CROSS SECTION, MILLIBARNS 
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Fic. 6. Excitation functions for formation of einsteinium 
isotopes. W Bk**(a,n)E*?; @ Bk™°(a,2n)E*; gy Bk®°(a,3n)E2” 
+Cf (a3) Fm?— E2%-+ Cf (a, p2n) E+ Ci (a,t) E®; 4 Bk™- 
(a,4n) E*®+- Cf (a, p3n) E*9, 
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then be attributed to a compound-nucleus-evaporation 
mechanism, while the long “tail”? at higher energies 
must be due to a different mechanism—perhaps a direct 
interaction of the helium ion with one or two neutrons. 

Such a non-conpound-nucleus mechanism implies the 
transfer of less momentum to the reaction product, and 
hence implies that the recoil collection efficiency might 
be less than expected. However, the Bk™® target deposit 
was sufficiently thin that recoils with much less than the 
full momentum would escape. (This was shown by 
measuring in several bombardments the small amount 
of Bk ejected from the target by elastic and inelastic 
scattering processes, which gives a very sensitive meas- 
ure of the thickness of the target.) In addition, the 


4A. Chetham-Strode (unpublished). 
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measurement of the yield of Cf** from the Cm™ added 
to the target automatically compensated for any such 
effects insofar as they occurred equally for nuclear 
reactions of Bk*® and for the (a,2m) reaction of Cm™, 
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The differential cross sections for elastic scattering of 2.5-Mev neutrons by Al, Fe, Zr, Sn, Ta, and Bi were 
measured over the angular range from 15° to 160°. At 7.0 Mev similar measurements were made for Be, C, 
Al, Fe, Zr, Sn, Ta, and Bi at angles ranging from 12° to 150°. Inelastic collision cross sections were deter- 
mined by sphere transmission measurements for a number of elements at 1.0-, 1.77-, 2.5-, 3.25-, and 7-Mev 


neutron energies. 


By using an optical model of the nucleus, cross sections for elastic scattering and for compound nucleus 
formation were calculated. With suitable choices of the optical model parameters the calculated cross sec- 
tions are in reasonable agreement with the experimental values. 


I. INTRODUCTION 


REVIOUS measurements of fast-neutron inter- 

actions with nuclei have been interpreted with 
considerable success in terms of an optical model of the 
nucleus.‘ This model, which represents the nucleus by 
a complex potential well, can be used to calculate the 
total cross section, the differential cross section for 
elastic scattering, and the cross section for compound 
nucleus formation. Most calculations of this type have 
been done using a square potential well. Although the 
qualitative features of the cross-section variations 
with energy and with atomic weight were reproduced, 
this model failed in one notable respect. Namely, the 
cross sections for compound nucleus formation were 
significantly smaller than the experimental data in- 
dicated.? The source of trouble was thought to be the 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

+ Now at Lockheed Aircraft Corporation, Palo Alto, California. 

1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

2M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 

3'Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 


956). 
‘J. 0. Elliot, Phys. Rev. 101, 684 (1956). 
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sharp edge of the potential well, and rounding of the 
potential well was proposed. This refinement is identical 
to that introduced by Woods and Saxon! to interpret 
proton scattering experiments. The cross-section in- 
formation available some time ago was extensive enough 
to indicate the limitations of the complex, square-well 
model. However, it has been apparent that additional 
cross-section data would be helpful in testing the more 
refined models of the nucleus since very often the 
available information has not been sufficient to define 
a unique set of nuclear parameters. 

The investigation reported here was undertaken to 
measure differential cross sections for elastic scattering 
and inelastic collision cross sections in energy regions 
where experimental data were not available. Several 
measurements have been made in the past on the 
angular distributions of elastically scattered neu- 
trons.?*** However, very limited experimental data 


5R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
101, 506 (1956). 

®W. D. Whitehead and S. C. Snowden, Phys. Rev. 92, 114 
(1953) ; 94, 1267 (1954). Willard, Bair, and Kington, Phys. Rev. 
98, 609 (1955); A. Langsdorf and R. O. Lane, Phys. Rev. 99, 621 
(1955); W. J. Rhein, Phys. Rev. 98, 1300 (1955); I. L. Morgan, 
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‘Fic. 1. The experimental arrangement for 
differential cross-section measurements. 


exist in the neutron energy range between 1.5 and 3.7 
Mev and between 4.1 and 14.0 Mev. The measurements 
at 2.5 and 7 Mev reported here were undertaken to 
obtain information in these regions. Similarly, few 
measurements of inelastic collision cross sections exist 
for energies between 1 and 4 Mev and between 4.5 and 
14 Mev. The energy region between 1 and 4 Mev is of 
interest since for most elements the inelastic cross 
section rises rapidly with increasing energy in this 
region. Between 4.5 and 14 Mev recent measurements” 
have given values which for some elements are not in 
good agreement with those obtained in earlier integral 
experiments." To remove this uncertainty and to 
establish the energy dependance of the inelastic collision 
cross section, measurements were made on many ele- 
ments at 1.0-, 1.77-, 2.5-, 3.25-, and 7.0-Mev neutron 
energies. 

The comparison of the optical-model predictions 
with experiment is somewhat ambiguous at neutron 
energies below several Mev. As the neutron energy in- 
creases, this ambiguity becomes less important so that 
the measurements at 7.0-Mev neutron energy were 
especially desirable for the comparison of theory and 
experiment. 

In Sec. II of this paper the experimental procedure 
used in obtaining differential cross sections for elastic 
scattering and inelastic collision cross sections is briefly 
discussed. The results of the measurements are pre- 
sented in Sec. III. In Sec. IV the experimental values 
are compared with cross sections calculated using a 
complex, diffuse-edge nuclear potential, and values of 
the well parameters are discussed. 


Il. EXPERIMENTAL PROCEDURE 
A. Measurement of Angular Distributions 


Previous measurements?'*? at 1-Mev and near 4-Mev 
neutron energy indicated that the angular distributions 


Phys. Rev. 99, 621 (1955); Allen, Walton, Perkins, Olson, and 
Taschek, Phys. Rev. 104, 731 (1956). 

™M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 

8 J. H. Coon and R. W. Davis, Phys. Rev. 94, 785 (1954). 

® W. G. Cross and R. G. Jarvis, Phys. Rev. 99, 621 (1955). 

%” Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 

4 Bethe, Beyster, and Carter, Los Alamos Scientific sigueatanid 
Report LA- 1429, 1955 (unpublished). 


of neutrons scattered by elements with almost the same 
atomic weight were nearly identical. Therefore, in 
the present experiment a limited number of elements 
were chosen at intervals in the periodic table to deter- 
mine the variation of differential cross section with 
atomic weight. At 2.5 Mev the elements studied were 
Al, Fe, Zr, Sn, Ta, and Bi while at 7.0 Mev the differ- 
ential cross sections of Be, C, Al, Fe, Zr, Sn, Ta, and Bi 
were obtained. The general method used in measuring 
the angular distributions of elastically scattered neu- 
trons has been described in previous publications.?:’ 
Briefly, the method consists of placing a cylindrical 
scattering sample in a flux of monoenergetic neutrons 
and observing with an energy-sensitive detector the 
intensity of the scattered flux at various angles. From 
the ratio of the counting rates of the detector in the 
direct flux and in the scattered neutron flux and from a 
knowledge of the scatterer mass and of the geometry, 
the differential cross section can be obtained. 

Figure 1 indicates the experimental geometry. The 
distance between neutron source and scatterer was 
about 40 cm. The scattering samples were cylinders 6 
cm in length with diameters varying from about 1.5 
cm to 2.5 cm. The diameters were chosen so that only 
about 15% of the neutrons which interacted with the 
scatterer had more than one collision before leaving the 
sample. To measure the scattering at angles of 30° or 
greater, the detector was placed about 12 cm from the 
axis of the scattering sample. Observations at angles 
less than 30° were made with the sample to detector 
distance increased to about 25 cm. Shielding material 
was placed between the neutron source and the detector 
to reduce the counting rate produced by neutrons 
coming directly from the source. The background was 
measured by observing the counting rate with the 
scattering sample removed. 

Corrections were made to the measured data for 
differences in the efficiency with which direct and 
scattered neutrons were detected. This correction was 
made by calculating the loss in energy at each scattering 
angle for each element and comparing the detector 
sensitivity at this final energy with the detector sensi- 
tivity for neutrons of the primary energy. Corrections 
were also made for the attenuation of the primary flux 
in the scattering sample, for multiple scattering, and 
for the finite angular resolution of the geometry. The 
analytical correction procedure usually employed to 
remove the multiple scattering effects could not easily 
be applied to the scattering data at 7 Mev for elements 
heavier than aluminum because of the complicated 
shapes of the angular distributions. Therefore, the 
multiple scattering corrections for Fe, Zr, Sn, Ta, and 
Bi at 7 Mev were made by Monte Carlo calculations 
performed on the Los Alamos MANIAC digital com- 
puter. The corrections for finite angular resolution were 
made by an approximate unfolding of the counter 
resolution function from the experimental angular 
distributions. 
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2.5-Mev Measurements.—Neutrons of 2.5 Mev were 
produced by bombarding a tritium-gas target with 
monoenergetic protons from an electrostatic accelerator. 
The gas target was 6.0 cm in length and contained 
tritium at an absolute pressure of 60 cm Hg. The target 
chamber was separated from the accelerating tube 
vacuum system by a 0.001-cm-thick molybdenum foil. 
The over-all energy spread of the neutrons was about 
200 kev, the factors determining this spread being the 
thickness of the tritium-gas target and the straggling 
of protons through the molybdenum foil. Throughout 
the experiment, proton beams of 4 to 5 wa were used. 

The neutrons were detected by a cylindrical, methane- 
filled, proportional counter having a 0,0025-cm center 
wire surrounded by a 2.0-cm-diameter outer wall. The 
counter was operated at 10 atmos of purified methane 
and with 1500 volts on the center wire. Pulses produced 
by proton recoils in the counter were amplified by three 
amplifiers operated in parallel, with the output of each 
amplifier going to two scalers. The discriminator bias 
of each of the six scalers was set at one of three values; 
the two disciminators operating at the same bias being 
fed by different amplifiers. Thus, data were taken simul- 
taneously at three energy thresholds, and scaling errors 
and shifts in amplification could be recognized quickly 








° 


co (@) BARNS/ STERADIAN 
bad 














Fic. 2. Differential cross section in the laboratory system for 
elastic scattering of 2.5-Mev neutrons by Al, Fe, and Zr. The 
circles, triangles, and squares denote data taken with the detector 
biased at 2.0, 1.6, and 1.2 Mev, respectively. 
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Fic. 3. Differential cross sections in the laboratory system for 
elastic scattering of 2.5-Mev neutrons by Sn, Ta, and Bi. The 
circles, triangles, and squares denote data taken with the detector 
biased at 2.0, 1.6, and 1.2 Mev, respectively. 


by differences in the counting rates of the two scalers 
operating at the same bias. The three biases were set to 
give detection thresholds at about 2.0, 1.6, and 1.2 Mev. 

The energy sensitivity of the detector was measured 
by observing at various neutron energies the ratio of 
the counting rate of the recoil counter to the counting 
rate of a “long counter” whose response had been 
calibrated by comparison with a neutron counter tele- 
scope of known energy dependence.” 

Polyethylene wedges shielded the counter from the 
neutron source. 

7.0-Mev Measurements.—The measurements at 7.0 
Mev were made with neutrons produced by the D(d,n) 
He’ reaction. Deuterium gas at a pressure of 120 cm Hg 
was contained in a target system identical to that 
described above. The spread in neutron energy was 
about 400 kev, again being due to the thickness of the 
gas target and straggling in the molybdenum foil. 
Deuteron beams of about 4 wa were used throughout the 
experiment. A scintillation counter similar to that 


2 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947) ; 
Nobles, Day, Henkel, Jarvis, Kutarnia, McKibben, Perry, and 
Smith, Rev. Sci. Instr. 25, 334 (1954). 

13 C, H. Johnson and C. C. Trail, Rev. Sci. Instr. (to be pub- 
lished) ; Bame, Haddad, Perry, and R. K. Smith, Rev. Sci. Instr. 
(to be published). 
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described elsewhere"* was used to detect the scattered 
neutrons. The phosphor consisted of four 0.5-cm-diam- 
eter plastic phosphor spheres which were separated 
from each other by about 1.5 cm of Dow Corning 200 
grease. Most of the data were taken with an energy 
threshold set at about 80% of the energy of the elasti- 
cally scattered neutrons. Hence, during measurements of 
scattering from light elements, the threshold was 
lowered as the scattering angle increased. Copper 
wedges were used to shield the counter from the neutron 
source. The energy sensitivity of the detector was 
determined in the manner described in the 2.5-Mev part 
of this experiment. 


B. Measurements of Inelastic Collision 
Cross Sections 


The inelastic collision cross section, which is the cross 
section for all processes other than elastic scattering, 
was obtained by two different methods: (1) by sub- 
tracting the elastic cross sections from the total cross 
sections and (2) by the sphere transmission technique. 
To obtain inelastic cross sections by the first method, 
the measured differential cross section for elastic scatter- 
ing was integrated over 4m steradians to obtain the 
elastic cross section, and this result was subtracted from 
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Fic. 4. Differential cross sections in the laboratory system for 
elastic scattering of 7.0-Mev neutrons by Be, C, and Al. The points 
indicate the results obtained with a detection threshold of about 
80% of the energy of the elastically scattered neutrons. 


“ McCrary, Taylor, and Bonner, Phys. Rev. 94, 808 (1954). 
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Fic. 5. Differential cross sections in the laboratory system for 
elastic scattering of 7.0-Mev neutrons by Fe and Zr. The points 
indicate the results obtained with a detection threshold of 80% 
of the energy of the elastically scattered neutrons. 


a measured total cross section. The experimental tech- 
niques used to measure differential elastic cross sections 
are discussed in Sec. ITA, and the method of measuring 
total cross sections is described in Sec. TIC. 

The sphere transmission technique has been ex- 
plained in detail in previous publications": and will 
be reviewed only briefly in this report. The transmission 
of a spherical shell of material is measured by observing 
the ratio of the counting rate of an energy-sensitive 
neutron detector surrounded by the sphere to the count- 
ing rate of the detector with sphere removed. The neu- 
tron detector is biased to discriminate against neutrons 
which have been inelastically scattered in the sphere. 
The sphere transmission is primarily a measure of the 
inelastic scattering cross section because the elastic 
scattering into the neutron detector by the sphere tends 
to compensate for the elastic scattering of neutrons out 
of the direct flux between source and detector. The first- 
order cancellation of elastic scattering is the advantage 
of the sphere method and is especially helpful when the 
inelastic cross section to be measured is a small fraction 
of the total cross section. The neutron detector can be 
biased at many energy thresholds to give a qualitative 


16 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). 
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picture of the energy spectrum of inelastic scattering. 
This information is also useful in determining whether 
the detector is counting neutrons from inelastic 
scattering at the higher-energy thresholds used in the 
experiment. 

In order to measure inelastic collision cross sections 
accurately by the sphere technique, corrections must be 
evaluated for several effects: (1) multiple elastic colli- 
sions in the sphere, (2) variation of the intensity and 
energy of the neutron source over the solid angle sub- 
tended by the sphere, (3) finite size of the neutron 
detector, and (4) energy loss on elastic collisions. In 
many situations this last effect necessitates the most 
significant correction to the data. The detailed methods 
of making all of these corrections are discussed in pre- 
vious papers."':'® Cross-section information used in the 
corrections to the observed data includes the total neu- 
tron cross sections and the angular distributions for 
elastic scattering. Information on total cross sections 
available in compilations!® is adequate for these cor- 
rections since the inelastic collision cross sections de- 
duced from the analysis are not very sensitive to the 
total cross section used. Angular distributions for elastic 
scattering for many elements and energies are also avail- 
able now from this investigation and from recently 
published reports.** When a direct measurement of an 
angular distribution is not available, it can be estimated 
with sufficient accuracy for any element with atomic 
weight of 27 or more at neutron energies between 1 Mev 
and 14 Mev. At present the precision of the sphere ex- 
periment is as much limited by the counting statistics 
and reproducibility as by uncertainties in making the 
corrections to the experimental measurements. The 
four corrections discussed above were made analytically 
on the MANIAC computer for each element at each 
energy and detector bias by the procedure given in 
reference 15. 

1.0-, 1.77-, 2.5-, and 3.25-Mev Measurements.—These 
sphere transmission experiments were done with the 
electrostatic accelerator using the T(p,m)He* neutron 
source reaction. The gas target was 6.0 cm long and was 
filled with tritium to a pressure of 40 cm Hg. The 
analyzed proton beam passed through a 0.0005-cm- 
thick aluminum window into the target chamber. The 
over-all energy spread of the neutron source was about 
80 kev, which was generally sufficient to average over 
many resonances in the compound nucleus. 

The gas proportional counter described in reference 
15 was used again here. This detector was filled to 8.5 
atmos with a gas mixture of 70% krypton and 30% 
methane and was biased at eight energy thresholds. The 
angular dependence of the detector sensitivity was 
minimized by adjusting the gas multiplication in the 
detector. The variation of detector efficiency with 


1D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 
tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 
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counting rate was investigated over a large range of 
neutron fluxes, and no undesirable effects were observed. 
However, the counting rate of this detector was quite 
sensitive to temperature, necessitating the control of 
both room and sphere temperature. 

A shadow shield was placed between source and 
detector to determine the effect of room background on 
the observations. Sphere transmissions were then 
measured for these background neutrons. The effect of 
this room background on the measured sphere trans- 
missions was 0.1% or less. The effect of background 
arising from neutrons produced by reactions other than 
the source reaction was measured by removing the 
tritium from the gas target chamber and again meas- 
uring the sphere transmission. The effect of this 
background on the measured sphere transmission was 
also less than 0.1%. Thus no correction for background 
was necessary to the measured transmissions. 

A stabilized system of electronics consisting of 
amplifiers, discriminators and scalers in parallel was 
used since high precision was desired in the transmission 
measurements. In addition, many individual trans- 
mission measurements were made at short time intervals 
to eliminate the effects of long-term drifts in the 
detector or electronics. A current integrator that ended 
the run when a predetermined proton charge had been 
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Fic. 6. Differential cross sections in the laboratory system for 
elastic scattering of 7.0-Mev neutrons by Sn, Ta, and Bi. The 
points indicate the results obtained with detection threshold of 
80% of the energy of the elastically scattered neutrons. 
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TABLE I. Inelastic cross sections for 1-Mev neutrons (barns). 








Inelastic colli- 
sion cross 
section 


0.17+0.07 
0.49+0.06 
0.06+0.03 
0.13+0.04 
1.72+0.20 
1.04+0.07 
2.25+0.30 
1.75+0.20 
U(normal)  1.80+0.25 
Us 2.70+0.30 


Energy threshold (kev) 
700 600 500 400 


0.16 0.15 0.15 
0.52 90.51 0.49 
0.03 0.05 0.06 
0.15 0.14 0.13 
1.49 1.38 1.10 
1.03 0.98 0.88 
1.15 0.93 0.58 
1.52 1.36 1.03 
1.35 1.20 0.90 
2.57 2.50 2.35 


800 


0.17+0.07 
0.54+0.10 
—0.01+0.06 
0.15++0.07 
1.60+0.10 
1.04+0.07 
1.65+0.20 
1.63+0.10 
1.55+0.20 
2.630.27 


Element 











collected at the target was the primary monitor in this 
experiment. A “long counter,” which gave an indication 
of the total source yield, was used as an auxiliary 
monitor. 


TABLE II. Inelastic cross sections for 1.77-Mev neutrons (barns). 








Energy threshold (Mev) 
1.23 1.05 


0.15 0.15 
055 055 
0.73 0.69 
0.61 0.58 
1.55 1.40 
0.73 0.72 
2.00 1.75 
0.41 0.39 


Inelastic collision 
cross section 1.40 


0.15+0.03 0.12+0.09 
0.55+0.05 0.55+0.06 
0.73+0.04 0.74+0.06 
0.60+0.05 0.61+0.06 
1.55+0.10 1.55+0.11 
0.72+0.04 0.7220.07 
2.20+0.17 2.12+0.13 
0.40+0.04 0.41+0.07 


0.88 


0.15 
0.55 
0.55 
0.53 
1.10 
0.69 
1.40 
0.32 


Element 











The relative energy sensitivity of the neutron de- 
tector was necessary for the correction for energy loss 
on elastic collisions. This quantity was determined by 
measuring the ratio of the counting rate at the various 
neutron energies to the counting rate at the neutron 
energy used in the transmission experiment. Corrections 
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for changes in neutron flux with energy were made from 
the known T(p,2)He’ zero-degree absolute yields.” The 
angular intensity of the neutron source, which must be 
known to correct for flux variations over the surface of 
the sphere, was measured by placing the neutron de- 
tector at various small angles with respect to the 
forward direction, and determining at each bias the 
ratio of the counting rate at a given angle to that at 
zero degrees. 

7.0-Mev Measurements—The D/(d,n)He*® neutron 
source referred to in Sec. ITA was also used here. The 
7.0-Mev experiment was done with a detector of the 
type used in the 4.0-Mev experiments reported in 
reference 15. A sphere of hydrogenous plastic phosphor 
0.7 cm in diameter was mounted on a 12-cm quartz 
light pipe which was cemented to a 6467 DuMont 
photomultiplier. This proton-recoil detector was biased 
to have detection thresholds at several neutron energies 
between 3.5 and 6.0 Mev. A photomultiplier tube was 
selected which did not show significant gain changes 
with counting rate variations. The efficiency of the 
detector for the 2.6-Mev gamma rays from ThC”’ was 
only a few percent of the crystal’s efficiency for 7.0- 
Mev neutrons at the lowest bias. The detection effi- 
ciency for 6.2-Mev gamma rays was investigated using 
the F(p,vy)O"* reaction,'* and it was apparent from 
these measurements that high-energy gamma radiation 
could influence the results of the sphere experiments at 
the lower thresholds. However, cross-section deter- 
minations at the higher detector thresholds were not 
affected. Therefore, the observed decrease of inelastic 
cross section in Table V as the threshold is lowered may 
not be entirely due to the detection of inelastically 
scattered neutrons but may be partly due to high-energy 
gamma rays produced by inelastic scattering in the 
sphere. 


TABLE III. Inelastic cross sections for 2.5-Mev neutrons (barns). 








Inelastic collision 


Element cross section 2.0 


Energy thresholds (Mev) 
1.75 


Sphere experiment 1 —Fol 


experiment 


1.50 1.25 1.00 2.0 Mev 





0.05+0.05 
0.38+0.05 
0.79+-0.06 
1.04+0.05 
0.80+0.06 
1.27+0.06 
1.30+0.10 
1.16+0.06 
2.08+0.12 
1.92+0.12 
1.37+0.07 
2.90+0.35 
2.66+0.30 


0.01+0.11 
0.38+0.08 
0.79+0.06 
1.04+0.07 
0.80+0.10 
1.27+0.09 
1.30+0.09 
1.17+0.08 
2.07+0.12 
1.92+0.12 
1.39+0.10 


2.64+0.27 


RMN WOO WwWe 
IIAS 


8 


0.05 
0.38 
0.73 
0.73 
0.79 
1.12 
1.08 
1.11 
1.82 
1.67 
1.31 


2.38 


0.04 
0.38 
0.78 
0.97 
0.80 
1.20 
1.20 
1.15 
1.88 
1.80 
1.35 


2.50 


0.37 
0.61 
0.61 
0.77 
1.05 
0.95 
1.05 
1.81 
1.58 
1.24 


2.29 


0.41+0.16 


0.91+0.15 


1.25+0.16 


“I 00 


1.14+0.25 
2.89+0.25 


Ain: Woo 


were O- 


2.38 
0.49 
0.48 


2.75 


2.45 
0.54 
0.56 
2.50 


2.72+0.20 
0.710.06 
0.75+0.06 
3.20+0.30 
3.25+0.30 


2.67+0.16 
0.71+0.07 
0.76+0.08 
3.15+0.25 
3.20+0.27 


2.54 
0.65 
0.66 
2.70 
3.12 


0.42+0.35 
3.10+0.30 


WWOONN, 


bdo 
oO 


U (normal) 
235 








a Haddad, Henkel, Perry, and Smith (unpublished). 
18 Streib, Fowler, and Lauritsen, Phys. Rev. 59, 253 (1941); R. B. Day and R. L. Walker, Phys. Rev. 85, 582 (1952). 
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The response of this detector to neutrons entering 
at various angles was constant to within 2% over 90% 
of the solid angle; hence no correction for detection 
asymmetry was necessary. However the efficiency of 
the detector was a function of temperature so that it 
was necessary to control the temperature of the room 
and spheres. Again many short runs were involved in a 
transmission determination to average out long-term 
drifts. 

Room and target backgrounds were found to be small 
and no corrections to the experimental data were 
necessary. The angular intensity of the neutron source 
and the energy sensitivity of the detector were measured 
by the methods given in the discussion of the lower- 
energy sphere experiments. 


C. Total Cross Sections 


In the analysis of the measurements of differential 
cross sections for elastic scattering and of inelastic 
collision cross sections, it was necessary to know total 
neutron cross sections. These total cross sections were 
obtained by observing the transmission of cylindrical 
samples. The neutron sources described in Sec. IIA 
were also used in the transmission measurements. A 
scintillation detector containing a cylindrical stilbene 
phosphor 1 cm in length by 1 cm in diameter detected 
the neutrons. This detector was operated at two biases 
set at about 75% and 40% of the maximum pulse 
height. The source-to-detector distance was 85 cm for 
the measurements at 2.5 Mev and 115 cm for those at 
7 Mev. Backgrounds, which were measured by inserting 
a copper bar 40 cm in length between the neutron source 
and counter, were less than 2% of the direct count- 
ing rate. The transmission samples were cylinders 2.5 
cm in diameter and of a length necessary to give 
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TABLE IV. Inelastic cross sections for 3.25-Mev neutrons (barns). 








Inelastic colli- 
sion cross 
section 


Energy thresholds (Mev) 
2.28 1.95 1.63 


0.53 0.52 
0.97 0.91 
1.08 0.96 
144 1.43 
1.94 1.91 
i736 (1.72 
Zaf. 2.54 
131 1.25 


2.60 


0.53+0.05 
0.980.07 
1.09+0.07 
1.44+0.09 
1.95+0.12 
1.73+0.10 
2.59+0.13 
1.33+0.10 


Element 





0.53+0.05 
0.98+0.07 
1.09+0.07 
1.44+0.08 
1.95+0.12 
1.73+0.09 
2,630.15 
1.330.07 


0.48 
0.81 
0.83 
1.40 
1.82 
1.65 
2.50 
1.11 








transmissions of about 0.6. The samples were placed 
midway between the neutron source and detector. 
Using the differential cross sections for scattering at 
small angles obtained in the angular-distribution 
measurements, small corrections were made for the 
scattering of neutrons into the detector by the scattering 
samples. The cross sections obtained at the two biases 
agreed to within 0.5%. 


III. RESULTS 


A. Differential Cross Sections for Elastic 
Scattering 


The differential cross sections for elastic scattering 
of 2.5-Mev neutrons by Al, Fe, Zr, Sn, Ta, and Bi, are 
shown in Figs. 2 and 3. The circles, triangles, and 
squares denote data taken with the detector biased at 
thresholds of 2.0, 1.6, and 1.2 Mev, respectively. For 
Al and Fe the data taken with the 2.0-Mev threshold 
required large corrections for the energy loss in elastic 
collisions and were therefore more uncertain than the 
data taken with the 1.6-Mev threshold. Since no in- 
elastic scattering occurs in which the neutrons lose less 
than about 0.85 Mev in Al and Fe, the medium-bias 


TABLE V. Inelastic cross sections for 7.0-Mev neutrons (barns). 











Inelastic collision 


Element cross section 5.6 


Energy thresholds (Mev) 


Sphere experiment ot —Ge! 
experiment 


5.6 Mev 


~ 
t 


4.9 





0.58+0.06 
0.16+0.04 
0.86+0.06 
1.14+0.11 
1.12+0.11 
1.14+0.11 
1.30+0.07 
1.41+0.07 
1.48+0.10 
1.54+0.08 
1.61+0.10 
1.70+0.09 
1.98+0.10 
2.04+0.10 
1.99+0.12 


2.43+0.17 
2.49+0.13 
2.38+0.15 
2.38+0.14 


B 0.60+0.04 
C 0.17+0.03 
0.86+0.05 
1.14+0.07 
1.12+0.11 
1.14+0.07 
1.30+0.06 
1.41+0.07 
1.48+0.06 
1.54+0.06 
1.61+0.10 
1.70+0.08 
2.00+0.10 
2.05+0.10 
2.00+0.10 
2.50+0.20 
2.45+0.20 
2.50+0.15 
2.38+0.15 
2.38+0.14 


0.55+0.06 
0.15+0.04 
0.89+0.05 


0.59 
0.17 
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1.41+0.11 
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Fic. 7. Inelastic 
collision cross sec- 
tions at various neu- 
tron energies for Al, 
Ti, Cd, Au, and Pb. 
The circles denote 
the results of this 
report and _refer- 
ences 2 and 15, the 
triangle values of 
Taylor e¢ al.,.” and 
the squares the work 
of Graves and 
Davis. 
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data give reliable values for the elastic differential cross 
sections for these two elements. 

The results of the differential cross-section meas- 
urements at 7.0 Mev are shown in Figs. 4, 5, and 6. The 
points indicate the results obtained with detection 
thresholds of about 80% of the energy of elastically 
scattered neutrons. The threshold, therefore, depends 
upon the atomic weight of the scattering sample and 
upon the scattering angle, the threshold being 3.5 Mev 
for the measurement of Be at 150°. For some of the 
elements the statistical errors were too large to define 
accurately the shape of the differential cross-section 
curves. In these cases considerable weight in drawing 
the curves was given to the information obtained at 
lower biases where the statistical accuracy was much 
improved, although the absolute value of the cross 
section was increased by the presence of inelastically 
scattered neutrons. The errors indicated on the experi- 
mental points contain the uncertainties in the counting 
statistics, the multiple-scattering correction, the angu- 
lar-resolution correction, the scatterer-to-counter dis- 
tance, and the energy sensitivity of the detector. The 
possible errors in the multiple-scattering correction and 
the angular-resolution correction were estimated to be 
25% of the magnitude of the correction. 


B. Inelastic Collision Cross Sections 


Inelastic cross sections measured at 1.0-, 1.77-, 2.5-, 
3.25-, and 7.0-Mev neutron energies are given in Tables 
I, Il, III, IV, and V, respectively. Results from the 
sphere method and the elastic-scattering method are 


both tabulated. Estimates of the inelastic collision cross 
sections are given in the first column. These values are 
based on measurements at the lower energy thresholds 
when available data indicate that no neutrons from 
inelastic scattering are detected at these thresholds. 
The second column gives the inelastic cross sections 
deduced from the sphere experiment at an energy 
threshold of 80% of the incident neutron energy. In 
succeeding columns the cross sections at several lower- 
energy thresholds are given to indicate the magnitude 
of the inelastic scattering to neutron energies below 
each threshold. In the last columns of Tables ITI and V 
are tabulated inelastic collision cross sections deter- 
mined by subtracting the measured elastic scattering 
cross section from the measured total cross section. 
These results were obtained at a threshold of about 
80% of the incident neutron energy. 

Inelastic collision cross sections for 1.0-Mev neutrons 
have been reported previously for some of the e.ements 
listed in Table I. The former measurements were made 
with a neutron source having a total energy spread of 
160 kev while the present work was done with an 80-kev 
energy spread. In general the two sets of determinations 
agree to within experimental uncertainties. However a 
variation of the order of experimental error should exist 
in the case of the iron data because the present and 
former cross sections are different averages over the 
resonance structure in the inelastic cross section of iron 
at 1.0 Mev. 

For the sphere experiment the errors are given for 
both the cross sections measured at the 80% threshold 
and for the inelastic collision cross sections. The un- 
certainties in the following quantities were considered : 
(1) the measurement of sphere transmission, (2) the 
variation of the neutron source intensity with angle, 
(3) the energy sensitivity of the neutron detector, (4) 
the auxiliary cross sections used in the multiple scat- 
tering analysis (the total cross section and the differ- 
ential cross section for elastic scattering), and (5) the 
correction for energy losses in elastic collisions. The 
uncertainty in the inelastic collision cross section is 
often less than the uncertainty in the cross section 
measured at the 80% threshold because the inelastic 
collision cross section is based on measurements at the 
lower detector thresholds when no neutrons from 
inelastic scattering are detected. Experimental un- 
certainties are given in the last column for the inelastic 
collision cross sections determined by subtracting the 
elastic cross sections from the total cross sections. These 
errors are based on an uncertainty of about 5% in the 
elastic cross section and a 1 or 2% uncertainty in the 
total cross section. 

The inelastic collision cross sections for several 
typical elements are plotted as a function of energy in 
Fig. 7. Similar curves for Fe, Zr, Sn, and Bi are given 
in the lower part of Figs. 8, 9, 10, and 11, respectively. 
Experimental data are now available from which 
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similar excitation curves may be prepared for about 
sixteen elements. These curves give the average vari- 
ation of the inelastic collision cross section with energy 
since all the measured cross sections are averaged over 
resonances in the compound nucleus. The cross section 
is very small until the incident neutron energy is greater 
than the energy of the first excited state in the target 
nucleus. Above this energy the cross sections for all 
elements increase with energy and reach a plateau at 
3 to 6 Mev. For target nuclei having wide-level spacings, 
as for example in bismuth, this rise is more gradual than 
for target nuclei with closely-spaced levels. 

The inelastic collision cross sections reported here 
can be compared with those obtained in other experi- 
ments. With few exceptions the cross sections deter- 
mined by various methods are in good agreement. For 
example, the results obtained by the sphere method are 
consistent with the results obtained by subtracting the 
measured elastic cross section from the measured total 
cross section. The cross sections determined by disk 
scattering experiments” at 1.5- and 3.0-Mev neutron 
energies also agree with the cross sections from the 
sphere transmission measurements. However, at 2.5- 
Mev neutron energy the inelastic cross sections meas- 
ured with the sphere technique of Pasechnik™ differ 
significantly from the results presented here for Al, Cu, 
Zn, and Pb while agreeing fairly well with these results 


on Fe, Ni, Ag, Cd, W, and Bi. Another disagreement - 


exists for the inelastic cross section of zirconium. Cross 
sections based on measurements of de-excitation gamma 
rays following inelastic neutron scattering” are about 
30% higher than the value given in Table II. A possible 
disagreement is also indicated at 7.0-Mev neutron 
energy for bismuth and lead where our inelastic cross 
sections are several tenths of a barn less than those of 
reference 10, which were obtained by the same experi- 
mental method. The values reported here at 7.0 Mev 
are consistent with the results of integral measurements 
of inelastic collision cross section at an average neutron 
energy of 6 Mev." 


IV. THEORETICAL INTERPRETATIONS 


Calculations by Feshbach, Porter, and Weisskopf! 
and others? have shown that many features of the 
interaction of fast neutrons with nuclei can be explained 
by representing the neutron-nucleus interaction by a 
complex potential well. Such a representation gives 
cross sections averaged over many resonances in the 
compound nucleus. Using this model, one can calculate 
the total cross section, the differential cross section for 
shape-elastic scattering (the scattering process which 
does not proceed through an intermediate compound 


” P, Olum, U. S. Atomic Energy Commission Report MDDC- 
353, 1945 (unpublished); Barschall, Battat, Bright, Graves, 
Jorgensen, and Manley, Phys. Rev. 72, 881 (1947). 

2M. V. Pasechnik, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations Publications, New York, 1956), Vol. 2, Paper 714. 

21 J. B. Guernsey and C. Goodman, Phys. Rev. 101, 294 (1956). 
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Fic. 8. Comparison of theory and saggy ae for iron and 
copper. The circles, squares, and triangles denote the experi- 
mental data. The solid curves are calculated with the energy 


independent parameters of Table VI. The dashed curves of dif- 


ferential cross sections are the sum of shape-elastic and compound- 
elastic scattering. The dashed curves of the total and the com- 
pound nucleus formation cross section are calculated with the 
energy-dependent parameters. All quantities are in the laboratory 
system of coordinates. 
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Fic. 9. Comparison of theory and experiment for zirconium. 
The circles are the experimental data. The solid curves are cal- 


culated with the energy independent parameters of Table VI. 
The dashed curves of differential cross sections are the sum of 


shape-elastic and compound-elastic scattering. The dashed curves 
of the total and the compound nucleus formation cross section are 
calculated with the energy-dependent parameters. All quantities 
are in the laboratory system of coordinates. 
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Fic. 10. Comparison of theory and experiment for tin and 
cadmium. The circles, squares, and triangles are the experimental 
data. The solid curves are calculated with the energy independent 
parameters of Table VI. The dashed curves of differential cross 
sections are the sum of shape-elastic and compound-elastic scatter- 
ing. The dashed curves of the total and the compound nucleus 
formation cross section are calculated with the energy-dependent 
parameters. All quantities are in the laboratory system of co- 
ordinates. 





INTERACTION OF NEUTRONS WITH 


state), and the cross section for the formation of a 
compound nucleus. The total cross sections obtained in 
this manner can be compared directly with experiment. 
On the other hand, the calculated values of the cross 
section for compound nucleus formation and the shape- 
elastic scattering cross section cannot, in general, be 
compared directly with experimental quantities. The 
compound nucleus may decay either by the entrance 
channel, giving compound-elastic scattering, or by other 
energetically possible channels, giving the inelastic 
collision (reaction) cross section. The calculated cross 
section for compound nucleus formation is, therefore, 
only an upper limit to the inelastic collision cross 
section. Similarly, since experiments in which elastic 
scattering is observed actually measure the sum of the 
shape-elastic and compound-elastic scattering, the 
experimental data do not correspond to the calculated 
shape-elastic scattering cross sections. At energies above 
several Mev, where there are many energetically pos- 
sible modes of decay of the compound nucleus, com- 
pound-elastic scattering is expected to be small, and 
the experimental quantities will correspond more 
closely to the calculated ones. 

Although a potential employing a square-well radial 
dependence is preferable from the standpoint of calcu- 
lational simplicity to potentials with more involved 
shapes, it was found in previous work! that cross 
sections for compound nucleus formation obtained from 
the square-well potential were significantly smaller than 
the experimental values of the inelastic collision cross 
sections. Since one of the most unrealistic aspects of 
the model was the sharp edge of the square well, it 
seemed reasonable to modify the model to include a 
smooth radial dependence. A diffuse-edge nuclear 
potential that has been used successfully by Woods 
and Saxon® to explain proton scattering results was 
chosen. For an element of atomic weight A the potential 
is given by 

Vo(1+if) 


= (1) 
1+exp[(r—R)/a] 





V(r) 


where 
R=1nA*tX10-* cm. 


This potential contains four parameters, a well depth 
Vo, an absorption parameter ¢, a radius 79, and a 
diffuseness a. 

Elements for which considerable experimental in- 
formation was available were selected, and attempts 
were made to obtain agreement between experiment 
and theory by adjusting the four parameters inde- 
pendently. The experimental data include the differ- 
ential cross sections for elastic scattering of 1.0-, 2.5-, 
4.1-, 7.0-, and 14.0-Mev neutrons and the total cross 
sections and inelastic collision cross sections for energies 
up to 14 Mev. The parameters were allowed to vary 
from element to element but, in the first attempt to fit 
the data, were required to be energy-independent. It 
was found that considerable latitude exists in the choice 
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Fic. 11. Comparison of theory and experiment for bismuth. The 
circles, squares, and triangles are the experimental data. The 
solid curves are calculated with the energy-independent param- 
eters of Table VI. The dashed curves of differential cross sections 
are the sum of shape-elastic and compound-elastic scattering. The 
dashed curves of the total and the compound nucleus formation 
cross section are calculated with the energy-dependent parameters. 
All quantities are in the laboratory system of coordinates. 
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Fic. 12. Variation 
of nuclear radius 
with atomic weight, 
determined by fitting 
cross sections calcu- 
lated on the basis 
of Eq. (1) with ex- 
perimental measure- 
ments. 


R (cm)x10'° 


—— Re1334'°10 °cm 
~-=-Rel45A 10 "em 
—-— R+(L27A * 0.6)10 “cm 











of parameters which satisfy the experimental data on 
any one element at one neutron energy. For example, 
the nuclear radius can often be varied as much as 15% 
if the potential Vo is also allowed to vary. The require- 
ment that the parameters be energy independent, or 
nearly so, limits the choice of acceptable parameters. 
The calculations show that essentially all experimental 
features can be accounted for by the potential of Eq. 
(1), using energy-independent parameters, although in 
some cases the quantitative agreement is not good. By 
allowing the absorption parameter to increase with 
increasing energy and the well depth Vo to decrease 
slightly with increasing neutron energy, significantly 
better fits were obtained for some of the heavier 
elements. In particular, the minimum at about 1 Mev 
in the total cross section of the heavy elements cannot 
be reproduced accurately unless the absorption parame- 
ter is allowed to increase with energy. 

In Figs. 8 to 11 comparison is made between the 
experimental and theoretical cross sections. The 
angular distributions at 14 Mev are the data of Cross® 
and of Coon.* The differential cross sections at all other 
energies are from this paper or from reference 2. The 
total cross sections below 3 Mev are taken from Miller 
et al.” ; above 3 Mev the data are those of Nereson and 
Darden.” The inelastic collision cross sections were 
obtained from Taylor et al.,"° Beyster et al.,!° Graves and 
Davis,* and this paper. In all figures experimental 
points with their associated errors are given, and the 
lines give values calculated from the potential of Eq. 
(1). With the exception of the dashed lines in the total 
and inelastic collision cross-section graphs, all curves 
were computed using the energy-independent parame- 
ters given in Table VI. In the figures showing the 


% Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952). 

%N. Nereson and S. E. Darden, Phys. Rev. 89, 775 (1953); 
94, 1678 (1954). 

“4 E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 
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inelastic collision cross sections, the lines represent the 
cross section for compound nucleus formation, which 
is the theoretical upper limit to the measured inelastic 
collision cross section. At low energies where the com- 
pound nucleus formation exceeds the inelastic collision 
cross section compound elastic scattering occurs. Hence, 
on the differential cross-section figures at low energies 
two theoretical curves are drawn. The solid curve 
indicates shape-elastic scattering, and the dashed curve 
is obtained by adding to the solid curve an isotropically 
distributed component of compound-elastic scattering 
equal in magnitude to the difference between the 
calculated compound nucleus formation cross section 
shown by the solid curve and the experimental inelastic 
collision cross section. 

From Fig. 11 it appears that the energy-independent 
parameters which fit the data above about 4 Mev will 
not reproduce the minimum in the total cross section 
near 1 Mev for bismuth and that some variation of the 
parameters with energy is necessary. The dashed lines 
for total cross section and for compound nucleus 
formation are obtained by allowing the absorption 
parameter ¢ and the well depth Vo to change with 
energy. The absorption parameter is decreased smoothly 
with decreasing energy from the value of Table VI at 
5 Mev to about three-quarters the Table VI value at 
2.0 Mev and to one-half the Table VI value at 0.5 Mev. 
The well depth Vo is increased by about 5% in going 
from the value of Table VI at 5 Mev to 0.5 Mev. 

The fits to the differential cross-section curves shown 
in Figs. 8 to 11 are not appreciably affected by using 
the energy-dependent parameters instead of those of 
Table VI. The differences in the two sets of parameters 
are not large except at low energies where large com- 
pound elastic scattering prevents detailed comparison 
between theory and experiment. The differential cross 
sections at 1 Mev are somewhat better fitted by the 
energy-dependent parameters although again the large 
amount of compound-elastic scattering makes com- 
parison difficult. 

The angular distribution of neutrons from compound- 
elastic scattering is probably not isotropic although the 
degree of anisotropy is uncertain. Exact calculations of 
compound elastic scattering cannot be made from the 
assumption of the potential of Eq. (1) and further 
assumptions concerning the compound state are there- 
fore necessary. Calculations based upon the statistical 
assumption result in distributions which are symmetric 
about 90°, the anisotropy decreasing with increasing 
spin of the target nucleus. Failure of the statistical 
assumption leads to angular distributions for compound- 
elastic scattering which are not symmetric about 90°. 
In any case the compound-elastic scattering is much 
more isotropic than is the shape-elastic scattering, and 
a 10 to 20% anisotropy does not significantly affect the 
comparison shown in Figs. 8 to 11. However, because 
of this uncertainty in the distribution of compound 
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elastic scattering, comparison of theoretical and experi- 
mental differential cross-section curves at energies of 
4 Mev and below should be limited to the general shapes 
of the curves, and not too much emphasis should be 
placed on reproducing absolute values. It is interesting 
to note that in this analysis compound-elastic scattering 
occurs with appreciable cross section at energies as 
high as 4 Mev for Fe, Zr, and Bi. 

The agreement between experiment and theory for 
iron is significantly worse than for the heavier elements. 
The total cross section especially seems to be very 
poorly fit below 3-Mev neutron energy. It is not possible 
to improve this fit significantly by allowing only V» and 
¢ to change with energy. However, by decreasing the 
nuclear radius by several percent, an improved fit to 
the low-energy data is possible. This inability to fit all 
the iron data with a single nuclear radius may be due 
to the fact that the level spacing of iron is so large that 
the measured cross sections are not properly averaged 
over many resonances. 

A comparison of the radii which best fit the experi- 
mental data for different elements leads to a relation 
between nuclear radius and atomic weight. Figure 12 
gives a plot of the nuclear radius as a function of the 
cube root of the atomic weight. The circles give values 
of the radii which fit the experimental data for Fe, Zr, 
Sn, and Bi. The curves are obtained from three ex- 
pressions commonly used to calculate nuclear radii. 
These results indicate that the relation R= (1.27A! 
+0.6)X10- cm does fit the data somewhat better 
than the other two expressions. However, due to the 
large latitude in the choice of radius for each element, 
the numerical constants in the above expression are 
not well defined. In particular, the radius of iron is 
subject to question since the fits to the experimental 
data are not good. 

The values of the parameters found here have been 
compared to those found by other investigators. Woods 
and Saxon® have made similar calculations using proton 
scattering data at energies ranging from 5.25 to 31.5 
Mev. Although they report similar variations in Vo 
and ¢ with energy, the values of Vo and ¢ which best 
fit the proton data are significantly different from those 
which fit the neutron data at the same bombarding 
energy. The value of Vo for protons is from 5 to 10 Mev 
greater than the values for neutrons of the same inci- 
dent energy and the value of ¢ which fits the 5.25-Mev 
proton data is 0.017, a factor of about 5 less than the 
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TABLE VI. Energy-independent parameters for Eq. (1) which give 
reasonable agreement between theory and experiment. 


RX107 cm 


5.55+0.20 
5.99+0.25 


Vo(Mev) c a 


3945 0.2 +0.05 
4545 0.1 +0.04 
6.62+0.25 46+5 0.1 +0.04 
7.72+0.30 4445 0.075+0.03 





0.35+0.10 
0.5 +0.10 
0.4 +0.10 
0.5 +0.10 


value necessary for neutron scattering data. The dif- 
ference in the value of Vo for neutrons and protons can 
be explained by the Coulomb forces affecting the proton 
in the nuclear well. 

From the foregoing discussion several conclusions 
can be drawn. The complex well representation of the 
nucleus appears to give a reasonable description of the 
interaction of fast neutrons with nuclei. Although 
additional mechanisms, such as spin-orbit forces and 
direct interactions, must be present to account for the 
polarization upon scattering and for the spectra of 
inelastically scattered neutrons,”® cross-section calcu- 
lations can be made to a good approximation without 
the inclusion of these features. The theory may be 
used to predict values of the total cross section at all 
energies and the differential elastic cross sections and 
inelastic collision cross sections above neutron energies 
at which appreciable compound elastic scattering 
occurs. The introduction of a diffuse well has removed 
an outstanding difficulty with the square well, namely 
that of obtaining compound nucleus formation cross 
sections which are as large as the observed inelastic 
collision cross sections. 
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Corrections to Internal Conversion Coefficients for Low-Z Elements* 


Grorce W. HInMAN 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received May 21, 1956) 


The internal conversion coefficients for gamma rays depend only on the value of the initial-state wave 
function at the origin, to a good approximation for light nuclei and high energies where the relativistic 
approximation of Dancoff and Morrison is valid. Corrections for shielding can be made in this region by 


using the many calculations available of Hartree-Fock electron wave functions. 


ROM the calculations of Rose e¢ al.,! theoretical 

conversion coefficients are known over most of the 
range of Z except for corrections to take account of 
finite-size effects. Unfortunately, for light nuclei below 
Z=15, no exact calculations including shielding are 
available. On the other hand, in this region the wave 
functions for K- and L-shell electrons in the Hartree- 
Fock approximation are known. It is a fortunate 
circumstance that one can correct an unshielded con- 
version coefficient to take account of shielding in a 
simple way. This result is implicit in the paper of 
Dancoff and Morrison.” 

It will be shown that in the approximation in which 
the nuclear charge is neglected for the final-state wave 
function, and relativistic effects are neglected for the 
initial-state wave function, the conversion coefficient 
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Fic. 1. Ratio of values of ax(E2) calculated by Rose ¢f al. to 
the values obtained from the Dancoff and Morrison formula, for 
k=2.1 and 3.0 (k=energy of gamma ray in units of mc*). 

* Supported by the U. S. Army Office of Ordnance Research 
and the U. S. Atomic Energy Commission. 

1 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951). 

2S. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 


is proportional, with fairly good accuracy, to the square 
of the initial-state wave function at the origin. 

In order to show the proportionality, we use the 
results of Dancoff and Morrison, including their gauge 
for the electromagnetic potentials. They show that 
N.~|H|?, where 


mc 
|H|?= (1-) (A-APEN- APN ALN-NS), 


Ey 


TABLE I. Correction factors for K- and L;-conversion coefficients.* 








ak (shielded) awi(shielded) > 


azi (unshielded) 





ak (unshielded) Reference 


0.700 
0.725 
0.835 
0.850 
0.865 
0.890 
0.910 
0.920 
0.920 
0.920 
0.925 





1.100 
1.775 
1.520 
1.110 
0.955 
0.890 
0.745 
0.725 
0.815 
0.805 


re rag OO 








® Values are given to the nearest 0.005. 
> For azi (unshielded), a 7 of two units less than the nuclear charge was 
used because of the shielding of the K electrons. 
e W. S. Wilson and R. B. Lindsay, Phys. Rev. 47, 681 (1935). 
4V. Fock and M. J. Petrashen, Physik. Z. 8, 547 (1935). 
ea R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A150, 9 
( ). 
f Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933). 
« A. Jucys, Proc. Roy. Soc. (London) A173, 59 (1939). 
bD. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) A193, 299 
(1948). 
i aa Hartree, and Swirles, Trans. Roy. Soc. (London) A238, 229 
(1940). 


iF. W. Brown, Phys. Rev. 44, 214 (1933). 
kW. J. Yost, Phys. Rev. 58, 557 (1940). 


with 
A=C; f Ae» vo(nr, 


N=C; f done Wo(e)m 


In the foregoing expressions, Cy is a normalization 
constant for the final state wave function, n is a unit 
normal along the radius from the center of a small 
sphere over which one integrates to find N, Wo(r) is the 
space-dependent part of the nonrelativistic initial-state 
wave function, and p is the wave number of the elec- 
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trons in the final state. A’ is the vector potential of the 
electromagnetic field in the Heitler gauge and \ the 
generator of a gauge transformation necessary to correct 
the matrix element in the Heitler gauge. 

It is evident from the definition that | N| is propor- 
tional to |Wo(0)|. The term A involving the vector 
potential A’ depends upon the Wo(r) through its radial 
part which consists of integrals of the form 


ben f fulkr) jul pr Wolr)redr, 


| Hus (kr) 


- Sad 


fulkr)=( oe 


ju(pr)= (:) Justo) 
: (pr)) 


2 
This integral can be approximated by integrating by 
parts: 


| 


) | 
LPs) (dr) —Riilb) ji] 


rVo 


Re- 0 
1 es) 
eels f Vo! (Lp fi(kr) j-a(pr) 


Bp 
—kfis(kr) ji(pr) |dr. 


The first term in J, when evaluated, gives 


; pvt 
(=) #0, 
k(p?—k’)\k 
and this is the approximation used by Dancoff and 
Morrison. 

The conversion coefficient can be seen to depend on 
|W(0)|? to the extent that the second term in J can be 
neglected. 

Using the simple result that the conversion coefficient 
depends only on the square of the absolute value of the 
initial-state wave function at the origin, a table of 
correction factors can be calculated which show how to 
correct the unshielded values. Table I gives the cor- 
rection factors up to Z= 12. The conversion coefficients 
themselves can be found for high-energy gamma rays 
by extrapolating the results of Rose et al. One way to 
do this is to extrapolate the ratio of the results of 
Rose et al. and the Dancoff and Morrison formula and 
then use the Dancoff and Morrison values with the 
extrapolated ratio. This ratio is plotted in Fig. 1 for 
k=2.1 and 3.0 (k=energy of gamma ray in units of 
mc’). 

In order to investigate the accuracy of the approxi- 
mation, a comparison was made of the E2 K-conversion 
coefficient for Ne at 1.28 Mev calculated in three 
approximations. This comparison is shown in Table II. 


(1) 
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TABLE II. Calculations of ax for the 1.28-Mev transition in Ne*. 








7.74X 107° 
7.10X 10° 
6.81 10~* 


Dancoff and Morrison value of ax (£2) 
Corrected Dancoff and Morrison value of ax (£2) 
Rose e¢ al. value of ax (E2) 








The first value in the table is the Dancoff and Morrison 
value for ax. The second is the value obtained when J 
is evaluated exactly by numerical computation of the 
integral on a digital computer, and the third is the Rose 
value including all relativistic and Coulomb effects. 
From the last two values in the table, one sees that 
there is little effect of the Coulomb field in the final 
state or of the relativistic correction in the initial state, 
and that about 10% of the conversion coefficient is 
coming from the second term in Eq. (1). This term 
consists principally of a contribution proportional to 
Wo’ (0) which, because the potential is Coulombic in the 
vicinity of the origin, varies in the same way as Wo(0) 
with shielding. These considerations show that the 
correction factor is accurate to within one or two 
percent. From Table I and Fig. 1, the accuracy of the 
correction can be estimated at 1.00 Mev from Z=12 
down to Z=0; and throughout this range, it results in 
a K conversion coefficient accurate to within about 2%. 

For other multipole orders of radiation, a similar 
estimate of the accuracy of the shielded conversion 
coefficient can be made. Similar results are to be 
expected. For L; conversion coefficients, the corrections 
for shielding are larger and hence more inaccurate. 
However, the L; coefficients are much smaller than the 
K’s and the accuracy of the total coefficient remains 
about the same. Conversion in the Ly and Ly; shells is 
small for high-energy transitions. 

A particularly simple choice for the factors to use in 
correcting conversion coefficients is the Zener-Slater 
correction’ which consists, for the K-shell electrons, of 
replacing Z by Z—0.30. This results in correction 
factors that agree to within 2% with the values for the 
K shell in Table I, except for He and Be where the 
Zener-Slater correction gives 0.614 and 0.791 respec- 
tively. In these two cases the tabular values which are 
obtained from more accurate wave functions are prefer- 
able. A similar Zener-Slater correction can, of course, 
be applied to the Ly shell. 

It should be pointed out that to the extent that the 
approximation discussed in this article is correct, the 
screening correction factor is independent of both the 
multipole order of the transition and its energy. 

The author wishes to thank Mr. Robert Dannels for 
help in programing the second calculation of Table II 
and the Mellon Bank in Pittsburgh for their kind 
cooperation in making an IBM 650 computer available 
to us. 
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(y,n) Cross Sections of Nuclides near Neutron Number 50* 


Paut F. Yercrnt AND Burton P. FABRICAND 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received August 30, 1956) 


Measurement of the (y,m) cross sections of the nuclides Sr**, Sr*’, Sr**, Y®, Zr®, together with earlier 
measurements for the nuclides Zr™, Zr®, and Nb*, show a pronounced narrowing of the giant dipole reso- 
nances in the region of neutron number 50, the narrowest resonances being those for the 50-neutron nuclides. 
Possible confusion of the interpretation of the data due to (y,2m) and (y,pm) processes is shown to be in 
adequate to explain the observed effects, and the narrowing is concluded to be real, in agreement with the 
prediction of the single-particle model of Wilkinson. The changes in widths are observed to occur entirely 
on the high-energy sides of the curves, the low-energy sides being remarkably similar for all 8 nuclides. A 
regularity in the behavior of the peak values of the cross sections is also observed. The (y,m) threshold of 
Sr** is observed to be at about 11.5 Mev, in agreement with other reaction data, but in disagreement with an 
earlier tentative assignment based on neutron yield measurements on natural Sr. 


INTRODUCTION 


HE considerable regularities observed in the 

characteristics of the giant dipole resonance in 
photonuclear reactions suggest similar considerable 
regularities in the characteristics of the highly excited 
(12 to 22 Mev) states involved in these reactions, as 
well as of the ground states of nuclei. Both the collec- 
tive and single-particle models of the nucleus have been 
able to give qualitative descriptions of the photo- 
nuclear processes, despite the seemingly opposite 
nature of their assumptions.’ The collective model 
gives about the right variation of the location of the 
peak of the resonance with mass number, but does not 
give any other detailed features, except for the sug- 
gestion that the widths of the resonances are correlated 
with the nuclear quadrupole moments? and there are 
some substantial exceptions to this. The single-particle 
model makes more detailed predictions,* such as the 
occurrence of “steps” in the locations of the peaks 
whenever a shell is closed, which is not well supported 
experimentally, the decrease with decreasing mass 
number of the fraction of the dipole sum rule which is 
included in the giant resonance, which is observed, and 
the excess emission of protons from the very heavy 
nuclei, which is also observed. A further qualitative 
prediction of the single-particle model is that the 
resonances should be broadened when partly filled 
shells are present in the nucleus, as compared to the 
simpler case when the nucleus consists entirely of 
closed shells. It has been observed in a number of 


* Supported in part by the U. S. Air Research and Development 
Command and the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

Tt Present address: Physics Department, Rensselaer Polytechnic 
Institute, Troy, New York. 

'See the survey of this situation by J. Levinger in Annual 
Reviews of Nuclear Science (Annual Reviews, Inc. Stanford, 1954), 
Vol. 4, p. 13 ff. 

2K. Okamoto, Progr. Theoret. Phys. Japan 15, 75 (1956). 

’D. H. Wilkinson, Proceedings of the Glasgow Conference on 
Nuclear and Meson Physics 1954 (Pergamon Press, London, 1955), 
p. 161. 


cases*® that the resonances for ‘“‘magic number”’ nuclei 
are substantially narrower than for other nuclei. The 
present experiment was designed to test this point 
rather critically, by examining a number of nuclei with 
50 neutrons, and to establish whether the narrowing in 
the region of a magic number of neutrons is gradual or 
abrupt by examining nuclei with slightly more or less 
than 50 neutrons. 


EXPERIMENT 


Since Zr™, Zr®!, and Nb®, with 50, 51, and 52 neutrons 
respectively, had been investigated earlier we chose the 
nuclides Sr*®, Sr8?, Sr, Y®, and Zr”, with 48, 49, 50, 
50, and 52 neutrons, respectively, for the present 
experiment. (There are Rb, Mo, and Kr isotopes in 
this neutron number region also, but they were not 
available in the required quantities.*) The Sr and Zr were 
obtained on loan from Oak Ridge National Laboratory, 
while the Y was purchased commercially. 

The isotopic compositions of the samples is shown in 
Table I, which includes information for the Zr® and 
Zr samples reported earlier because the data for all 
three Zr samples was treated anew in computing the 
cross sections for individual isotopes, taking into 
account the composition of each sample. Yttrium is 
monoisotopic. The Sr samples were in the form of 
SrCO3, the Y was in the form of Y2O3, and the Zr 
samples were all in the form of ZrO». The samples were 
held in a sample holder such that they were entirely 
within the collimated gamma-ray beam, in essentially 
the same way as described for Mg” previously.® They 
were irradiated with the bremsstrahlung gamma rays 
from the 24-Mev betatron. The neutrons ejected from 
the nuclei were detected in the large paraffin house 
neutron detector.’ To verify that the energy-insensitive 


*R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

5 R. Nathans and P. F. Yergin, Phys. Rev. 98, 1296 (1955). 

6 There are published measurements made in other laboratories 
of the cross sections of some of these and other isotopes in this 
region of neutron number, but for reasons given in reference 4, 
we are unwilling to make critical comparisons of data unless it all 
comes from one laboratory and one set of apparatus. 

7 Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952) 
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TABLE I. Isotopic compositions of the Sr and Zr samples. The 
entries give the atomic percent of each isotope in the sample 
whose nominal label is given in the first column. In the reduction 
of the data, Sr was counted as though it was Sr**, and Zr™ and 
Zr were counted as though they were Zr®. The analyses are those 
supplied by ORNL. 


Sample Sr8 


Sr8é 0.02 
Sr8? neh 
Sr88 
Natural Sr 


Sample 


Zr 98.66 
Zi 12.3 
Zt 24 


0.56 





Zr” 


property of the detector had not changed, a trial run 
was made with a gold target. The yield data were 
converted to cross-section values and compared with 
the published curve. The absolute magnitudes and 
shapes of the two curves agreed to about 10%, all the 
way up to 23 Mev. 

A substantial reduction of background was obtained 
by putting an aluminum tube through the beam hole 
in the neutron house, and evacuating it. The sample 
holder fitted inside this tube. Further background 
reduction was accomplished by putting a 1-in. long 
lead slug, with a hole through it just large enough to 
pass the gamma-ray beam, at the entrance to the 
evacuated tube. It appears that this slug “scrapes off” 
gamma rays which are traveling adjacent to the main 
beam, not quite parallel to it, and which would other- 
wise strike the walls of the beam hole inside the neutron 
house. These stray gamma rays may arise from small 
angle scatterings in the collimator. The general shielding 
around the betatron was also considerably improved. 
The background counting rate was not greater than 3% 
of the neutron yield at maximum energy (23 Mev), 
and increased somewhat at lower energies. 

The total number of counts recorded, at all energies, 
for each sample is shown in Table II. Except at points 
within about 1.5 Mev of threshold at least 10 000, and 
often 40000 counts were taken for each point, in at 
least three, and usually 6 runs at different times. The 
points were about 0.8 Mev apart in energy. The gamma- 
ray exposures were measured by a Victoreen 250- 
roentgen thimble in a cylindrical Lucite block of 3.75 
cm radius. The bremsstrahlung tables used in the data 
reduction were prepared for this monitoring arrange- 
ment. The absolute sensitivity of the neutron detector 
was measured with a Ra-Be neutron source calibrated 
by the National Bureau of Standards. 


CALCULATIONS 


In the usual way, we have reduced the experimental 
yield values to cross-section values by replacing the 
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TABLE II. The total counts recorded for each sample are shown 
in column 2. The total mass of the sample is shown in column 3. 
The area density of the sample in the direction of the gamma-ray 
beam is shown in column 4. The counts in column 2 do not include 
the check-point counts taken at 21.12 Mev, which were partly 
used in the data reduction, and in most cases were one-half to one 
times as large as the total counts listed. 


Area density 
g/cm?) 


2.429 
1.115 
1.652 
3.088 
3.361 


Mass of 
sample (g) 


1.120 
0.552 
0.817 
1.528 
1.663 


Total counts 


Sample recorded 


Sr8é 513 500 
Sr’? 280 000 
Sr88 384 800 
Natural Sr 550 800 
ys 667 000 
Zr® 687 000 1.606 2.253 
Zr 309 000 0.446 0.626 
Zr” 2.661 





integral equations 


Ej 
v(E)=0 f N'(E,,k)o’(k)dk, 1=1,2,3,--- 


0 


where Y(E;) is the neutron yield per roentgen of 
irradiation, when the maximum energy of the brems- 
strahlung is £;, N’(E;,k) is the number of photons at 
energy k per cm? per unit energy interval per roentgen 
of irradiation when the maximum energy of the brems- 
strahlung is E;, o’(k) is the cross section for ejection 
from the nucleus of a neutron by a photon of energy &, 
and Q is the number of nuclei exposed to the gamma-ray 
beam; by the equations 


k= Ej 


Y(E)=Q2 dD N(Ei,k)o(k) 


k=0) 


4=1,2,---m, (2) 


where V (E,,k) is the number of photons having energies 
between k— Ak and k per cm’ per roentgen of irradiation 
when the maximum energy of the bremsstrahlung is /;, 
and o(k) is a certain weighted average of the cross 
section for neutron ejection from target nuclei by 
photons in the energy range k—Ak to k. (Ak is the 
interval of the values of k). Penfold* has examined the 
justification of this replacement, and finds that in 
cases of the sort dealt with in the present work, the 
cross-section values obtained by solving these equations 
are very close to the cross sections which would be 
obtained in a solution of Eq. (1) for the energies 
k—4Ak. For this to be true, it is necessary only that 
the structure of the cross-section curve be broad 
compared to the interval Ak. We use a 1-Mev bin width 
in the data reduction, and the narrowest observed 
curve has a half-width of 4 Mev. 

It is well known that in the use of Eq. (2) the increase 
by a small amount of a single yield value, say at an 
energy Eo, will increase the cross section calculated for 
the point Ey>—3Ak by a large amount, will decrease the 
cross section for the point Eo+4Ak by a similarly large 
amount, and will have a smaller effect on higher energy 


8A.S. Penfold (private communication). 
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Fic. 1. Cross section for the (y,) reaction in Y®, calculated 
from the yield data, at an intermediate stage of the smoothing 
process (see text). The vertical lines through the calculated points 
show the rms uncertainty in the cross-section values, produced 
by the statistical uncertainty of the recorded counts of the raw 
yield data. Other sources of errors, and the partial smoothing 
already done have been ignored in calculating these uncertainties. 
The arrows along the abscissa indicate the thresholds for emission 
of the particles indicated by the labels therewith. The units of the 
ordinate are 10-2? cm?. 


points. Because of the “oscillation” effect produced by 
small irregularities in the yield curves, it is common 
practice arbitrarily to smooth the experimental yield 
curve before performing the calculations’ (or to use 
hindsight to obtain a smoother curve, after a trial 
calculation has been performed, which is what we have 
done in the present case). 

Despite the apparently arbitrary nature of this 
procedure, it is possible to assert that the only real 
violence which may have been done to the experimental 
data is the smoothing out of real irregularities in the 
cross-section curve. The smoothing is never allowed to 
adjust the yield points by an unlikely amount relative 
to their experimental uncertainties. A direct calculation 
of the dependence on the yield values of the “integrated 
cross section”, that is, the area under the cross section 
vs energy curve, shows that the uncertainty in this 
quantity is actually quite small, even though the 
uncertainties of individual cross-section points are quite 
large. As an example, Fig. 1 shows the cross section 
calculated for Y®, at an intermediate stage in the data 
smoothing procedure. The uncertainty indicated with 
each point is that due to the statistical uncertainty in 
numbers of counts at the yield points. The “oscillation” 
effect described above indicates a high degree of 
correlation between adjacent points, however, and the 
uncertainty in the area under the curve of Fig. 1 is 
only 1.6%. We can conclude that the calculated 


*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 
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cross-section curves do represent the true cross-section 
curves, with the exception mentioned above, that all 
fine structure is eliminated. With this in mind we have 
eliminated from our final curves all details, such as the 
rise in cross section at the high-energy end of the scale 
shown in Fig. 1. The final curve for Y® (Fig. 4) shows 
the result of doing this. In all cases, the smoothing was 
only important on the high energy side of the resonance 
curves. As a check, the yield curves were “reconsti- 
tuted” by using Eq. (2), and were found to agree 
within experimental uncertainties with the original 
data. 

RESULTS 


The cross-section curves for Sr®*, Sr8’, and Sr*®* with 
48, 49, and 50 neutrons, respectively, are shown in 
Fig. 2. The principal features of interest are that the 
location of the peak is very nearly the same for all 
three, the width at half-maximum height is greater for 
the nonmagic Sr** and Sr*? than it is for Sr®*, and the 
peak cross sections are smaller for Sr®** and Sr®’ than 
for Sr®*. As a check on the data for the strontium 
isotopes, the cross section for natural strontium was 
measured. The cross section computed by taking the 
appropriate proportions of the three isotopes Sr**, Sr*” 
and Sr** is compared with the measured cross section 
in Fig. 3. (The points shown in Fig. 3 have not been 
smoothed to the same extent as the result shown in 
Figs. 2, 4, and 5. The only smoothing done for these 
points is that involved in graphical interpolation of the 
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Fic. 2. Cross sections for the (y,”) reactions in strontium 
isotopes. Full curve Sr®*, short dashes Sr8’, long dashes Sr8*. The 
single and double slash marks on each curve represent the locations 
of the (y,pm) and (y,2m) thresholds, respectively. The units of 
the ordinate are 10-7’ cm’. 
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yields at Mev points between the measured yield 
points, which were not at even Mev values in general. 
The comparison is therefore a more critical one than if 
the smoothing had all been done first.) In the case of 
Zr such a comparison would not have been useful 
because of the large natural abundances of Zr™ and 
Zr**, for which cross-section data are not available, so 
we did not measure the cross section of natural Zr. 

The cross-section curves for the three magic-number 
nuclei Sr**, Y®, and Zr® are shown in Fig. 4. The close 
similarities of the three curves is remarkable, as is 
their uniform narrowness. 

The cross-section curves for Zr®, Zr® and Zr”, with 
50, 51, and 52 neutrons, respectively, are shown in 
Fig. 5. The data for the Zr® and Zr® samples have been 
combined with the Zr® data in a new calculation of the 
isotope cross-section curves, and there are small 
differences from the previously published curves,® 
including correction of an arithmetic error which makes 
the Zr® absolute cross section about 10% higher. The 
interesting features are that the nonmagic nuclei again 
have wider curves than the magic number nucleus 
Zr™, and the curves all have the same peak height. The 
parameters of the cross-section curves for all the cases 
measured in this laboratory from mass number 75 to 
103 are given in Table III. 

The energy region from 12.5 to 15.5 Mev is shown 
expanded in Fig. 6. The points shown are the cross- 
section values calculated for the 1-Mev bins for each 
of the 8 nuclides having from 48 to 52 neutrons which 
have been measured in this laboratory. The points are 
connected by straight lines for visual purposes only. 
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Fic. 3. Comparison of unsmoothed cross-section calculations 
for natural strontium sample with the values obtained by com- 
bining in proper proportion the cross sections for the isotopes 
Sr8*, Sr8?, and Sr88. The circles show the results of the direct 
measurement, and the crosses show the isotopic combination 
values. See text for remarks about smoothing. The units of the 
ordinate are 10-7 cm’, 
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Fic. 4. Cross sections for the (y,) reactions in 50-neutron 
nuclides. Long dashes Sr, full curve Y®, short dashes Zr™. The 
single and double slash marks on each curve represent the locations 
of the (y,pm) and (y,2m) thresholds, respectively. The units of 
the ordinate are 10-?? cm?, 


The remarkable feature of this graph is the close 
agreement of all 8 curves in this energy region, which 
covers the low-energy half of the giant resonance. At 
15 Mev the spread of the cross-section values is only 3 
times the statistical uncertainties in the values. The 
locations of the half-height points on the curves range 
from 14 to 14.6 Mev, which is a narrower range than 
that of the location of the peaks of the curves for these 
nuclei. 

The (y,”) threshold of Sr®* was reported tentatively 
by Sher, Halpern, and Mann” at 9.5 Mev. It has been 
pointed!” out that this value is unlikely, in view of 
other reaction data and mass data, which suggest a 
value near the threshold of Sr®* at 11 Mev. The calcu- 
lations indicate most likely values of the Sr®* threshold 
to be 11.0 or 11.5 Mev. We did not make a careful 
measurement of the Sr®* threshold, but our data 
indicate that it is between 10.5 and 12.0 Mev, with 
the most likely value near 11.5 Mev, in agreement with 
these suggestions. 

DISCUSSION 


The onset of (,2m) processes can make the resonance 
curves appear wider in the present experiments, where 
neutrons are detected, since the neutron multiplicity 
will be interpreted as a larger cross section. [In experi- 
ments where the residual activity is measured, the 


10 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 
1 A. H. Wapstra, Physica 21, 385 (1955). 
2V. A. Kravtsov, Bull. Acad. Sci. U.S.S.R. 19, 338 (1955). 
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Fic. 5. Cross sections for the (y,m) reactions in zirconium 
isotopes. Short dashes Zr™, long dashes Zr*, full curve Zr”. The 
previously published Zr® and Zr* results have been recomputed, 
taking into account the present Zr measurements. The single 
and double slash marks on each curve represent the locations of 
the (y,pm) and (y,2m) thresholds respectively. The units of the 
ordinate are 10-2? cm?. 


(y,2n) competition would make the curves appear 
narrower. ] The onset of (y,pm) processes can have a 
similar effect, since at energies where only (y,p) or 
(y,m) can occur we see only the (y,m) events, while at 
energies where (y,pm) can occur this process will 
compete with both (7,#) and (7,p), and will always be 
counted by us as (y,), which means that in effect some 
of the (y,p) cross section is added to the neutron 
emission cross section above the (y,pm) threshold. In 
fact, at energies far enough above this threshold, one 
would expect that most of the events in which a proton 
was emitted would be accompanied by neutron emission. 
This has in fact been observed" in the light elements 
F and N. 

These processes certainly do affect the shapes of the 
observed curves. There are, however, some clear-cut 
cases where the measured half-widths cannot have been 
thus affected. The three magic nuclei Sr®*, Y®, and 
Zr™ all have (y,pm) and (y,2m) thresholds," indicated 
on the curves of Figs. 2, 4, and 5 by single and double 
slash marks, respectively, too high in energy to affect 
the half-widths seen. The increased half-widths of the 
non-magic-number nuclei Sr®* and Sr*’, as compared to 
that of Sr**, cannot be ascribed to these processes, 


3 Ferguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 776 
(1954). 

4 We have used throughout threshold values derived from the 
compilation of reference 9. 
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either, as indicated by their thresholds, shown on Fig. 2. 
[Even the (y,pm) threshold of Sr®’ cannot have any 
significant effect, since appreciable proton emission 
cannot occur for several Mev above the threshold. ] In 
similar fashion, Fig. 5 shows that the increased width 
of the Zr™ curve over that of Zr® is not due to the (y,2m) 
process. 

The smoothing which is done in the calculations, as 
described above, cannot have produced the differences 
in half-widths, because of the restrictions imposed by 
the requirement that the integrated cross sections, 
which are well determined by the data, stay within 
bounds. In a sense, it might be more direct to specify 
something like the energy interval, symmetric around 
the peak, in which the integrated cross section divided 
by the interval is equal to say, three-quarters of the 
peak cross section. This would in fact not produce 
relative widths very different from those given by the 
half-height energy interval. The only likely effect of 
the smoothing is that the narrower peaks may appear 
to be wider than they really should be. 

The close agreement of all eight curves in the region 
of the low-energy slope of the resonances, despite their 
considerable differences on the high-energy side, 
suggests that this part of the curve is only very slightly 
sensitive to details of nuclear structure. It has been 
suggested that the half-height point on the low-energy 
side of the curve is a more regular parameter than the 
location of the peak. Experimentally this point is 
easier to locate than the peak of the curve, because the 
cross-section points are more accurately determined in 
this region, and the curve is steeper. Any error in the 
peak cross section caused by the bin size not being 
small enough will not shift the half-height point much, 
because of the steepness of the curve. Since the present 
work shows on the other hand, that the high-energy 
side of the resonance does depend strongly on details of 
nuclear structure, the location in energy of the peak 
will very likely also be affected. 


TABLE III. Parameters of giant-resonance cross-section curves 
for (y,m) reactions in nuclei near 50 neutrons. Nuclides 3;As", 
aiNb%, and 4;Rh"™ from reference 4, 4oZr™ and 4oZr®! from reference 
5 recomputed in present work. Neutron number is shown in 
column 2, location of peak cross-section value in column 3, peak 
cross-section value in column 4, half-height width of curve in 
column 5, and area under curve from threshold to 23 Mev in 
column 6. 
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0.92 
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Santos et al.!® suggest that if shell-structure effects 
are to be observed in the widths of the giant resonances, 
one ought to define a width parameter which would not 
be affected by the extraneous processes (y,2m), etc. 
To do this they have used the interval between the 
peak energy and the extrapolated intercept, with zero 
cross section, of the line joining the peak of the curve 
with the low-energy half-height point on the curve. 
They then find no significant correlation with shell 
structure. Our observations show why this is so. The 
low-energy side of the curve is indeed mot correlated 
with the shell structure. It is just the difficult-to- 
investigate high-energy side of the curve which shows 
the strong shell-structure correlations. The same 
investigators then suggest that the interval between 
the (y,z) threshold and the low-energy half-height 
point of the giant resonance shows a strong shell- 
structure effect, and show that this is indeed so. This 
is not surprising, since the (y,z) thresholds themselves 
show a strong shell-structure effect, and it has not been 
shown that the correlation remains if the part due to 
the absolute threshold values is removed. Our present 
work, covering nuclides with widely different (7,1) 
thresholds, shows clearly that the absolute location of 
this half-height point is very little dependent on details 
of structure or thresholds. 


CONCLUSIONS 


The photoneutron cross-section curves for the 
nuclides measured in the neighborhood of 50-neutron 
nuclides show regularities of the following kinds, which 
are not due to extraneous effects such as data processing, 
or competing processes interfering: (1) The giant 
resonances are much narrower than for nuclides not so 
close to the neutron number 50, and the 50-neutron 
nuclides have the narrowest resonances. (2) The low- 
energy sides of the resonances are remarkably similar 
for eight nuclides close to neutron number 50, both in 
absolute cross-section values and in the location of the 
half-height points. (3) A corollary of the previous 
points is that the high-energy sides of the resonances 
vary considerably among these eight nuclides. (4) The 


18M. D. de Souza Santos et al., Anais acad. brasil. cienc. 27, 437 
(1955). 
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Fic. 6. Cross sections for the (y,) reactions in Sr86, Sr87, Sr88, 
Y®, Zr™, Zr, Zr®, and Nb*, in the energy region 12.5 to 15.5 
Mev. The calculated points for 1-Mev bin widths are plotted at 
the centers of the bins, and are connected by straight lines, not 
smoothed curves. 


peak heights of the resonance curves are all almost 
exactly the same (unless perhaps the narrowest curves 
have been broadened, hence lowered, by the finite 
bin-width used) except for the two nuclides of the 
group, Sr8* and Sr’, in which the neutron shell is not 
yet closed, and which have peaks significantly lower 
than the others. 
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Published measurements of the cross sections for the (y,m) reaction in natural Mg and in Mg® are in 
disagreement in the energy region where the other Mg isotopes do not contribute to the cross section of the 
natural sample, and imply a most unusual cross-section curve for the Mg” isotope at slightly higher energies. 
A new measurement of the cross section for natural Mg is reported which disagrees strongly with the pub- 
lished data, but agrees with the Mg* values, and implies a not-surprising cross-section curve for Mg”*. The 
origin of the disagreement in the natural-sample cross-section values is unknown. 





INTRODUCTION 


ATURAL magnesium has three stable isotopes, 
Mg™, Mg”, and Mg®*. Their (y,) thresholds are 
at 16.57 Mev, 7.33 Mev, and 11.12 Mev, respectively.! 
This makes it possible to measure, by neutron detection, 
the Mg**(y,m) cross section in natural magnesium 
samples in the interval from its threshold to that of 
Mg” without interference from the other isotopes. 
From 11 to 16.5 Mev one can measure the composite 
cross section due to Mg** and Mg” without any contri- 
bution from Mg". In addition to this, one can also 
measure the Mg**(y,2)Mg* cross section separately by 
observing the Mg” activity. The Saskatchewan group 
has measured the cross section for natural Mg,? and has 
also measured the Mg” cross section by the latter 
method.?* They obtain the result that the Mg” cross 
section has a large peak in the neighborhood of 13 Mev. 
They also assume that nearly all of the cross section 
above the Mg” threshold is due to Mg”, which is 
78.60% abundant, and that little if any is due to 
Mg”™(10.11%) or Mg**(11.29%). On the other hand, 
measurements of the (y,p) cross section for Mg”® show 
a large peak?‘ in the neighborhood of 21 Mev. If the 
above observations were all correct, it would imply that 
the level structure of Mg*® is very different for the 
excitation of protons by gamma rays than for the 
excitation of neutrons, and it would also imply that 
practically no compound-nucleus formation, with 
statistical distribution of the excitation energy among 
the nucleons, takes place at all. 

In this laboratory we have measured and reported® 
the (y,m) cross sections for Mg** and Mg®, using 
isotopically enriched samples. This Mg” cross section 
agrees, about as well as is usual, with the residual- 
activity method, but we are in total disagreement with 


* Supported in part by the U. S. Air Research and Develop- 
ment Command and the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

ft Present address: Physics Department, Rensselaer Polytechnic 
Institute, Troy, New York. 

1 Thresholds quoted are obtained from the compilation of A. H. 
Wapstra, Physica 21, 367 (1955). 

? Katz, Haslam, Goldemberg, and Taylor, Can. J. Phys. 32, 580 
(1954). 

* Katz, Baker, and Montalbetti, Can. J. Phys. 31, 250 (1953). 

4 E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951). 

*R. Nathans and P. F. Yergin, Phys. Rev. 98, 1296 (1954). 


the Mg*> cross section estimated? from the natural- 
sample data. As remarked above, the cross section from 
the natural sample should all be due to Mg® in the 
region from 7.3 to 11.1 Mev, and to Mg** and Mg” in 
the region from 11.1 to 16.6 Mev. Our Mg*® measure- 
ment disagrees not only in the former region, but could 
be reconciled with the natural-sample data in the latter 
region only if Mg** had a negative cross section. 


EXPERIMENT 


In view of the large discrepancy, and of the theoretical 
importance of the relation between the (y,”) and (y,p) 
cross sections in Mg**, we have remeasured the (y,1) 
cross section for a natural Mg sample. The apparatus 
and technique is identical with that described else- 
where.® The sample was in the form of MgO, and was a 
slug 3° in. in diameter, entirely inside the collimated 
gamma-ray beam, and had an area density of 1.813 
g/cm*. A total of 9600 counts was recorded at 0.8 Mev 
intervals from threshold to 16.6 Mev. [Essentially none 
of these were due to the oxygen in the sample since the 
O'*(y,) threshold is at 15.6 Mev, and its cross section 
is not very large near threshold.”] Another 100 000 
counts were recorded at higher energies, up to 23 Mev. 
After the data had been taken, the sample slug was 
subjected to qualitative spectroscopic analysis.* The 
largest impurity was sodium, a few tenths of a percent, 
followed by calcium, a few hundredths of a percent. All 
other impurities were substantially less. 


RESULTS 


The raw yield data were corrected for background 
and the oxygen contribution was subtracted. The result 
is shown in Fig. 1 as points surrounded by estimated 
error ellipses. On the same graph are shown the yield 
points published by the Saskatchewan group. In order 
to emphasize the differences of the shapes of the curves, 
to which the cross sections are critical, rather than 
absolute value differences, which are not so important, 
these latter points have been adjusted so that the 


‘Pp. F. Yergin and B. P. Fabricand, Phys. Rev. 104, 1334 
(1956), preceding paper. 

7 Ferguson, Halpern, Nathans, and Yergin, Phys. Rev. 95, 776 
(1954). 

8 By W. B. Coleman and Company, Philadelphia, Pennsylvania. 
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Fic. 1. Yield of neutrons versus 


gamma-ray energy for natural 
magnesium samples. Points shown 100 
with estimated error ellipses are for 
the present work. Crosses are from 90 
reference 2, scaled by a factor 0.74 
to give agreement with the present 
work at 20 Mev. Triangles are the 
Mg* yield data for reference 5, 
adjusted for the isotopic abund- 
ance of Mg®> in natural Mg. The 
(y,n) thresholds for the three Mg 
isotopes are indicated along the 
abscissa. Over the energy range 
from threshold to about 16 Mev 
the yield values are plotted to a 
scale expanded 5 times over the 
scale given. From about 12.5 Mev 
to the upper energy limit of the 
data, the points are plotted to the 
scale shown. (The points from 
12.5 to 16 Mev are plotted to both 
scales.) 
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absolute yields of the two sets of data agree at about 
21 Mev. The vertical scale factor required was 0.741. 
This is not meant to imply that our absolute yield 
values are more likely to be correct. It is only done to 
make the shape differences more easily observed. The 
outstanding features are that, although the two curves 
agree extremely well over the range from 17 to 22 Mev, 
there are substantial differences at all other energies, 
down to threshold at 7.33 Mev. Furthermore, no 
additional scaling factor could bring about agreement 
over the range from 8 to 16 Mev, apart from the fact 
that it would destroy the agreement at higher energies, 
because the two curves simply do not have the same 
shapes in this region. This disagreement is clearly the 
cause of the radical disagreement in cross-section values 
reported. 

On Fig. 1 there are plotted the yield values which we 
measured earlier for Mg?*. It is seen that there is good 
agreement from threshold to 11 Mev, where Mg”é 
begins to contribute to the neutron yield from the 
natural sample. In order to examine more critically 
whether our data are reasonable, we subtracted the 
Mg” yield from our natural Mg yield, in the region 
below the Mg” threshold (above this threshold the Mg” 
yield overwhelms the others, making any attempt at 
subtraction meaningless) and calculated the resulting 
cross section, which should be ascribed to Mg** (with 
rather poor accuracy; one should not take it seriously 
as any more than a rough indication of the cross section, 
which should be measured with an isotopically enriched 
sample for reasonable accuracy). The result is shown in 
Fig. 2, along with our previously reported Mg” curve, 
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and the Saskatchewan Mg” estimate. The “Mg?6”’ 
curve looks very reasonable in comparison to our Mg” 
result, and suggests that the two may also be similar 
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Fic. 2. Cross sections, calculated from yield data, for Mg** and 
Mg”. The solid curve is the Mg** curve from the separated isotope 
data of reference 5, the dashed curve is the estimate for Mg** from 
the natural sample data of reference 2, and the short-dash curve 
is the rough estimate of the Mg” cross section obtained by com- 
— the present natural-sample data with the Mg® isotope 

ata, 
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at higher energies, although this can only be a conjec- 
ture at present. (By a 10% adjustment of the Mg” 
measured yield values, we were able to extend the curve 
to about 21 Mev. It agreed very closely with the Mg*® 
curve in this region, but the adjustment is too arbitrary 
to permit useful conclusions to be drawn.) 


DISCUSSION 


A measurement of the cross section of natural MgO 
in the low-energy region from threshold to 16 Mev or so 
is beset by difficulties which arise principally from the 
very low absolute yield. The yield is low for three 
reasons: (1) The isotopic abundances of the contributing 
isotopes are small, so that with a sample limited in size 
to avoid the need of gamma-ray absorption corrections 
the total yield will be small. (2) The energy region in 
question is below the giant-resonance region, so the 
yield will be small. (3) Magnesium is a low-Z element, 
so that the gamma-ray absorption is small. 

The smallness of the yield compared to that of heavy 
elements, whose giant resonances occur just in the 
region under consideration, makes it imperative to be 
sure that there is not the smallest trace of a heavy- 
element impurity present. For example, if there were a 
lead (or similarly high-Z element) impurity of 0.3 
atomic percent, the contribution to the cross section at 
13 Mev would be twice as large as that due to the natural 
magnesium, using the data of the present work. 
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Another source of difficulty may be the energy de- 
pendence of the neutron-detection apparatus. It is not 
at all clear that the checks made to assure uniform 
response are adequate for the present case, because it is 
quite possible that at energies so far below the giant 
resonance and in such a light nucleus the energy 
distribution of the neutrons is quite different from that 
encountered in the giant resonance region or near it, 
where most of the calibrating checks have been made. 


CONCLUSION 


There is a real and serious discrepancy among values 
reported for the Mg®(y,m) cross section, in the region 
from threshold to the Mg” threshold at 11.1 Mev, and 
there is also a serious discrepancy for the natural 
Mg(vy,) cross section, which is a combination of Mg*® 
and Mg*® cross sections, in the region from 11.1 Mev 
to the Mg” threshold at 16.6 Mev. These discrepancies 
do not result from absolute scale calibration difficulties. 
The Saskatchewan results might be in error if small 
heavy-element impurities were present in the sample. 
Either laboratory might have erroneous results if the 
energy dependence of the neutron detectors is in- 
adequately known (and the degree to which it must be 
known for this particular case is not easily specified 
a priori). It would be desirable to have additional 
measurements by other laboratories, on natural Mg 
and also on isotopically enriched samples of Mg*> and 
Mg", 
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Low-Lying 7=0 Levels in P*°} 


L. L. Lez, Jr., AND F. P. Moorrnc 
Argonne National Laboratory, Lemont, Illinots 
(Received August 23, 1956) 


The S*(d,a)P® reaction has been studied by magnetic analysis. A ground state Q value of 4.831+0.013 
Mev has been measured, with excited states at 0.693, 1.440, and 1.97 Mev excitation. The prominence of 
the 0.693-Mev level in this reaction indicates that it is probably T=0, if isotopic spin selection rules may 


be considered valid. 


N the A=4n+2 nuclei, levels of isotopic spin T=0 

and T=1 may exist at approximately the same 
energy.! In general, the T=0, J=1 level has lower 
energy and forms the ground state, while the lowest 
T=1 level forms a low-lying excited state. It has been 
pointed out? that reactions involving only deuterons or 
alpha particles can be used to ascertain isotopic spin 
assignments. If isotopic spin is conserved in a reaction, 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
(1954). 

*R, K. Adair, Phys. Rev. 87, 1041 (1952). 


then a (d,a) reaction from a 7=O initial state will 
excite only levels of 7=0 in the residual nucleus. It is 
then possible, by studying a given nucleus by two 
reactions, one allowing both T=1 and T=0, and one 
allowing only T=0, to make isotopic spin assignments 
to the various levels. 

The levels of P® have been investigated by several 
workers’ using the Si?°(d,n)P® and Si?*(p,y)P® reac- 


3 Mandeville, Swann, Chatterjee, and Van Patter, Phys. Rev. 
85, 193 (1952). 

4 Endt, Kluyver, and Van der Leun, Phys. Rev. 95, 580 (1954) ; 
Broude, Green, Singh, and Willmott, Phys. Rev. 101, 1052 
(1956), 
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Fic. 1. Alpha-particle groups from the ground state and 0.693- 
Mev excited state of P®. Observation at 90° with 2.510-Mev 
deuteron energy. 


tions. A level at about 700-kev excitation has been 
observed, to which T=1 has been assigned‘ on the 
basis of excitation energy and gamma-ray angular dis- 
tribution. To investigate this assignment, we have 
observed the alpha-particle groups from the S**(d,a) P® 
reaction with the Argonne 16-inch double-focusing mag- 
netic spectrometer,® using rather poor resolution to 
speed collection of data. Thin targets of FeS, SnS, and 
CdS, prepared by vacuum evaporation, were bombarded 
with deuterons from the ANL electrostatic generator 
at various energies from 1.6 to 2.9 Mev. Observations 
of alpha-particle groups were made at both 63° and 90° 
to the incident beam. Assignment of alpha groups to 
the S**(d,a)P* reaction was made by observing the 
variation of alpha-particle energy with angle and with 
deuteron energy. An additional CdS target, enriched 
to 37.2% S* from the normal 4.2%,6 was used to 
eliminate the groups from S**(d,a)P**. 

A ground state Q value of 4.831+0.013 Mev was 
measured. Excited states were observed at 0.693-, 
1.440-, and 1.97-Mev excitation. Figure 1 shows the 
ground state and (0.693-Mev excited state as observed 
at 90° to the incident deuteron beam at a deuteron 
energy of 2.510 Mev. In this, as in all other observa- 
tions, the 0.693-Mev excited state group and the ground 
state group were observed to have comparable intensity, 
indicating that both are T=0. 

Energy level diagrams for P* as observed by three 
different reactions are shown in Fig. 2. The agreement 
among the measurements is well within stated experi- 


5 R. Malm and D. R. Inglis, Phys. Rev. 95, 993 (1954). 
6 Enriched CdS obtained from the Stable Isotopes Division, 
Oak Ridge National Laboratory. 
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Fic. 2. Energy levels of P® as determined from three different 
reactions. Several authors‘ have interpreted the 0.70-Mev level 
as T=1, J=0 from the Si” (p,7) P”. 


mental errors. If it can be assumed that isotopic spin 
is conserved in the S**(d,a)P* reaction, then it would 
seem that all of the levels below 2.5-Mev excitation 
observed to date in P® have T=0. The calculated 
Coulomb energy difference from the T=1 ground 
state of Si®® indicates a level at about 0.330-Mev 
excitation in P®® with T=1, which may have been 
missed in experiments to date. 

In the course of the present experiment, protons from 
the S**(d,p)S* reaction were also observed, providing a 
check on the experimental methods. A ground state Q 
of 6.408+0.020 Mev was measured, in agreement with 
earlier, more precise work.’ The energy levels obtained 
in S* are in good agreement with those measured with 
high precision for the Cl*°(d,a)S* reaction.® 

The use of the S* enriched target enabled a measure- 
ment of the ground state Q value for the S**(d,a)P*? 
reaction, the levels being well known from work on 
P*!(d,p)P**.2 Our measurements give a ground state Q 
value of 5.04+0.02 Mev in agreement with accepted 
mass values. 

The authors would like to express their thanks to 
Dr. R. S. Preston for his help in taking data, and to 
the members of the ANL Van de Graaff group for their 
aid throughout the experiment. 


7 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
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§ Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 

® Van Patter, Endt, Sperduto, and Buechner, Phys. Rev. 86, 
502 (1952). 
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Ultrasonic Excitation of Nuclear Magnetic Energy Levels of Na** in NaCl*t 


W. G. Procrort anp W. A. Rosrnson§$ 
University of Washington, Seattle, Washington 
(Received August 27, 1956) 


The nuclear magnetic levels of Na* in a single crystal of NaCl placed in a strong magnetic field have been 
saturated by the pure quadrupole transition Am= 2, caused by ultrasonic excitation. The observed transition 
rate has been compared with theoretical expressions to find that the electric field gradient generated at the 
nuclear site by the lattice distortion is very close to that expected from a simple classical model. Hence the 
large covalent and antishielding factor required to explain the spin-lattice relaxation time on the basis of the 
theory of Van Kranendonk is not found. Possible reasons for this discrepancy are discussed. 





I. INTRODUCTION 


HE most important mechanism for the nuclear 
spin-lattice relaxation in many solids is known 
to involve the presence of impurities.! However, in 
many crystals containing nuclei with quadrupole 
moments, the characteristic time (7) of this relaxation 
is found to be fairly short and independent of the purity 
of the sample. Pound? has proposed that this can be 
explained as a result of a quadrupole interaction (0- VE) 
and offers strong evidence for this in the case of Na™ in 
NaNOs, for I?’ in KI, and for all the nuclei in NaBr. 
Pound proposed that field gradients in crystals are 
modulated or generated by distortions of the lattice, 
these distortions being caused by thermal lattice waves. 
The time-varying quantity VE can therefore cause 
transitions between the various magnetic energy levels. 
The selection rules are Am=+1 and Am==+2. 

A detailed theory of this relaxation mechanism has 
been formulated by Van Kranendonk? for the case of 
NaCl-type crystals. In this case the Na nucleus finds 
itself in a cubic environment, and thus VE must have a 
time average value of zero. In order to calculate the 
field gradient, Van Kranendonk assumed a model 
wherein the Na nucleus interacted with point charges 
placed at the positions of the six nearest neighbors. 
These point charges take the place of the neighboring 
ions and undergo the same motion. From this, one can 
calculate the interaction and hence the relaxation time. 
However, the electrons surrounding the Na nucleus of 
interest may also interact with the field of these 
charges,‘ and therefore the effective charge may be 
multiplied by some number. Van Kranendonk defines 
y as this number, and it is a measure of the extent of 


* This paper contains part of a thesis submitted by W. A. 
Robinson to the Physics Department, University of Washington 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

This research was supported by the United States Air Force, 
through the Office of Scientific Research and Development 
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t Now at Varian Associates, Palo Alto, California. 

§ Now at the National Bureau of Standards, Washington, D. C. 

1N. Bloembergen, Physica 15, 386 (1949). 

?R. V. Pound, Phys. Rev. 79, 685 (1950). 

3 J. van Kranendonk, Physica 20, 781 (1954). 

*R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956). 


the shielding and antishielding of the nucleus due to 
these electrons. In the case of I”’ in KI, Pound found 
T, to be 0.02 second, and the y required to explain this 
is 10°. 

The energy stored in lattice waves of a frequency 
corresponding to Am of +1 and +2 in reasonable 
magnetic fields and at room temperature is so small 
that the absorption and emission of these lattice waves 
(direct effect) can be neglected as an important mechan- 
ism in the relaxation. The important process must be 
one of a Raman nature wherein high-energy phonons 
are inelastically scattered according to hv’—hv’+hv 
(or +2hy), where hy corresponds to the separation of 
adjacent nuclear magnetic energy levels. It is these 
last processes (indirect effect) upon which Van 
Kranendonk’s theory is based and his values of y 
calculated. He has pointed out that the y of the direct 
effect need not be the same as that corresponding to the 
indirect effect,’ and the difference will be discussed in 
Sec. V. The present experiment was undertaken in order 
to investigate the direct effect so as to study this model 
and to make a somewhat independent measurement of 
y. We were able to observe the effect of transitions 
between magnetic energy levels when ultrasonics energy 
at a frequency corresponding to Am=+2 was intro- 
duced. ‘The effect of the sound was determined by 
measuring the magnetization of the nuclear system 
using the pulse technique.® In this method the transient 
rf pulse following a short pulse of rf magnetic field at the 
Larmor frequency is proportional in magnitude to the 
static magnetization of the system which in turn is a 
function of the populations of the various states. 

The possibility of affecting the nuclear magnetization 
in solids through the use of ultrasonics has already been 
mentioned by Kastler.’ Altschuler*.* has also suggested 
that ultrasonic energy might interact with the nuclear 
spin system to a measurable extent. The first successful 
experiment in this field was carried out by Proctor and 


5 J. van Kranendonk (private communication). 

6 E. L. Hahn, Phys. Rev. 77, 297 (1949). 

7A. Kastler, Experientia 8, 1 (1952). 

8S. A. Altschuler, Doklady Akad., Nauk U.S.S.R. 85, 1235 
(1952). 

9S. A. Altschuler, J. Exptl. Theoret. Phys. S.S.S.R. 1, 37 (1955). 
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NUCLEAR MAGNETIC 


Tanttila’-” who observed that the population differ- 
ence of the two pure quadrupole levels of Cl** in NaClO3; 
decreased when the sample was subjected to ultrasonic 
energy at the transition frequency. The essential differ- 
ence between their experiment and this one is that here 
the nuclei are in a magnetic field and Am= +2 transi- 
tions are induced. In the NaClO; case there is no 
magnetic field and both Am=+1 and Am= +2 transi- 
tions are induced. With the sound at twice the Larmor 
frequency (Am=+2), magnetic fields generated by 
currents in the ultrasonic system could not affect the 
populations. In the experiment of Proctor and Tanttila 
this was a possible source of difficulty. 

Because of the measurements of Pound, it might 
seem that KI would be the most interesting sample 
with which to perform this experiment. However, 
Watkins and Pound have measured the absolute 
intensity of the nuclear magnetic resonance signal for 
I?’ in KI and found it to be only 0.3 of the expected 
value. They interpret this value of intensity as being 
due to static quadrupole interactions of the I?’ nuclei 
with field gradients produced by crystal dislocations. 
Since the spin of I!” is 5/2, there will be five transitions 
in the nuclear magnetic resonance line. Of these, only 
the } to 3 transition will not be perturbed. The other 
four transitions are spread so much that only 10% of 
the signal is due to other than the } to } transition. 
Thus the largest effect we could expect in KI would be 
a 10% decrease in magnetization. For this reason we 
used NaCl, although the quadrupole moment of Na”* 
is 4 that of I?’ 


II. LEVEL POPULATION AND ULTRASONIC EFFECT 


The spin of Na®™ is $ and in a magnetic field the 
magnetic quantum number m may take values 3, 3, 
and —%. These give four nondegenerate energy 
levels (see Fig. 1), and the separation of adjacent levels 
is given as 


ho=pH/I, (1) 


where w is the angular frequency of the emitted radi- 
ation, u is the nuclear magnetic moment, / is the nuclear 
spin, and Ho the external magnetic field strength. 
There are three transitions between these levels and 
they lie in a narrow range of frequency. That they do 
not necessarily satisfy Eq. (1) is a result of crystal 
imperfections, and this will be discussed in the last 
section. The range of frequency involved is narrow 
enough that the amplitude of a nuclear magnetic 
resonance signal will involve the contributions of each 
of the three transitions and will therefore, be propor- 
tional to the original nuclear magnetization. If #, is the 
population of the m=} level, etc., then the signal is 


10 W. Proctor and W. Tanttila, Phys. Rev. 98, 1854 (1955). 

11 W. Proctor and W. Tanttila, Phys. Rev. 101, 1757 (1956). 

2 W. Tanttila, thesis, University of Washington, 1955 (un- 
published). 

3G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953). 
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Fic. 1. Nuclear magnetic energy levels for J = } showing thermal 
transitions (P) and ultrasonic transitions (W). (a) The case for 
relaxation due to magnetic dipole transitions; (b) the case for 
relaxation due to electric quadrupole transitions. 
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A detailed study of these differences must thus be made. 

The results of this study will depend upon the 
mechanism by which thermal equilibrium is established. 
We do not know in advance the exact mechanism in- 
volved, so we must treat two possible cases. The cases 
of interest are magnetic dipolar (impurity) interactions 
and quadrupolar interactions. In the first case thermally 
caused transitions can occur only between adjacent 
levels [see Fig. 1(a) ]. Furthermore, downward transi- 
tions are more probable than upward transitions by a 
factor e”/*T, Since w lies in the radio-frequency region, 
this factor may be approximated by 1+ A, where 
A=hw/kT. Recalling that the matrix elements of the 
m=+} to m=} transitions are 2/v3 times larger 
than those of the other dipole transitions, we can write 
down the rates by which the population of the levels 
will change. 


nhy= —mLP+W ]+nyP[1+4]+n_W, 
ny=nyP—ny(PL(7/3)+4]4+W)+n_4P 
X[(4/3)+ (4/3)A]+n3W, 
nhy»~=nyW+ (4/3)nyP—n_ (PL (7/3) 
+ (4/3)AJ+W)+n_4P[1+4], 
n_y=nyW+n_4~P—n4(PL1+4]+W). 


Here P is the upward thermal transition probability 
per second and W is the Am= +2 transition probability 
per second caused by ultrasonic vibrations. It is not 
necessary for our purpose to solve these equations 
completely. However, we must know the relation of the 
measurable quantity TJ; to the thermal transition 
probability P. If the populations of the four levels are 
initially equal, one expects that each will return to its 
equilibrium value with an exponential decay and a 
characteristic time T;. By inspection, the trial solutions 
are (W=0): 

ny= No(1+3A)—3nAe-7!7!, 

y= N9(1+2A)—3noAe~7!™, 

n_4y=no(1+A)+3mde7!™, 


n_4=not3nhe!™, 


(2) 
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where mo is the equilibrium population of the m= —3 
level. Upon substitution of (3) into (2) one finds that 
not only is (2) satisfied but 


P=3/2T). 


In performing the experiment to determine 7, the 
nuclear spin system is allowed to approach a steady 
state so that we may set %j=7,;=---=0 in Eq. (2) 
and obtain 


(ny—n_4)/no= (2P—W)A/(2P+5W), 
(ny—n_y)/no= (6P+W)A/(2P+5W). 


Since the nuclear magnetization (M) is proportional to 
3(ny—n_4)+ (ny—n_4), 
and in the limit of W=0 becomes 102A, we may write 
M 1+W/10P 
My 14+5W/2P’ 


where M= Mp, for W=0. In terms of the pulse ampli- 
tude A and T; we have 


A 1+WT,/15 
Ce par rate (4) 
Ay 145WT,/3 


Here Ao is the amplitude with no ultrasonic waves 
present. 

The second possibility is that the relaxation is 
entirely quadrupolar. In this case both Am=-+1 and 
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Fic. 2. The six-point charge model showing the positions of the 
nucleus of interest (position 2) and the six nearest neighbors. 
(a) With cubic symmetry. (b) Showing the distortion caused by 
the displacement of the lattic points by sound. 
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+2 thermal! transitions are allowed with the exception 
of 4<+}. Furthermore, we assume that the probability 
of Am=+1 is equal to that of Am=-+2 since the 
averaged matrix elements are equal, and that the 
increase in downward probability over the upward 
value for a particular transition is proportional to the 
energy of the transition [see Fig. 1(b)]. Then the 
expressions for the rate of change of the populations 
become : 


ny= —n,(2P+W)+m,P[1+4] 
+n_;(P[1+24]+W), 
iy=myP—ny(P[2+A]+W)+n_4(P[1+24]+W), 
h_y=ny(P+W)—n_3(P[2+2A]+17) 
+n_,P[1+A], 
n_y=ny(P+W)+n_4P—n_,(P[2+3A]+W). 


(5) 


In a manner similar to that used in the dipolar case, one 
finds 

™ 1 M P+W/5 A 1+2WT, 

" 2P’ Me P4+W’ Ay 1+2WT, 

This last expression will hold only if there are no ap- 
preciable transitions between the m=+ 4 and the 
m=-—4 levels through dipolar processes in the time 
allowed, in the experiment, for steady state to be 
established. 

To relate the ultrasonic transition probability W to 
the intensity of sound, we calculate the field gradients 
accompanying sound waves in NaC] and find the inter- 
action between these gradients and the Na® nuclear 
quadrupole moment. In part, we base the calculation 
of the field gradients on the model of Van Kranendonk. 
In this model, the cubic symmetry of the field of the 
six point charges is destroyed by the motion of the 
lattice points in a sound wave (see Fig. 2). We first 
consider the case of a compressional wave propagating 
in the x direction. Then the position of lattice point 1 
may be written S\=£ésinwr, of lattice point 2 as 
S2=& sin(wr—ka)+a where k is the propagation con- 
stant of the sound, and of 3 as 


S3= & sin(wr—2ka)+2a. 
Thus we find the result 


$(S3—S:)~—tkacoswrt+a if ka. 


The symmetry is no longer cubic, and we can calculate 
the field at the Na nucleus (position 2). If b is the 
nuclear separation in the x direction and a the sepa- 
ration in the y and z directions, then the potential at a 
point r= (x,y,z) due to the six charges is 


V=e(a*—6b) (+2? — 22°) +-4e(a +35), 


to second-order terms in x, y, and z if ra and r&b. 
Using the result a—b=£ka coswr, we get the result 
that the magnitudes of the components of the field 
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gradient at the nucleus are 
Ver=12ekE/a®; Vyy=Ve2e= —Oekt/a*; Viz, etc.=0. (7) 


This result also holds for the case of compressional 
waves with the x axis along the (110) direction. 

It is not necessary to carry out this calculation in the 
case of arbitrary angles between sound direction, 
crystal orientation and magnetic field because of the 
simplicity of the model. To simplify the calculations 
and yet adhere reasonably closely to the physical 
situation, we shall assume that a sound wave will 
create an axially symmetric electric field with the 
symmetry axis in the direction of the sound propa- 
gation. Also, we shall require this gradient to agree 
with the results of the six-point charge model in form. 
So the field gradient (g) in the sound direction is taken 
as 

q= 12yeké/a’. 


¥ includes all the factors not included in the the model, 
such as Poisson’s ratio and the effects of next nearest 
neighbors. The most important of these factors is 
expected to be the shielding effects resulting from the 
electrons bound to the Nat ion. 

This value of g can be used to calculate the transition 
probability, and the first step is to find the matrix 
elements connecting states for Am=+2. These are 
given by Pound,’ namely 


eqQ 
H' nm, m42= $}———_[ (I ¥ m) (I m—1) 
27 (27 —1) 


X J+m+1)(T+am-+2) }} sin’e#*'*, (8) 


6 and ¢ are the polar angles of the symmetry axis with 
respect to the magnetic field. In terms of the sound 
amplitude, for = $, the magnitude of Hm, m42 is given 
by , 
3V3 e’?Oyké 
Fn,m2=— —— sine. (9) 
2 ¢ 


From first-order perturbation theory, one finds for a 
harmonic perturbation that the transition probability 
per second is W= | H’\*/4h6, where 6 is the line width 
in frequency of the effect. One consequently finds 


2 7°??? 


W (6)=— - sin’é. (10) 
16h?a% 


However, in our experiment sound waves generated by 
a quartz transducer cemented to the sample underwent 
reflection at the irregular surfaces of the sample, and 
were scattered into an isotropic distribution. In such a 
sound system, one has some sort of stationary wave 
pattern which is very complex. But one can say that 
over small volumes whose diameters are a few wave- 
lengths the direction of particle motion and the phase 
of the motion are constant. The sample as a whole, 
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Fic. 3. Block diagram of apparatus. 


however, has an isotropic distribution of these volumes 
with respect to their sound directions. This fact allows 
us to write the mean ultrasonic transition probability 
per second for the whole sample as W = (47) f W (@)dQ. 
Also, the mean peak value of # can be written in terms 
of the energy density (&) in the crystal as ?=26/pw*. 
The angular frequency of the sound is denoted by w 
and the crystal density by p. The value of W may then 
be written 


9e10*7’5 
W=— 


5ph?c?a% 


Here c is the velocity of sound in NaCl. By the experi- 
mental procedures described in the next two sections, 
we were able to measure W and & so as to determine y. 


III. APPARATUS AND TECHNIQUES 


The apparatus and techniques used in this experi- 
ment were similar to those used by Proctor and Tant- 
tila in most respects. The apparatus consists of two 
groups (see Fig. 3): that used to measure the nuclear 
magnetization and the ultrasonic generating equipment. 
The nuclear magnetization was measured in a steady 
magnetic field of 4220 oersteds at a frequency of 4.75 
Mc/sec by the pulse technique described by Hahn.* A 
nuclear induction head of the type described by 
Weaver" with perpendicular transmitter and receiver 
coils was used. This is shown in Fig. 4. A short pulse 
(SO usec) of radio-frequency magnetic field was gen- 
erated in the transmitter coil at the Larmor frequency 
(4.75 Mc/sec). This induced a transient rf nuclear 
signal in the receiver coil. The magnitude of this was 


4H. E. Weaver, Phys. Rev. 89, 923 (1953). 
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Fic. 4. The nuclear induction head with the sound system and 
sample. The oil level] in the reservoir could be raised to come in 
contact with the sample allowing sound energy to escape. (a) 
Halite sample. The ultrasonic system was shielded from the 
nuclear magnetic resonance system. (b) Optical quality sample. 


proportional to the nuclear magnetization just before 
the pulse.* The transmitter is described elsewhere,!® and 
the receiver was an AN/APS-15 radar if. strip altered 
to work in the 5-Mc/sec region. 

The rf magnetic field pulse length was adjusted so 
that the $, —3, 3, —4, population differences were zero 





SLOPE = 1/T, = 1/7,5 sec 
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Fic. 5. The points correspond to the amplitude of the nuclear 
magnetic resonance pulse for various repetition intervals between 
these pulses and with no ultrasonic excitation. The solid line, 
fitted to these points, is a theoretical line for the case of the spin- 
lattice relaxation time 7;=7.5 seconds. 


16 Bloom, Hahn, and Herzog, Phys. Rev. 97, 1699 (1955). 
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immediately following the pulse. Then if the next pulse 
occurs at a time Ar later and the ultrasonics is not 
applied, the population differences will be given by 
Eq. (3) as 


ny— n_4y= 3npA(1—e~47/7), ny—n_4=nA(1—e-47/71) , 


and thus the pulse size as 


A=Armax(1—e-47/71), (11) 


If the time between pulses is varied, 7; can be obtained 
from the size of the nuclear signal. In Fig. 5, a plot of 
experimental points of log.(1—A/Amax) is made 
against Ar. From Eq. (11), this should be a straight 
line of slope — 1/7}. 

Two NaC] samples were used in this experiment with 
different arrangements for each. The first sample was a 
rod of halite obtained from the University of Wash- 
ington Geology Department, 1.5 cm in diameter and 3 
cm long. This was cemented to an identical crystal 
which in turn was cemented to an X-cut quartz trans- 
ducer [ Fig. 4(a) ]. This transducer was outside the head 
and in a pillbox like shield, and thus the sample was 
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Fic. 6. The time sequence of events in the saturation of levels 
by ultrasonic transitions. Nine seconds after the preceding nuclear 
magnetization measurement, ultrasonic excitation is applied at 
twice the Larmor frequency for 8 seconds. After a delay of 0.03 
second, the magnetization is again measured. 


well shielded from the ultrasonic circuits. This shielding 
permitted the possibility of an experiment with Am 
=+1 which was not performed. The second sample, a 
piece of optical quality NaCl crystal measuring 1 cm 
by 1.5 cm by 1.5 cm and purchased from Harshaw 
Chemical Company, was cemented directly to the 
quartz, as shown [ Fig. 4(b) ]. In both cases the cement 
used was a mixture of talc and waterglass, and the 
joints were baked at about 90°C for a few hours. 

The oscillator was turned on for a period of 8 seconds; 
then after a delay of 0.03 second the population differ- 
ence was measured. This cycle was repeated every 17 
seconds. This sequence is shown in Fig. 6. The pulse 
heights observed were recorded as a function of the 
voltage and the frequency of the rf across the quartz. 
From these data we were able to determine the line 
width (6) and the ultrasonic transition probability W. 

The value of & was determined from the voltage 
across the quartz. If P, is the power delivered to the 
sample for a given voltage across the quartz then in 


the steady state 
V’é=P,T,, (12) 


where 7, is the sound attenuation coefficient (phonon 
relaxation time) for NaCl and V’ the volume of the 
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sample. In the next section, an experiment is described 
by which T, was measured. The value of P, was deter- 
mined by measuring, in addition to the applied voltage 
V, the equivalent resistance R°!! for a loaded quartz 
plate.!® If one connects the loaded or unloaded crystal 
across the capacitor terminals of a Boonton Q meter 
with a coil of inductance LZ and Q of Qo, then the 
registered Q will be a minimum at the series resonance 
frequency. Here the value of Q will be 


Q=0.0’/(Qo+0’), where Q’=Re!t/wL. 


Thus it is a simple matter to obtain Re‘! in both the 
loaded case (Q01,R.°!f+Re'') and the unloaded case 
(Q,,,R.u°!*). The power to the quartz will then be 


P,=V2/(Ryett+Re"). 


But this will be divided between the load (R;) and the 
internal resistance of the quartz and its circuits (R,). 
So the power to the sample is given as 


P,=Ret'P,/(Rett+Re"); 
TABLE I. Values of the acoustic parameters of the samples 


(resistances in ohms). 











k Volume of 
(watts/volt?) sample (cc) 


Rett +Reft 
1520 190 


Rett 





8.2X10-° 9.1 
1.75 


Halite 
sample 

Optical 
sample 


1390 140 7.2X10-5 








in other terms, 
P,=kV’, (13) 


where 
k=Ret!/(R eff+ Ret), 


The values obtained from the two cases are listed in 
Table I. 
IV. EXPERIMENTAL RESULTS 

The value of 7; for the two samples were both found 
to be 7.5+0.5 seconds. These values of 7), determined 
by the method outlined in the last section, and all data 
in this experiment were taken at room temperature. A 
plot of a typical experimental run is shown in Fig. 5. 
The uncertainty in 7; involves primarily the measure- 
ment of the nuclear pulse height, and such errors 
amounted to 5% of the total height. Very little differ- 
ences in T, could be found for any of a varied group of 
samples tested. 

In addition to the spin-lattice relaxation time 71, we 
measured the value of the phase memory time 72. The 
transient nuclear pulse has an exponential decay with 
a time constant (7) of about 140+15 usec. Since the 
full width at half-maximum of the nuclear magnetic 
line width (Av) is approximately 1/172, we have 
Av=2.3+0.2 kc/sec. The nuclear magnetic line width 
16 W. P. Mason, Electromechanical Transducers and Wave Filters 


(D. Van Nostrand Company, Inc., New York, 1948), second 
edition. 
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Fic. 7. The points are the values for various ultrasonic fre- 
quencies of the ratio of the nuclear magnetic resonance pulse 
amplitude with a fixed level of ultrasonic power and a 17-sec 
repetition rate to the amplitude with no ultrasonic excitation. 
This shows a line width of 4 kc/sec for the effect, vo is the nuclear 
magnetic resonance frequency. 


itself has been measured for these samples and the value 
obtained is also 2.3 kc/sec.!” This value is to be com- 
pared to the width of the ultrasonic effect. The ratio 
A/Ao was measured at a constant ultrasonic power as a 
function of frequency. Typical data are shown in Fig. 
7. It is seen that the full width at half-maximum of the 
effect was 4.0 kc/sec for this case. This value of line 
width was found for all levels of ultrasonic power in 
both the halite and the optical crystal cases. 

To determine y, we observed the ratio A/Ao at 
ultrasonic frequencies exactly twice the nuclear mag- 
netic resonance frequency. This was done for various 
ultrasonic power levels, and the data obtained are shown 
in Fig. 8. By the results of II, W is proportional to V?, 
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Fic. 8. The ratio of the nuclear magnetic resonance pulse 
amplitude with ultrasonic power to the amplitude with no ultra- 
sonic power is shown by the points for several values of the mean 
square rf voltage across the quartz plate. The solid line is the fitted 
theoretical curve for the case that the relaxation mechanism is 
magnetic dipolar. The dashed line is the fitted theoretical curve 
for electric quadrupole relaxation. 


17 R. Schumacher (private communication). 
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Fic. 9. The dashed curve fits experimental points showing the 
relation of pulse height to ultrasonic frequency (similar to Fig. 7). 
The solid curve is identical to the dashed curve except that the 
lower end of the halite sample is in contact with castor oil and 
sound energy was thus allowed to escape the sample. 


and thus we may write A/Ao from Eq. (6) as 


A 1+2aV? 


=“ (14) 

Ay 1+2aV? 
for the pure quadrupole relaxation case. This expression, 
normalized by setting aV?=1 for the experimental 
value of A/Ay=7/15, is shown as the dashed line in 
Fig. 8. The solid curve represents the similar expression 
obtained in the magnetic dipole relaxation case. This 
expression is 


A 14+6V2/15 
Ay 1+58V2/3° 


(15) 


where we have normalized the curve by setting BV?=1 
for A/Ao=#%. The basis for this plan in normalizing is 
that the values 7/15 and 2 are near the center of the 
A/Ay values, and both curves fit the data reasonably 
well without attempting any sort of best fit. The 
agreement of the data with both curves is good enough 
that it is not possible to distinguish between the two 
relaxation mechanisms, and so one value of y is found 
corresponding to the possibility of dipolar relaxation 
and another to quadrupolar. In the case of the optical 
crystal, it was felt that a curve of A/Ao vs power would 
not give any new information. Thus only one point was 
taken. The purpose of using two samples was mainly 
to show that the line width was not sample-dependent. 

The results of the analysis of the data are listed in 
Table II. The value of P, was obtained through the 
use of Eq. (13) and the values listed in Table I. Use of 
Eq. (12) then gives us & except for the factor T,. This 
has been measured to be 0.36 millisecond in the halite 
sample by a method to be described below. 

From the value of W/& one can determine y through 
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Eq. (10). The remaining constants in Eq. (10) are 
known from other sources and are listed in Table ITI. 
The results of these calculations are: for the halite 
sample, y=2.15++0.6, dipole case; y= 2.67+0.8, quad- 
rupole case; for the optical sample y~0.9, dipole case; 
y~1.1, quadrupole case. The differences in the two 
cases (approximately a factor of two) is a generous 
estimate of the errors involved. The values for the 
optical smple could most likely have very large errors 
since only one experimental measurement was taken 
and the phonon relaxation time was not measured in 
this sample. 

Attempts have been made by Huntington! and Galt! 
to determine the value of T, for NaCl at frequencies 
near 10 Mc/sec. In their experiments the attentuation 
of a pulsed sound wave, passing a given distance 
through a sample, was observed. This attenuation so 
slight that only an order of magnitude value for T, 
could be found. These values are listed in Table IV 
along with our results. In our technique, one makes 
use of the relation between A/A and the energy density 
of sound in the sample as given by the experimental 
points in Fig. 8. Since W is proportional to the energy 
density, we may write WT,=aV?=n6, where n is some 
constant. Therefore we can write 


A/Ao= f(n&)= f(nP.T,), 


where f(n&) is obtained from experimental points. If 
we hold P, constant and vary the frequency of ultra- 
sonics, then we find a curve of the type shown in Fig. 7. 
The minimum value of A/Ao will be given by Eq. (16). 
If we were to change 7,, then the curve obtained 
should be changed. In Fig. 9 is shown a plot of A/Ao 
against frequency under normal conditions (dashed) 
and with 2 square cm area of the lower sample im- 
merged in castor oil (solid curve). The level of the oil 
in the reservoir of Fig. 4 could be raised to contact the 
sample and the sound energy in the sample would then 
radiate into the castor oil. It could not return to the 
sample because of the large sound attenuation in castor 


(16) 


TaBLE II. Energy density and related quantities in the 
sample when W7,=1. 





P, Energy & Ww 
(watts) (ergs) (ergs/cc) (sec™) 


82x10? 205 324 1/75. 
1/7.5 


(volts?) 


1000 


Sample 





Halite 
dipole case 
Halite 
quadrupole 
case 
Optical 
dipole case 
Optical 
quadrupole 
case 


5.3X107 190 21.0 


9SOXiIO* . 323 184 1/7.5 


5.9X 10-? 121 1/7.5 





18H. B. Huntington, Phys. Rev. 72, 311 (1947). 
9 J. K. Galt, Phys. Rev. 73, 1460 (1948). 
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oil.” Under these conditions we must replace 7, in 
Eq. (16) by some time 7” which includes the loss by 
radiation. The time 7” is given by 1/7’=1/7T,+1/T,. 
Tanttila" has shown that 


X (totalarea) 1 


c (contact area) 1—R 


where A is the mean sound path between successive 
collisions with the surface area. R is the sound reflection 
coefficient”! of NaCl to castor oil, and the value of 1—R 
is determined in Appendix A to be 1—R=0.45. Thus by 
using the experimental shape of the A/Apo curve in 
Fig. 8 together with the data in Fig. 9, we may solve 
for T,. This has been done in Appendix B, with the 
result listed earlier. 

The accuracy with which A and the contact area are 
known determine mostly the accuracy with which T, 
is known. These items contribute a maximum error of 
about 20% to our value of 7,. This reflects an error of 
about 10% in y. The other important source of error 
in y results from our not being able to measure the 
effective loaded and unloaded impedances of the quartz 
any better than 10%, and the differences between these 
impedances to even less precision. An estimate of the 
error in y would therefore be about 30%. This includes 
errors introduced by uncertainties in measuring A/Ao, 
those introduced by the drift of the magnetic field 
during the experiment, and the error which results 
from using a steady state analysis when actually steady 
state is not attained in the 17-second repetition interval. 
This last reflects about a 3% error in y. 


V. DISCUSSION 


From the data obtained in this experiment, it was 
not possible to identify the relaxation mechanism. 
However, the sample independence of the value of 7; 
seems to indicate that the quadrupole mechanism is the 
more important. If this is the case we should be able 
to compute the values of y required to explain this 
magnitude of 7;. Van Kranednonk® finds that y~50 
for this case but points out that this , which he calls 
2, is theoretically not the same as the quantity meas- 
ured in our experiment, which he calls y;. The value of 


TABLE III. Properties of NaCl. 








Ona 10-5 cm? 
P 2.165 grams/cc 
A 2.813 X 10-* cm 
é 4.75105 cm/sec 








« Perl, Rabi, and Senitzky, Phys. Rev. 98, 611 (1956). 

> C, O. Hodgman, editor, Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, 1953), thirty-fifth edition. 

© See reference 19. 





2 P, Vigoureux, Ultrasonics (John Wiley and Sons, Inc., New 
York, 1951). 

21... E. Kinsler and A. R. Frey, Fundamentals of Acoustics 
(John Wiley and Sons, Inc., New York, 1950). 
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TABLE IV. Phonon relaxation time. 








0.4X 10-3 sec 
(0.5 to 1.0) X10™ sec 
(0.36+0.10) X 10-* sec 


Huntington’s value* 
Galt’s value 
Our value 





® See reference 18. 
» See reference 19. 


yi is a measure of the actual first derivative of the 
electric field gradient with respect to the internuclear 
separation, while y2 is a measure of the second deriva- 
tive. The ratio y:/y2 may then be about 20. This would 
indicate that the field gradient changes in quite a 
different way, with distortion of the lattice, than the 
six-point model would predict. Considering the approxi- 
mate nature of the model and of the relaxation theory 
this discrepancy may not be unreasonable. 

The differences in these values for y may be explained 
in other ways. The relaxation time (7.5 sec) may for 
example be due entirely to dipolar interactions. Re- 
cently Yosida and Moriya” have shown that the ob- 
served chemical shift in some alkali halides can be 
explained on the basis of a small amount of covalent 
binding in these predominantly ionic crystals. This 
covalency also gives rise to quadrupolar relaxation 
effects which are found to be only an order of magnitude 
too weak in the KI and KBr cases. With this theory, 
perhaps, Van Kranendonk’s model with its very large 
y’s (10° for T°? in KI; 10* for Br”-*! in KBr) is no longer 
required. It is noted that a similar discrepancy was 
found by Proctor and Tanttila"™ in the case of Cl in 
NaClO;. They found that approximately the same 
factor (~10*) more ultrasonic energy was required than 
was predicted from theory. 

Although there is a difference between theory and 
experiment as to the magnitude of the effect there seem 
to be no important difficulties in explaining the line 
width. The nuclear magnetic line width observed for 
Na® in NaCl was 2.3 kc/sec. The value expected, due 
to nuclear dipole interactions, calculated by use of the 
Van Vleck formula* is Av=850 cycles/sec. This ap- 
parent discrepancy has been noted in other crystals 
and has been explained in terms of imperfections in the 
crystal lattice giving rise to random but permanent 
electric field gradients which interact with the nuclear 
quadrupole moment.'*.* In a similar manner we can 
explain the difference in the ultrasonic line width 
(4 kc/sec) and the nuclear magnetic resonance line 
width. The permanent electric field gradients produce 
quadrupole interactions which perturb, in the first 
order, the energy levels as m?. Hence a transition in 
which m changes, as is always the case for the ultra- 
sonic resonances Am= +2, will have a frequency dis- 
placed from vo, the pure dipole resonance frequency. 
On the other hand, the nuclear magnetic resonance line 

2K. Yosida and T. Moriya, J. Phys. Soc. Japan 11, 33 (1956). 


3 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
2% F, Reif, Phys. Rev. 100, 1597 (1955). 
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consists of three transitions; two are of the type in 
which (m) changes and these will be spread just as the 
Am=+2 transitions. The third, m=} to m=—4, 
transition wil] have only dipolar broadening and will 
weight the nuclear magnetic resonance line toward the 
center frequency. 

The 4 kc width of the ultrasonic effect is then a 
measure of the number of crystal imperfections. Dis- 
locations are expected to be the most important of 
these,"* and Robinson*® has shown the average field 
gradient caused by dislocations to be approximately 
qg~6eyt4/a?, where £ is the number of dislocations per 
square cm. This calculation is based on a very simple 
model, one which would be expected to give too large a 
value to g. The line width is set equal to twice the pure 
quadrupole interaction energy egQ/2; then 


Av~be*y054/a"h, 


and from our data ¢~10" dislocations/cm?. This com- 
pares reasonably with the values found from other 
means.”® 
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APPENDIX A. EFFECTIVE REFLECTION COEFFICIENT 


Kinsler and Frey” give for the reflection coefficient 
at a boundary between two media the expression 


41C1p2C2 COSA; COSO2 
1—R= 





(p22 CoS01+p1¢1 Cos2)? 


and Snell’s law gives sin6,/sin@2=c,/c2, where @ is the 
angle between the sound direction and the normal to 
25 W. A. Robinson, thesis, University of Washington, 1956 (un- 
published). 

26 W. Shockley ef al., editors, Imperfections in Nearly Perfect 
Crystals (John Wiley and Sons, Inc., New York, 1952). 
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the boundary. The subscript 1 refers to quantities in 
NaCl and 2 refers to castor oil. If we combine the two 
and make the substitution x=cos6,, we have 


* 4picipocox[ 1 — (c2/c1)?(1—2") }} 
“3 (p2cox+-picai[1 — (¢2/e)*(1 —x*)]})? 


We must now average this quantity over all possible 
solid angles. This average gives 


1—R 





1 
(1 -R=— $0 —R(6;) }dQ 





. al 1—mn?(1—<x*) }} 
dx, 
0 (x+2[1—n?(1—2*) }!)? 


where =C2/c; and z=p;C:/poc2. We measured poi to 
be 0.86 grams/cc and ¢oj1 is known to be 1.5X105 
cm/sec’ at room temperature. This gives »=0.32 and 
z=7.9 in the case of sound going from NaCl into castor 
oil. 

We note that the quantity within the radical varies 
little as x goes from 0 to 1, so we may write 


=4; 
. 


xdx 
=(0).45. 
z+x)* 


1 
a 4 
0 


APPENDIX B. PHONON RELAXATION TIME 


The time (7,) associated with radiation into oil may 
be calculated from the following data: \~3 cm, total 
area=32 cm?, contact area~2 cm?. These give T, 
=0.23X10-* sec. Equation (16) states that A/Ao 
= f(nP.T), and from Fig. 9 we have 

A/Ao=0.27 for T=T,, 
A/Ao=043 for T=T"’. 
From Fig. 8, we have 
nP.T ,/nP.T’ =2150/850=2.6. or T,=2.6T’. 


But 1/T’=1/T,+1/T,, so that 1,=(2.6—1)T,. The 
result is therefore that T,=0.36X 10-* second. 
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A thin-lens magnetic spectrometer has been used to observe the external conversion spectra of 
Na*®(n,y)Na™ and Cd"°(n,y)Cd"4 and the internal conversion spectrum of Cd"3(n,y)Cd"™ in the energy 
range of 300 kev to 3 Mev. An arrangement using an external neutron beam and one using a source located 
inside the reactor are compared. It is shown that target materials placed inside the reactor allow a better 
discrimination against background and permit the use of a K x-ray-conversion-electron coincidence scheme 
for photoelectric conversion which greatly simplifies the observed conversion spectrum. Four of the nine 
gamma rays observed from sodium are assigned to transitions on the basis of the known energy levels from 
Na*(d,p)Na™; the other five are assigned to probable transitions on an energy and intensity basis. The 
internal conversion spectrum of Cd!‘ has disclosed a 0+ level at 1308+:3 kev and the de-excitation of this 
level by means of £2 transitions to other states in Cd!‘ is also observed. Three other states in Cd‘ are 
proposed in addition to the well-known 559-kev (2+) and 1286-kev (4+) states to explain the observed 
gamma-ray spectrum: 1212+3 kev (2+ or 1+), 13684 kev (2+ or 1+), and 1860+5 kev (4+ or 3+). 


1. INTRODUCTION 


HERMAL neutron absorption is usually accom- 
panied by gamma-ray emission from the com- 
pound nucleus, the emission of charged particles being 
confined to a few light elements and the fissionable 
elements. Some of the earliest work on neutron absorp- 
tion indicated the presence of neutron-capture gamma 
radiation, which has been called the “prompt” radiation 
to distinguish it from the radiation from any radio- 
activity of the residual nucleus. The capture gamma-ray 
spectrum of an isotope can yield information concerning 
the disintegration scheme of the residual nucleus al- 
though it is usually necessary to have some other 
information concerning the residual nucleus to assign 
an observed line to a particular transition. In order to 
fit the observed lines into a reliable decay scheme an 
accurate measure of energies and an approximate 
measure of intensities for each of the lines is required, 
and these requirements become more and more severe 
as the complexity of the spectrum increases. Since the 
average multiplicity of most (”,y) reactions is about 4,' 
it is possible to excite low-lying levels over a spin range 
of several units even for dipole emission in the first two 
or three cascade transitions. Thus it is to be expected 
that low-lying levels, which might not appear in a 
radioactive decay scheme because of energy or spin 
limitations, will be excited following neutron absorption. 
For intermediate and heavy nuclei, the high-level 
density above 2 or 3 Mev will tend to cause the appear- 
ance of a great number of weak low-energy transitions 
in the spectrum, but a high-intensity low-energy line 
(<1-2 Mev) will most probably correspond to transi- 
tions between low-lying levels. 
The prompt gamma radiation following neutron 
capture has been studied by almost every known 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 


1C, O. Muehlhause, Phys. Rev. 79, 277 (1950). 


method of measuring gamma-ray energies, and a 
summary of the early work appears in a review article 
by Kinsey? All of the experiments prior to 1950 were 
of low resolution and reveal few details of the spectra. 
In 1950 Bell and Elliot? used a thin-lens magnetic 
spectrometer for the measurement of the H'(n,y)H? 
gamma-ray energy by means of photoelectric conversion 
with a line width of 3%. The background in their 
experiment relative to the K photoelectric peak was 
high, but this approach seemed to show promise if the 
background could be reduced. Kinsey and Bartholomew? 
have used a pair spectrometer, obtaining data above 
3 Mev for elements having cross sections as low as 5 
millibarns. Groshev, Adyasevich, and Demidov*:> have 
used a Compton spectrometer with high sensitivity 
from about 300 kev to 10 Mev with a resolution of 2.3%, 

This paper presents data taken with a thin-lens spec- 
trometer on the Compton and photoelectric external 
conversion spectra of Na*(n,y)Na™ and Cd"*(n,y)Cd'4 
and on the internal conversion spectrum of 
Cd"*(n,y)Cd'*. Preliminary results on this work have 
been previously reported.*-* Two basic arrangements 
were used for the source and spectrometer geometry. 
In the first, Arrangement A, a target was placed inside 
the spectrometer at the point where an external neutron 


? B. B. Kinsey in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), Chap. 25. 

3R. E. Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950). 

4Groshev, Adyasevich, and Demidov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (Columbia University Press, New York, 1956), 
Vol. 2, p. 39. 

5 Adyasevich, Groshev, and Demidov, Conference of the Academy 
of Sciences of the USSR on the Peaceful Uses of Atomic Energy, 
July 1-5, 1955, Session of the Division of Physico-Mathematical 
Sciences (Academy of Science, Moscow, 1955. English translation: 
Consultants Bureau, New York, 1956), p. 195. 

6 Thornton, der Mateosian, Motz, and Goldhaber, Phys. Rev. 
86, 604 (1952). 

7H. T. Motz, Phys. Rev. 90, 355 (1953) ; 99, 656 (1955). 

8 A. W. McReynolds, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, 1955 (Columbia University 
Press, New York, 1956), Vol. 2, p. 94. 
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beam crossed the axis of the spectrometer. This arrange- 
ment is similar to that usually employed with a radio- 
active source in that the source is small and is placed 
as close as possible to the converter foil. In the second, 
Arrangement B, the target material was placed inside 
the reactor, and a gamma-ray beam was brought out 
through the reactor shield and along the axis of the 
spectrometer. This second arrangement is different in 
that the gamma rays passing through the converter are 
highly collimated. Collimation alters the sensitivity of 
any type of spectrometer and allows the design of types 
of spectrometers different from those that are possible 
for uncollimated radiation. A high-intensity source is 
needed to attain this collimation, but for the geometry 
of this experiment Arrangement B allows an increase in 
yield for small neutron absorption cross-section ma- 
terials. The coincidence detection scheme afforded by 
the collimation also allows a decrease in the relative 
background and a simplification of the observed 
conversion spectrum. 


2. APPARATUS 


The spectrometer was patterned after an instrument 
described by Hornyak ‘et al.2 The magnet consists of 
four 100-turn water-cooled coils having a total resistance 
of 0.17 ohm. The magnet is driven by a 15-kw generator 
which furnishes up to 300 amp, a current sufficient 
to focus 10-Mev electrons. The magnetic field is regu- 
lated to within three parts in 10 000 by a galvanometer 
which measures the potential difference between a 
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Fic. 1. Arrangement A. The neutron beam from the graphite 
collimator passes through the shielding and target chamber and 
into the beam catcher. The target material in the neutron beam 
is placed at the source position of the thin lens spectrometer. 
The spectrometer electron detector is an anthracene crystal on a 
5819 photomultiplier enclosed in a soft-iron magnetic shield. 
Additional lead shielding and a baffle at the source end of the 
spectrometer are not shown. 


* Hornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
(1949). 
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series manganin shunt and a potentiometer and whose 
light beam falls on dual photocells. The generator has 
a time constant in excess of 0.1 second and a high 
degree of feedback to the galvanometer was required 
to attain the desired regulation. Further improvement 
was obtained by the use of a series inductance and 
shunt capacity between the generator and the magnet 
in order to decrease the rapid fluctuations in current 
due to brush noise. 

The electron detector was a thin organic scintillator 
about 2 cm in diameter and 6 mm thick attached to a 
5819 photomultiplier. This type of detector has a low 
background counting rate but has a nonlinear sensi- 
tivity for moderate biases due to the scattering-out of 
electrons from the scintillator. Although this could be 
a serious correction for beta spectra, it amounts to only 
a few percent at 0.5 Mev and is not serious for con- 
version work. The background can be further reduced 
by requiring a pulse height corresponding to the energy 
of the electrons being focused by the spectrometer. 
This reduces room background and rejects a large 
fraction of the scattered electrons from the spectrometer 
walls and baffles. Data are normally taken with and 
without pulse height analysis on this detector to 
correct for any drifts in sensitivity. 

Data taken with Arrangement B used a coincidence 
analyzer consisting of a dual fast- (~0.2 microsecond) 
and triple slow-coincidence circuits and two single- 
channel analyzers. The spectrometer is operated auto- 
matically and accumulates data for either a fixed time 
or for a fixed number of neutrons for each magnetic 
field setting. Long runs required monitoring of room 
background and magnetic field ripple, and frequent 
checks were made to assure that no appreciable drifts 
occurred in the detecting equipment. 


3. ARRANGEMENT A 


3.1 Experimental Arrangement 


A neutron beam of ~10° neutrons/cm? sec from the 
reactor was collimated by graphite and passed through 
the target position and into the beam catcher as 
illustrated in Fig. 1. This geometry allows targets to be 
easily changed for energy and intensity calibration and 
a vacuum lock was used for this purpose. External 
conversion spectra with lead converters were observed 
for cadmium and boron targets. The arrangement is 
also useful for the study of internal conversion spectra 
and could be used for e-y and y-y coincidences. The 
disadvantages of the arrangement for external conver- 
sion are: (a) the background is very high relative to K- 
photoelectric conversion peaks even for high cross- 
section materials; (b) the target dimensions are limited 
to approximately the converter diameter which is 
normally 6 to 12 mm. For moderately low capture 
cross sections, the fraction of the incident neutrons 
absorbed becomes small and a rapid decrease in yield 
occurs for ¢<100 barns. 
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3.2 Exterrial Conversion Results 


The B*°(n,a)Li’ reaction is known to emit the 478-kev 
gamma ray from the first excited state of Li’ with an 
intensity of 0.95 gamma per thermal neutron captured.’® 
Since the cross section for this reaction is high for 
thermal neutrons, it is a convenient material to use for 
low-transmission targets and thus furnishes an excellent 
calibration line for both energy and intensity. Figure 2 
shows the conversion spectrum obtained with a 30- 
mg/cm? lead converter. The K-photoelectron peak at 
Hp~2400 gauss-cm is reasonably well resolved from 
the L+M photopeak and from the Compton electrons. 
The scintillation detector of the spectrometer was 
biased to record electrons having an energy greater 
than 300 kev. 
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Fic. 2. External conversion spectrum of the 478-kev B"(n,a) Li™ 
gamma ray observed with Arrangement A. The converter was 
30 mg/cm? lead and the K-photoelectron peak is at ~2400 
gauss-cm. 


Figure 3 shows the conversion spectrum of 
Cd"3(n,y)Cd!™ obtained with the same lead converter 
for a cadmium target which also had a low transmission. 
A K photopeak at Hp~2700 gauss-cm, corresponding 
to a gamma ray of 556 kev, is clearly seen along with 
its L+M photopeak which is somewhat broader than 
would be expected from the boron data. Although 
suggestions of structure above the 556-kev line were 
consistently indicated, the large background prevented 
any detailed measurements of additional photoelectric 
peaks. The comparison of the boron and cadmium data 
illustrates the large increase in background encountered 
when the source is emitting high-energy radiations. 


10 Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 
Phys. 22, 291 (1950). 
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Fic. 3. External conversion spectrum of Cd™3(n,y)Cd"* under 
the same conditions as for the data shown in Fig. 2. The discon 
tinuity at ~5550 gauss-cm is due to the internal conversion 
electrons of 1308-kev transition passing through the lead con- 
verter. Note the high background relative to that of Fig. 2. 


Two comparison measurements were made on the 
556-kev line. First its energy and intensity were com- 
pared to those of the boron target. Correcting for the 
change in sensitivity of the photoelectric conversion 
process with energy yielded an intensity of 0.8;+0.1 
gamma per neutron captured and the energy measure- 
ment was 556-+5 kev. A second comparison was made 
with a source of 50-day In'“” which is known to emit 
two cascade gamma rays of 556+1 and 722+1 kev 
from Cd'*." Consecutive runs with the same converter 
showed that the capture gamma ray from cadmium 
was equal to the 556 line of the radioactive source to 
within 1 kev. 

The external neutron beam was used in conjunction 
with a Nal scintillation spectrometer to observe the 
low-energy spectrum from cadmium. Using the 556-kev 
line as an intensity calibration, (2.71) K x-rays and 
(0.4+0.1) 96-kev gamma rays per 100 disintegrations 
were observed. Internal conversion from the known 
gamma rays can account for 1.3 K x-rays per 100 
disintegrations leaving an excess of (1.4141) K x-rays 
per 100 disintegrations. It is likely that the internal 
conversion of unobserved weak transitions in the low- 
energy region are the source of these unassigned x-rays. 


3.3 Internal Conversion Results 


For elements having large neutron cross sections it is 
possible to absorb a sufficient fraction of a neutron 
beam in a thin layer of material to allow the study of 
the internal conversion electron spectrum. Internal 
conversion data for several (n,y) reactions have been 
reported by Hibdon and Muehlhause” and by Church 
and Goldhaber. Their results were obtained with 


1 Johns, Waterman, MacAskill, and Cox, Can. J. Phys. 31, 
325 (1953). 

2(C. T. Hibdon and C. O. Muehlhause, Phys. Rev. 88, 943 
(1952). 

3 E. L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) 
(1954) ; E. L. Church (private communication). 
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high-resolution 180° permanent magnet spectrographs. 
Cadmium indicated two internally converted gamma 
rays, one at ~96 kev and a weak line at ~562 kev. 

The internal-conversion electrons from a 10-mg/cm? 
cadmium foil observed with the thin lens is shown in 
Fig. 4. Relatively strong conversion peaks are seen at 
557, 650, and 1305 kev and weak lines at approximately 
730 and 800 kev are also indicated. The 556-kev line 
from Cd! is known to be £2 from angular correlation 
experiments with In™ sources“ and, if it is assumed 
that this corresponds to the internal conversion peak 
of the same energy, then the 556-kev line serves as a 
calibration for the measurement of the number of 
conversion electrons per disintegration of Cd‘. Simi- 
larly, if energy equivalence is taken to indicate that 
the same transition is involved as listed in Table I, 
then a knowledge of the gamma-ray intensity as ob- 
tained from Arrangement B allows the calculation of 
the total internal conversion coefficient for each line. 
The results of such a comparison, as listed in Table I, 
show that the 728- and 808-kev transitions are either 
M1 or E2 or (M1+£2), and the 654-kev transition is 
probably £2 but M1 cannot be excluded. The 1305-kev 
electron conversion line is much too intense, however, 
to correspond to any reasonable multipole. It must 
therefore come from the internal conversion of a 0*— 0+ 
transition which is in competition with other decay 
modes. The externally emitted line of 1298 kev cannot, 
in this case, correspond to the same transition since 
unconverted gamma radiation is forbidden for a 0—0 
transition. 


4. ARRANGEMENT B 
4.1 Experimental Arrangement 


The collimator used to define a narrow gamma-ray 
beam from a sample placed inside the reactor and the 
general geometry for the spectrometer as used in 
Arrangement B is shown in Fig. 5. The sample was 
located in a section of the reactor well removed from 
the uranium loading pattern so that the intensity of 
fast neutrons and fission gamma rays was low in its 
vicinity. Two 9-mil cadmium foils were sufficient to 
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Fic. 4. Internal conversion spectrum of Cd" (n, y)Cd"™ from a 
10-mg/cm* cadmium foil. The energy scale is based on the K- 
conversion s. ZL and M conversion lines are not resolved 
from the K lines 


4 J. N. Brazos and R. M. Steffen, Phys. Rev. 102, 753 (1956). 
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TABLE I. Cd"3(n,y)Cd"™ internal conversion. 








Internal conversion 

External coefficients* X 108 
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*® See Table III for complete tabulation of observed lines. 
+ Calibration from known E2 character of 559-kev Ay — a mg 14, 
© Theoretical K-conversion coefficients from M. n Beta- and 
Gamma-Ray Spectroscopy, edited by K. — North ‘Holland Publish- 
ing nag al Amsterdam, 1955), Chap. 14, 
text. 


attenuate the slow neutrons emerging from the colli- 
mator and the fast neutrons emerging from the 6 to 
12 mm outside port were sufficiently low so as to cause 
no hazard. 

This geometry has several advantages over the 
external source arrangement. (a) The yield of external 
conversion electrons can be significantly increased by 
optimizing the geometry for the differential cross 
section of the conversion process. Detection in the 
forward direction is the most efficient since the Comp- 
ton, photoelectric, and pair cross sections are all highly 
peaked in the forward direction in the Mev region.!® 
(b) The high degree of collimation makes it possible to 
place a gamma-ray detector near the converter but 
outside of the main beam so that the secondary radi- 
ations from the converter can be counted above back- 
ground. For the Compton effect, the back- and side- 
scattered gamma rays can be detected and for a high-Z 
converter such as thorium, the K and L x-rays of the 
converter material are clearly seen. Each of these 
radiations is in coincidence with the corresponding 
conversion electron and can serve as a coincidence 
trigger for that conversion process. A coincidence sys- 
tem of this type allows the suppression of relative 
background by a factor of 100 or more and can be used 
to advantage in simplifying the conversion spectrum. 
(c) The source intensity available is limited by the 
self-absorption of gamma radiation in the target ma- 
terial and this limitation is less severe for low cross- 
section materials than for Arrangement A. For small 
cross sections and light elements, the internal source 
allows an increase in yield over the external source 
arrangement of about 10°. 

A disadvantage of this internal source arrangement 
is that the sources are relatively difficult to change 
since this can be done only when the reactor is shut 
down and sometimes requires several days of waiting 
for the decay of highly radioactive sources. Also, the 
sensitivity is not simple to calculate, for the differential 
cross section of the conversion process and the electron 
scattering in the converter must be taken into account. 
The very low solid angle of the converter seen from the 


18 C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 
79 (1952). 
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source (~10-*) makes coincidence measurements im- 
possible. 


4.2 Compton Effect 


The energy of a Compton conversion electron depends 
on the angle between the conversion electron and the 
gamma ray being scattered, ¢, and is given by 


i 2a 
'142a+(1+a)* tanty’ 


where a is the energy of the gamma ray in mc? units. 
If a spectrometer detects electrons in the small angular 
interval Ag and at a mean angle ¢, the resolution for 
small angles (tang~¢) is 


AE (1+a)*[2(Ag) + (A¢g)?] 
x (4etOeye 








For the case in which Ag ¢ it is seen that the energy 
spread for a given Ag due to the angular effects alone 
increases approximately linearly with ¢. For the more 
usual case where the electrons emitted between 0° and 
an upper limit Ag are detected, the resolution varies as 
the second term, (Ag). The energy spread for a=2, 
g=12°, and Ag=4° is ~4% which is about the 
condition expected for the lens spectrometer with an 
infinitely thin converter. The observed resolution in an 
actual case would be given by the angular energy 
spread combined with the energy losses in the converter 
and the resolution of the spectrometer. The range of 
angles Ag is determined by the gamma-ray beam 
collimation, the apertures of the spectrometer, and the 
electron scattering in the converter. The latter effect 
can become quite serious at low energies and not only 
increases the half-width of the observed energy distri- 
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Fic. 5. Arrangement B. The target material is placed inside the 
reactor. The gamma-ray collimator inside and just outside the 
reactor shield collimates the gamma-ray beam to 6- to 12-mm 
diameter depending upon the converter size. The photomultipliers 
used for the spectrometer electron detector and for the x-ray 
detectors along with their magnetic covers and lead shielding 
are not shown. 
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Fic. 6. Compton conversion spectrum from Na*(n,y)Na* and 
Na™(8,y)Mg™ observed in Arrangement B with a 25-mg/cm? 
beryllium converter. Curve A : reactor off—showing Mg™ gamma 
rays in approximate equilibrium. Curve B: reactor on—with 
terphenyl electron detector biased at ~500 kev. Curve B’: 
reactor on—with terpheny] electron detector biased at ~200 kev. 


bution but greatly increases the relative yield in the 
low-energy tail owing to the scattering-in of low-energy 
electrons. This effect is illustrated in the data of Motz 
et al.‘6 in the case of Na* observed with an 11-mil Be 
converter (see Fig. 6, reference 16). The requirement of 
a backscattered gamma ray in coincidence with the 
forward-scattered electron can be used to eliminate this 
scattered-in effect because the initial angle of emission 
of the electron is related to the angle of the back- 
scattered gamma ray. Suitable angular limits on the 
detection of the scattered gamma ray thus restricts 
the coincidence yields to a corresponding range of 
initial electron angles and prevents the coincidence 
detection of low-energy scattered-in electrons. 

The Compton conversion-electron spectrum from a 
NagCO; sample placed in the reactor is shown in Fig. 6. 
The converter was 25 mg/cm? Be and the over-all 
resolution obtained was about 10%. The two strong 
peaks are from Mg” following the beta decay of 12.6- 
hour Na™. Curve A shows these two peaks when the 
reactor is off. Curves B and B’ show the corresponding 
spectrum when the reactor is on and the Na™ is in 
equilibrium. Two distinct low-energy peaks are seen 
corresponding to gamma rays of approximately 470 
and 870 kev. Weaker unresolved lines are present in 
the region of both the 1368-kev and 2760-kev Mg™ 
lines as well as between and above these lines. The 
resolution is too poor to give any reliable measure of 
these smaller Compton peaks, however. The spectrum 
of Cd"? (n,y)Cd"4 taken with a 50-mg/cm? Be converter, 
better spectrometer resolution, and smaller Ag is shown 
in Fig. 7 both for singles and coincidence detection. 
The two NalI(TI) scintillation detectors used for the 
backscattered gamma-ray coincidence counters were 
located 1 inch from the center-line of the gamma-ray 
beam and were 6 mm thick. The geometry limited the 
gamma-ray detection from 120° to 160° with respect 
to the incident gamma-ray beam and the efficiency of 


16 J. W. Motz et al., Rev. Sci. Instr. 24, 929 (1953). 
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Fic. 7. Cd"3(n,~)Cd"™ Compton conversion spectrum observed 
with Arrangement B using a 50-mg/cm? beryllium converter. 
Curve A: singles detection as for the data shown in Fig. 6. Curve 
B: coincidence spectrum—two 6-mm Nal crystals were used to 
detect the backscattered gamma rays in the 120°-160° cone. 


detecting the backscattered gamma rays was about 
0.15 in this cone. Since the gamma-ray detectors were 
inefficient even in this cone, the coincidence counting 
rate was quite low. The results indicate at least four 
peaks in the range of 550- to 800-kev gamma-ray energy 
and perhaps three unresolved peaks in the 1200- to 
1400-kev region. The coincidence spectrum is seen to 
have a somewhat better resolution and a decreased 
low-energy tail with respect to the singles spectrum 
owing to the rejection of low-energy scattered-in elec- 
trons as discussed in the foregoing. The resolution for 
the coincidence spectrum was about 5%, which is the 
best that could be obtained with this geometry. 

Although the yield for Compton conversion is com- 
parable to that from photoelectric conversion above 
500 kev, the resolution is inferior for the geometry of 
the thin lens and for this reason Compton data were 
taken only for sodium and cadmium. Compton con- 
version is capable of good resolution for a spectrometer 
which detects conversion electrons emitted in a small 
cone in the forward direction. The sensitivity of such a 
spectrometer increases with energy. Compton spec- 
trometers used in this way have operated at 2 to 3% 
resolution.*'*'§ A further improvement of resolution 
to about 1% without a severe sacrifice in sensitivity 
could be obtained for reactor-activated sources by the 
use of a high-resolution spectrometer in conjunction 
with the coincidence detection of the backscattered 
gamma ray. 

4.3 Photoelectric Effect 


The differential cross section for the photoelectric 
effect has been calculated by Sauter’® for relativistic 
energies by using the Born approximation and indicates 
that the cross section is highly directional in the Mev 
region. Although the approximation requires that 
Z<&137, the experimental observations of Hultberg” for 
gold using gamma rays of 411, 660, and 1330 kev 
indicate that the angular position of the maximum in the 


17M. Mladjenovic and A. Hedgran, Arkiv Fysik 8, 49 (1954). 

18 Dzelepov, Zhukovskii, Karamian, and Shestopalova, Izvest. 
Akad. Nauk S.S.S.R. 17, 517 (1953). 

1” F, Sauter, Ann. Physik 11, 454 (1931). See reference 15. 

* S. Hultberg, Arkiv Fysik 9, 245 (1955). 
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Fic. 8. Na*(n,y)Na™ and Na*‘(8,y)Mg* photoelectron coinci- 
dence spectrum observed with Arrangement B. Two 6-mm Nal 
crystals were used to detect the K x-rays of the converter. Curve 
A: 22-mg/cm? thorium converter. Curve B: 44-mg/cm? uranium 
converter. 


cross section is in reasonable agreement with the values 
calculated from Sauter’s expression. Since the average 
scattering angle in the converters in the capture 
gamma-ray observations is ~20 degrees, the details of 
the differential cross-section dependence need not be 
known with high accuracy and it was felt that the 
expression due to Sauter would be acceptable for 
sensitivity calculations. 

The expected photoelectric sensitivity with energy 
has been calculated for the thin-lens acceptance angle 
of 12 degrees by using Sauter’s expression for the 
differential cross section and assuming that the scat- 
tering distribution was Gaussian. Cross-section curves 
for gamma rays of 500 to 3000 kev were integrated for 
Gaussian scattering distributions having w(e~ values) 
of 5 to 50 degrees. These results were then plotted 
versus w* and integrated up to the maximum value 
expected for the various converters used. An average 
value of the effective cross section for converters of 
thorium and uranium for thicknesses of 20 to 50 mg/cm? 
indicated that the sensitivity varied as ~E~ from 0.5 
to 3.0 Mev. The observed ratio of the 1.38- and 2.76- 
Mev gamma rays of Mg™ when corrected for self- 
absorption agreed with the calculated ratio to within 
15%. Since the statistical accuracy of observed lines 
is often of this order, the calculated sensitivity curve 
was used for all intensity determinations. 

The K photoelectric conversion process is accom- 
panied by the emission of a K x-ray of the converter 
material. The x-rays are isotropic in direction, are 
emitted in 10~"* second, and the energy is characteristic 
of the converter and not of the gamma ray causing the 
conversion. These K x-rays can be efficiently detected 
and serve as excellent coincidence triggers for the K 
photoelectric conversion process. Two NaI(T1) detec- 
tors were used to detect these K x-rays which are found 
to be about 5 times the background for a 3-mm crystal 
placed 2 cm off the center-line of a 6-mm diameter 
gamma-ray beam. A single-channel analyzer is used to 
select pulse heights from these crystals corresponding 
to the x-ray energy. In this manner, 1+M conversion 
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peaks are completely eliminated and the general back- 
ground is highly suppressed. For the angles encountered 
with these geometrical conditions, the side-scattered 
gamma ray from a Compton conversion is greater than 
160 kev for gamma rays of >500 kev. The Compton- 
scattered gamma-ray peak is sufficiently separated from 
the x-ray peak to allow a single-channel analyzer to 
accept only the x-ray peak. A scintillation detector 
occasionally produces a small pulse from a Compton- 
scattered gamma ray that falls into the x-ray gate, 
however, and thus if the Compton electron is detected 
by the spectrometer a true coincidence is recorded. 
The Compton electron peak is suppressed by a factor 
of about 10 by this coincidence method. The two Mg” 
lines shown in Fig. 8 and the 2230-kev line from 
H!(n,y)H? shown in Fig. 9 illustrate this suppression. 


4.4 Results 


The external conversion-electron-K x-ray coincidence 
spectrum obtained for Na*(n,y)Na*™ is shown in Fig. 8. 
The equilibrium intensity of the 1368- and 2760-kev 
lines of Mg from the radioactive decay of Na™* were 
used for energy and intensity calibration. Ten conver- 
sion peaks were observed in addition to the two Mg”™ 
lines and one of these (1781 kev) was due to Si*® from 
the radioactive decay of the Al** produced in the 
container. The energies and intensities of the nine Na™ 
lines are listed in Table II along with the possible 
assignment based on the Na*(d,p)Na™ QO values.” The 
capture gamma-ray measurements of Groshev ef al.4 
and of Braid” are also listed for comparison. Because 
of the low counting rate encountered in this work, it 
was not possible to scan the 1376- and 2760-kev regions 
before the Mg” lines grew in, and thus no prompt Na™ 
lines could be detected in these regions. 

21 A, Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952). 

2 T. H. Braid, Phys. Rev. 102, 1109 (1956). 
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Some of the cadmium coincidence data obtained are 
shown in Figs. 9, 10, and 11. The H'(n,v7)H? line of 
2230 kev’ was observed from a sample of polyethylene 
with the same conditions as the cadmium run illustrated 
in Fig. 9 and is also shown in that figure. The hydrogen 
capture line best illustrates the simple coincidence 
spectrum and low background obtained from the experi- 
mental arrangement. A larger cadmium source and 
better spectrometer resolution were used in obtaining 
the data illustrated in Figs. 10 and 11 and several lines 
are more clearly resolved because of these improve- 
ments. The external conversion results for cadmium 
are listed in Table ITI. 


5. CONCLUSIONS 
5.1 Sodium 


The energy levels of Na™ are known to an excitation 
of 4600 kev from the accurate measurements of Sperduto 
and Buechner” on the Na™(d,p)Na™* reaction. The 
ground state Q value combined with the binding energy 
of the deuteron indicates that the capture of a slow 
neutron leads to the formation of an excited state in 
Na” at 6958-8 kev. Kinsey ef al.”* and Groshev et al.‘ 
are in agreement in that no excitation of the ground 
state direct from the capturing state, transition 
(C)— (0), is observed in the (n,y) reaction, nor is the 
transition (C)—(1) observed, but the transitions 
(C)—(2), (C)—(3), and (C)—(4) are observed and 
have intensities of 21%, 6%, and 1-2% per neutron 
captured, respectively. The level numbers for the 
excited states correspond to those assigned by Sperduto 
and Buechner. Groshev reports a high-energy line 
corresponding energetically to the transition (C)— (6) 
with an intensity of ~2.1%. It is not certain that the 
weak lines observed by Groshev ef al. are necessarily 


%3 Kinsey, Bartholomew, and Walker, Phys. Rev. 83, 519 (1951). 
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TABLE II. Na*(n,7)Na™ external conversion. 








Braids 
E (kev) 


480+20 


Groshev4 
E (kev) I 


470+15 74 


(710+15) 5 
790+ 15 4.3 


860+ 10 44 
1350+10 6.5 
1660+ 10 1s 

(1870+30) 5.5 
(1950+30) 4 


Present work AEe 
E (kev) Ie Transition> (d,p) 


4734 4 50+10 (1)— (0) 472+ 8 
(17) — (12) 464411 





869+ 9 
848+11 


860+20 
1350+30 
1660+50 


(3) — (1) 
(8)—(7) 


1623+11 
1641+11 


(16) — (7) 
(17) — (7) 


1884+ 11 
1900+ 11 
1894+11 


1997+11 
1992+11 
2006+ 11 
2015+11 
2045+ 11 
2055+11 


2241411 


(5) — (0) 
(6) — (2) 
(12)— (4) 


(7) — (2) 
(6)— (1) 
(13) — (4) 
(14) — (5) 
(15) — (5) 
(14) — (4) 


(9) — (3) 


2020+15 2020+30 


221015 2210+30 


2410+30 
2520+ 20 
2680+ 20 
2840+ 20 


3080+ 20 


2510+15 (13) — (3) 2509+11 2530+30 


3059+ 11 
3059+ 11 
3108+11 


307020 (10) — (2) 
(C)— (14) 
(C)— (13) 


3300+ 20 


pone} 
3600+30 


3582+ 8 
3620+ 8 
35494 8 


3560+ 50! 
3600430! 


3590+ 25 (9)— (0) 
(16) — (2) 


(C)— (8) 








® Intensity in gamma rays per 100 neutrons absorbed. 

b Level numbers from reference 21. (C) refers to capture state at 6958 kev. 

¢ Energy of indicated transition from (d,p) level measurements of reference 21. 

4 Groshev, Adyasevich, and Demidov, reference 4. Parentheses denote a doubtful line. 
e T. H. Braid, reference 22. 

! Kinsey, Bartholomew, and Walker, reference 23. 


due to Na™(n,y)Na™ since NaF was used for target 
material and the slow-neutron absorption of F is ~1.8% 
of that of Na. Both Kinsey ef al. and Groshev et al. 
report lines at 3560 and 3600 kev which are not clearly 
resolved and they assign a total intensity to these two 
lines of 20-30%. 
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converter and a 3X3X48-in. array of 3-mil cadmium foils. 


Four of the low-energy transitions observed in the 
present work can be assigned to definite transitions by 
energy comparison with the (d,p) Q-value differences 
as is indicated in Table II. The energies and assigned 
transitions for these four lines are 473:(1)—(0); 
877: (3)— (1); 2210: (9)—(3); and 2510: (13)—(3). In 
addition to these four lines it can be shown that the 
1630-kev line agrees in energy only with the transitions 
(16)—(7) or (17)—(7). 

On the basis of the above assignments one can 
attempt to account for the excitation and de-excitation 
of the levels involved by assigning the remaining lines 
observed. This requires a consideration of both energy 
agreement with the (d,p) Q-value differences and the 
intensity balance for each level that must result if the 
decay scheme is complete. The following points then 
arise : 


(i) Level (1) is populated only by the 30-40% 
transition (3)—(1) in the energy range above 300 kev. 
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The de-excitation of (1) to the ground state is greater 
than 50%, so the predicted 92-kev transition (2)— (1) 
must occur with an appreciable intensity to explain the 
added population of (1) and also the decay of (2). The 
population of (2) is 21% due to the transition (C) — (2), 
so the 92-kev transition must account for at least 21% 
excitation of this state. A gamma ray of approximately 
90 kev has been observed with a Nal scintillation 
spectrometer using an externa] thermal neutron beam 
in agreement with this predicted transition. 

(ii) Level (3) decays by means of transition (3)— (1) 
with an intensity of 30%. Level (3) is populated by 
means of (C)—(3), (9)—(3), and (13)—(3), which 
total to 30% in agreement with the decay intensity. 

(iii) Level (4) is populated to 1-2%, but the low- 
energy lines observed in the present work do not 
account for the de-excitation of this state. The low 
intensity expected can account for missing the expected 
decay lines. Groshev ef al.* report a line of ~5% 
intensity of 1870 kev which could be from transition 
(4)—(0). 

(iv) Level (6) is populated to 2% by means of 
(C)—(6) and the only transition observed that will 
account for the decay of this level is the 1900-kev line 
of 3% which fits with the transition (6)— (2). 

(v) Level (7) is populated by the 10% transition 
(16,17)— (7) and the de-excitation of this state can be 
accounted for by assigning the 13% line of 2030 kev 
to transition (7)— (2). 

(vi) Level (9) decays by means of the 8% transition 
(9)—(3) and the 5% line of 3300 kev observed by 
Groshev et al. can account for some of the excitation of 
(9) if assigned to transition (C)—(9). The 3590-kev 
line observed in the present work consists of two 
unresolved lines according to both Kinsey ef al. and 
Groshev et al., as is indicated in Table II. Both Braid 
and Groshev assign the 3560-kev line to transition 
(C)—(8) and the energy difference of this transition 
does indeed agree with the observed energy. One must 
then account for the decay of level (8) with one or 
more transitions totaling 10-20% and present data do 
not disclose any such decays. The assignment (9) — (0) 
for this line is indicated in Fig. 12 and is preferred 
even though the excitation of (9) cannot be accounted 
for. The excitation of (9) involves transitions between 
levels of greater than 3600 kev and it seems much more 
likely that these excitation transitions would be missed 
than those corresponding to the decay of the state (8) 
at 3409 kev. 


These points emphasize the lack of completeness of 
the decay scheme illustrated in Fig. 12 and indicate the 
need for measurements of higher precision in both 
energy and intensity. Coincidence experiments would 
be helpful in clearing up many of the doubtful assign- 
ments made here but moderately good resolution would 
be required to determine many assignments uniquely. 

The beta decay of Ne“ has been shown by Dropesky 
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TABLE III. Cd"5(n,y)Cd"™ external conversion. 





Johns¢ 
InlUim 


Ey (kev) 
556+1 


Adyasevich> 
E, (kev) ly 


560+ 10 42 


Present work 
Ey (kev) 





Iy* 
559+ 2 85 
~7 


5764 4 
654+ 2 23 
3 


660+ 10 


728+ 730+10 


752+ (760+20) 


808+ 820+10 


1210+ 1230415 


1298+ § 1310+20 


1370+ § 1370+20 


1403+ 5 1420+20 


1498+ 5 1520+20 
1630+ 20 
1790+20 
1820+ 20 
1870+20 


1660+ 10 
(1845+15) ~3 


(~1960)  ~2.5 
2115+30 
2280430 «- 
2450+20 5 


(2455415) ~3 


« Intensity in gamma rays per 100 neutrons absorbed. 
b Adyasevich, Groshev, and Demidov, reference 5. 
© Johns, Waterman, MacAskill, and Cox, reference 11. 


and Schardt*™ to consist of allowed beta transitions to 
states (1) and (3) but not to the ground state (0) or the 
excited state (2). This information along with the M3 
nature of the 472-kev transition (1)—(0)* and the 
known 4+ ground state allows the spin and parity 
assignments for states (1), (2), and (3) of 1+, >2+, 
and 1+ to be made. A 2+ assignment for state (2) is 
made since this state is excited by the transition 
(C)—(2) from the 2+ (or 1+) state (C) and the 
transition (2)—(0) to the 4+ ground state has not 
been observed. These assignments of 1+, 2+, and 1+ 
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Fic. 11. Cd"8(n,7)Cd"™ photoelectric coincidence spectrum 
observed in Arrangement B under the same conditions as the 
data shown in Fig. 10. 


" 4B. J. Dropesky and A. W. Schardt (to be published). 
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Fic. 12. Decay scheme of Na*. The level numbers at the left and 
the energy values (in kev) on the right are from Na**(d,p) Na™44 
The Ne* decay scheme is from Dropesky and Schardt, reference 
24. The four transitions from the capturing state (C) to various 
levels are from Kinsey et al., reference 23 and Groshev et al., 
reference 4. The five double-line transitions are considered definite 
assignments of transitions observed in the present work and the 
five single-line transitions on the right are possible assignments of 
additional low-energy lines. The figures next to the transitions 
are the line strength in gamma rays per 100 neutrons captured. 
ay spin assignments for states (1), (2), and (3) are from reference 


for the first three levels are in agreement with the 
angular distribution studies of Na*(d,p)Na™ for states 
(1+2) and (3). 

Na™ is an odd-odd nucleus and detailed theoretical 
predictions of the character and energies of the excited 
states are not available owing to the many possible 
interactions expected between the odd nucleons. Ac- 
cording to the shell model, the ground-state proton 
configuration of Na* is (ds,/2)* and the measured spin 
is $.26 Na™ is formed by the absorption of an s neutron 
to form an excited state at 6958 kev of spin 1+ or 2+. 
The first known neutron resonance of sodium forms a 
state of spin 2”’ and it is certain that some large fraction 
of the state (C) must then be composed of a 2+ state. 
The existence of a spin 1+ excitation from an appreci- 


26 P. Shapiro, Phys. Rev. 93, 290 (1954); Bretscher, Alderman, 
Elwyn, and Shull, Phys. Rev. 96, 103 (1954). 

26 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

27 Hibdon, Muehlhause, Selove, and Woolf, Phys. Rev. 77, 
730 (1950). 
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able fraction of slow neutron absorption cannot be 
eliminated, however. The decay of the excited state (C) 
must be expected to show extreme variations from any 
predictions made ftom a single nucleon transition even 
if it is wholly 2+ and one cannot use the spin change as 
a reliable guide in estimating the strength of a transition 
from this state. It is probably because of this complex 
nature that the predicted M1 transition (C)—(1) is 
not observed to occur in the work of Kinsey ef al.” 
and of Groshev ef al.4 even though the M1 transitions 
(C)— (2) and (C) — (3) are seen from their data. Because 
of these considerations and also because of the incom- 
plete decay scheme based on the observed data, no 
definite spin assignments can be made for Na” levels 
other than for the first three levels which are determined 
from the Ne* decay. 


5.2 Cadmium 


The radioactive decay of In“‘” excites Cd“ by means 
of a K-capture branch and two cascade gamma rays 
from Cd" are emitted. The energy of these gamma rays 
has been reported as 5562-1 and 722+1 kev" and 
recent angular correlation measurements" assign to the 
spins 2 and 4 and even parity to the 556- and 1278-kev 
excited states. The strong line from Cd"*(n,y)Cd"™4 
measured in this work to be 559+2 kev corresponds to 
the expected £2 transition observed in the indium 
decay. The order of the two gamma rays is not known 
from the indium decay, but the high intensity of the 
lower energy line from the capture gamma-ray spec- 
trum, the similarity of the level to other even A 
cadmium isotopes, and the Coulomb excitation obser- 
vation of the state indicate with certainty that the first 
excited state of Cd" is 559 kev as illustrated in Fig. 13. 

The internal conversion line of 1305-48 kev listed in 
Table I must correspond to a 0*—0* transition from 
a 0+ state at 130548 kev which is converted in 
competition with external gamma-ray emission to low- 
lying levels other than the 0+ ground state. The 
752-kev line fits well with the expected £2 transition 
from the 0+ excited state to the first excited state at 
559 kev. The 654-kev line observed in the external 
conversion spectrum is known from the internal con- 
version data to be E2 or perhaps M1 or (M1+ £2) and 
its intensity is such that it must be in cascade with the 
strong 559-kev transition. This would then suggest a 
state at 1213 kev. Another line is observed at 1210 kev 
and this is interpreted as the crossover transition from 
the same level to the ground state. Assuming such a 
crossover and stop-over decay, the weighted average 
for this state becomes 1212+3 kev. It has previously 
been reported that a gamma ray of 95.7+0.5 kev of 
either E1, M1, or E2 character is present in the 
Cd"8(n,y)Cd"™ spectrum.” This 95.7-kev transition fits 
well if it represents a transition between the 0+ state 
at 1305+8 and the 1212+3 kev states. Assuming this 
mode of decay, the energy of the 0+ state is 130843 
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kev. The 1212-kev state is most likely 2+ in accordance 
with the general character of the low-lying states of 
even-even nuclei. The internal conversion data for the 
95.7- and 654-kev transitions cannot, however, exclude 
a 1+ assignment for the 1212-kev state and the ob- 
served intensity of the 95.7-kev transition relative to 
the 752-kev E2 transition indicates that it is probably 
M1 which suggests a 1+ assignment. 

The transition probability of 0*—0* transitions has 
been calculated by Church and Weneser by assuming 
that the strength parameter p is unity, and has been 
compared to single proton transition rates.?* The Cd!"* 
decay scheme allows an estimate of the 1308-kev 
0*—0* transition probability relative to assumed 95.7- 
and 752-kev transition rates. Assuming that both of 
these transitions are £2 and that the transition rates 
are those ascribed to single proton transitions,” then 
the total transition probability of the monopole con- 
version is ~2X10° sec~'. The value given by Church 
and Weneser for monopole K conversion is ~5X 10° 
sec™. 

Kinsey and Bartholomew” have observed three 
incompletely resolved high-energy lines from cadmium 
with intensities of 0.12, 0.16, and 0.21% gammas per 
neutron captured and these lines correspond to excited 
states of 1205414, 1320+11, and 1381411 kev if it is 
assumed that these high-energy lines are emitted from 
the 1+ capturing state of Cd!'*. The state at 1212+3 
kev discussed above agrees well with the first of these 
values and the 0+ state at 1308+3 kev agrees with 
the second. If the 808+3 and 1370+5 kev lines listed 
in Table III are assumed to come from a state at 
1368+4 kev, then such a state would be consistent 
with the third value predicted by Kinsey and Bar- 
tholomew. The 1368-kev state then has a spin of 1 or 
2 since it is excited by the 1+ capturing state and 
decays to both the 2+ excited state and to the 0+ 
ground state. The internal conversion data of Table I 
indicate that the 808 transition is either M1 or E2 and 
this is consistent with either a 1+ or 2+ assignment 
for the 1368-kev level. The assignment 2+ to this 
level is preferred for an even-even nucleus and three of 
the states 1212 (2+), 1308 (0+), 1368 (2+), and 
1286 (4+) could be interpreted as a 0+, 2+, 4+ 
“triplet” as predicted in the “free vibration” model of 
Scharff-Goldhaber and Weneser.*' The high-energy lines 
observed by Adyasevich e al.® indicate the excitation 
of states at 1180+60 and 1330+60 kev but these data 
do not agree in such detail as those of Kinsey and 
Bartholomew with the preferred scheme illustrated in 


28 E. L. Church and J. Weneser, Phys. Rev. 100, 943 (1955) ; 
103, 1035 (1956). 

29S. A. Moszkowski in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955), Chap. 13. 

3% B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 
1051 (1953). 

31 G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
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Fic. 13. Decay scheme of Cd". The five transitions from the 
capturing state indicated on the left are from Kinsey and Bar- 
tholomew, reference 30. See text for the assignment of the twelve 
low-energy transitions and the indicated spin assignments. The 
numbers next to the transitions are the observed gamma-ray 
intensities in gamma rays per 100 neutrons captured. 


Fig. 13. Adyasevich et al. have observed 37 lines from 
cadmium, and 34 of these have been assigned to 51 
transitions in their proposed decay scheme. The dual 
and triple assignment of 13 lines in this decay scheme 
clearly indicates the arbitrary nature of their proposed 
scheme. 

The gamma rays of 576 and 1298 kev have an energy 
difference of 722+7 kev and they are assumed on this 
basis to come from a state of spin 3 or 4 with even 
parity at 1860+5 kev. Johns et al. have previously 
reported that a state in Cd’ at 1856+4 kev is excited 
in the K-capture branch of In"*.". Tt has recently 
been shown, however, that the 1300-kev gamma ray 
from In' belongs to Sn’ and not Cd", and that 
no excited state in Cd! of energy greater than 1650 
kev can be excited by In'“™.% Adyasevich® reports a 
weak high-energy gamma ray that most likely leads to 
a state at 1920+60 kev. The spin assignment of 3 or 4 
and even parity for the 1860-kev level proposed here 
predicts an £2 or M3 transition from the 1+ capturing 


# Johns, McMullen, Donnelly, and Nablo, Can. J. Phys. 32, 
35 (1954). 

%L. Grodzins and H. T. Motz, Phys. Rev. 102, 761 (1956). 

% Johns, Williams, and Brodie, Can. J. Phys. 34, 137 (1955). 
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state and so is not expected to be excited directly with 
an intensity comparable with the M1 transitions ex- 
citing the 0+, 1+, or 2+ levels. It is therefore doubtful 
that the line observed by Adyasevich excites the state 
of 1860 (4+,3+-). The intensity of the high-energy 
M1 transitions is at most 0.6% gammas per neutron 
captured whereas the weakest low-energy line that can 
be detected with the present equipment is > 1%. Thus 
excitation in addition to a direct transition from the 
capturing state is required and it is possible that the 
low-energy data might miss the de-excitation of a 
weakly populated state and this is indeed suggested 
by the unaccounted for x-rays observed. 

The gamma rays of 1403 and 1498 kev have an 
energy difference of 95-++7 kev and fit energetically into 
the decay scheme assumed to come from a state at 
2710+6 kev with spin 1 and even parity. Such a state 
should be excited directly by means of an M1 transition 
from the capturing state but no such high-energy 
transition is observed by either Kinsey and Bar- 
tholomew® or by Adyasevich ef al.' It is, therefore, 


HENRY T. 


MOTZ 


uncertain that these lines actually originate from a 1+ 
state at 2710 kev. 

It is not possible to assign the higher energy lines 
observed in this work with sufficient reliability merely 
on an energy balance argument. Greater precision and 
resolution or coincidence experiments are necessary to 
complete the decay scheme above 2-Mev excitation. 
Measurements on Cd""*(d,p)Cd"* would be of great 
value in verifying and extending the decay scheme. 
Muehlhause' has observed that an average of 4.1 
cascade gamma rays are emitted in the Cd"*(n,y)Cd!™ 
reaction and it must be expected that the coincidence 
spectrum will be very complex. 
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Dependence of the Pure Quadrupole Resonance Frequency 
on Pressure and Temperature* 
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Measurements of the pure quadrupole resonance frequency (v) of the Cu® nucleus in cuprous oxide, and 
the Cl** nucleus in potassium chlorate and paradichlorobenzene have been made as a function of pressure 
in the range 1 to 10 000 kg/cm? for temperatures between —77°C and 100°C. A theory is presented in which 
the static value of the electric field gradient tensor (¢;;°) and the amplitudes £;° of the normal modes of the 
lattice vibrations play a central role. The volume dependence of these quantities can be deduced from 
y-versus-volume isotherms which are constructed from the experimental data by using the equation of state. 
Information on the latter is augmented by theory. It is found that the temperature variation of the resonance 
frequency at atmospheric pressure can be understood by considering not only the explicit temperature 
dependence of the vibration amplitudes, but also by including the appreciable effects of the volume expansion 
on go and &°. Furthermore, the pressure dependence is found to be explicable in terms of the volume 
dependence of go and £;°. In CuO, it is found that go depends on volume roughly as V-, thereby indicating an 
ionic character for this crystal. On the other hand, in paradichlorobenzene, go« V", with 0<n<0.04, thus 
exhibiting the effect of an increase in the intermolecular hybridization of the C—Cl covalent bond. 


I. INTRODUCTION 


INCE its discovery,’ the pure quadrupole splitting 
of the nuclear spin energy levels in solids has been 
investigated as a function of temperature. Bayer? 
proposed a theory, later generalized by Kushida* and 
Wang,‘ which explained the salient features of this 


* This research was supported by the Office of Naval Research, 

the Signal Corps of the U. S. Army, and the U. S. Air Force. 
On leave of absence from the Department of Physics, 

Hiroshima University, Hiroshima, Japan. 

1H. G. Dehmelt and H. Kriiger, Z. —: 129, 401 (1951). 

* H. Bayer, Z. Physik 130, 227 ( (1951) 

*T. Kushida, J. Sci. Hiroshima Univ. ‘A19, 327 (1955). 

*T. Wang, Phys. Rev. 99, 566 (1955). 


effect. It failed, however, to give detailed agreement 
with experiment.® According to this theory, the average 
internal field gradient at the nucleus decreases with 
increasing temperature solely because of the increase in 
the amplitude of the thermal vibrations. 

It seems fairly obvious that a strain deformation at 
constant temperature will also alter the electric field 
gradients in the solid lattice. Uniaxial compression in 
cubic crystals was first attempted by Watkins and 


5 Dautreppe, Dreyfus, and Soutif, Compt. rend. 238, 2309 
(1954). 
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Pound.® They found that the application of uniaxial 
stress to alkali halide crystals broadened the magnetic 
resonance lines in an irreversible manner. Presumably, 
the deformation was not homogeneous and plastic flow 
occurred, creating a nonreversible distribution of quad- 
rupole splittings throughout the crystal. Recently, 
Shulman’ has succeeded in obtaining a reversible and 
rather homogeneous deformation by uniaxial compres- 
sion of an indium antimonide crystal. By using high 
hydrostatic pressures, large homogeneous deformations 
can be expected. If the symmetry around the nuclei is 
cubic, the field gradient will remain zero, but the 
quadrupole interaction in noncubic crystals will be 
changed by hydrostatic pressure. 

Several workers*" have independently found such a 
dependence of the quadrupole splitting upon the appli- 
cation of hydrostatic pressure. The splitting depends 
in general on the amplitude £,° of the normal modes of 
vibration and on the electrostatic lattice potential at 
the nucleus V, through the principal value of the field 
gradient go and the asymmetry parameter defined by 


eV. #V. PV. 
and n= (-- )/ ’ 
0x? ay? 02 


0<|o| <1. 


0 Ve 
go= 
02? 


The pure quadrupole resonance frequencies can be 
expected to be a function of volume through qo, no 
and ¢,°. Phenomenologically, one can express the tem- 
perature and pressure dependence of the pure quad- 
rupole splittings by the thermodynamical relations: 
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The last term in Eq. (2) represents the effect considered 
by Bayer. However, the effect of the volume expansion 
represented by the bracket term is by no means neg- 


ligible, and an adequate analysis of the observed tem- 
perature variation of vy requires a knowledge of the 


6G. Watkins and R. V. Pound, Phys. Rev. 89, 658 (1953); G. 
Watkins, thesis, Harvard University, 1952 (unpublished). 

7R. Shulman (private communication). 
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9C. Dean and E. Lindstrand, J. Chem. Phys. 24, 1114 (1956). 

10 R. Livingston (private communication). 
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volume variation as well. 
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Equation (4) represents Bayer’s effect, the tempera- 
ture dependence of v at constant volume. The volume 
dependence of v represented in Eq. (3) consists of a 
temperature-independent part (first two terms) and a 
temperature-dependent part (third term). Thus a 
complete analysis of both the volume and temperature 
dependence of v requires a knowledge of v over a wide 
range of temperature and volume. Conversely, one can 
expect to obtain from such an analysis the volume 
dependence of the internal field gradients and the 
volume dependence of the vibration amplitudes. This 
analysis is carried out in the present paper for three 
substances which are thought to give representative 
illustrations of the results to be expected. 

Consider, for example, an ideal ionic lattice. Assume 
further that all interionic distances vary as V!. In 
such a crystal go will be inversely proportional to V, 
and 7 will be constant. On the other hand, consider a 
molecular crystal. Here, the gradient is predominantly 
a property of the covalent bond” in the molecule and 
in the zeroth approximation is independent of volume. 
However, it is well known that the quadrupole splitting 
in a molecular lattice is not exactly the same as in the 
free molecule and may be about 10% less. Compression 
of the molecular crystal can be expected to increase 
the hybridization of the intramolecular bond by bonding 
to neighboring molecules. This will cause a decrease of 
go with decreasing volume. Most solids, of course, 
will show a behavior lying somewhere between these 
extremes. 


II. EXPERIMENTAL METHOD 


A brief description of the experimental method is as 
follows: The sample, in the form of a dense, powdered 
suspension in a pressure transmitting liquid, is placed 
within and around a radio-frequency coil which serves 
as the tuning inductance of a Pound-Knight-Watkins®™ 
spectrometer. A hydraulic press compresses the trans- 
mitting fluid, thereby producing an increase in the 
hydrostatic pressure to which the sample crystallites 
are subjected. The change in the resonance frequency 
of the sample which results is then measured. Thus, the 
experimental arrangements include (a) the bomb and 
plug assembly consisting of the coil and sample holder, 
a beryllium copper pressure-containing cylinder, and a 
BeCu high-pressure coaxial electric plug; (0) the high- 


2 C. H. Townes and B. P. Daley, J. Chem. Phys. 20, 35 (1952). 
13R, V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 152 
(1950). 

4G. Watkins, thesis, Harvard University, 1952 (unpublished). 
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Fic. 1. High-pressure bomb and electrical plug assembly. (A) 
Beryllium copper bomb. (C) Beryllium copper electrical plug. 
(D) Sealing washers. (H) Conical seal for electrical terminal. (Z) 
Radio-frequency coil. (EZ) Stainless steel connecting tubing. 


pressure ram and pressure-measuring equipment; and 
(c) the electronic equipment consisting of the Pound- 
Knight-Watkins spectrometer, a phase-sensitive de- 
tector and a lock-in amplifier. 

Figure 1 is a diagram of the bomb and plug assembly. 
The high-pressure bomb (A) is constructed of beryl- 
lium copper, whose special properties in this application 
have already been described.!® The nonmagnetic 
property of BeCu is not essential in this zero field 
experiment. The small size and great strength of this 
bomb enable it to be temperature-controlled by 
constant temperature baths in spaces as small as 2 in. 
in width, while it is subjected regularly to internal 
pressures up to 10 000 kg/cm”. Both the radio-frequency 
electrical lead (B) and the pressure-transmitting liquid 
are led into the bomb through the BeCu electrical 
plug (C), which is sealed against leak past the threads 
by the sealing washers (D) of lead and copper, which 
operate on Bridgman’s unsupported area principle. 
Hardened stainless steel tubing (£) } in. o.d. and 0.025 
in. i.d., which is quite flexible when coiled, provides for 
convenient transmission of the pressure from the 


6G. B. Benedek and E, M, Purcell, J. Chem. Phys. 22, 2003 
(1954). 
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pressure-generating cylinder to the bomb.'* The tubing 
is threaded and soft-soldered into the plug (C). A 
small copper sheet (F) with a tiny pinhole for admission 
of liquid soldered over the end of the tubing is very 
effective in preventing leak past the threads (G). The 
electrical lead is insulated at the coned sealing stem 
(H) by a conical pipestone washer (/), and is connected 
to the radio-frequency coil (Z). The sample holder (/) 
contains the powdered specimen (K) suspended in the 
pressure transmitting medium. Petroleum ether was 
used as a pressure transmitting medium for tem- 
peratures around 0°C, while kerosene was used around 
100°C. At —77°C it was found that a 50-50 mixture 
of n-pentane and 2-methyl-butane is capable of going 
to 10000 kg/cm? without any indication that the 
hydrostatic nature of the compression is lost. The pure 
quadrupole resonance itself, sensitive as it is to non- 
hydrostatic strain,® serves as a very good check on the 
degree of homogeneity of the applied compression." 
Since the width of the lines did not change by more than 
10° even at the highest pressure, it may be concluded 
that the pressure is hydrostatic to at least one part in a 
thousand. Dissolution of the organic specimens in the 
transmitting fluids was avoided by the simple trick of 
first saturating the liquid with the material to be 
suspended, then adding the saturated solution to the 
powdered specimen. Temperature regulation was 
achieved by immersing the bomb in a constant tem- 
perature bath. A water bath whose temperature was 
constant to within +0.05°C was used above room 
temperature. Below room temperature, ice and water or 
dry ice and petroleum ether mixtures gave a tempera- 
ture stability of about +0.05°C and +0.2°C, respec- 
tively. 

The pressure-generating section was the standard 
Bridgman press.'* The pressure was measured with an 
accuracy of about 3 kg/cm? at each pressure by ob- 
serving the change of resistance of a coil of manganin 
wire with a Carey-Foster bridge.'® 

The electronic detecticn equipment was the custom- 
ary Pound-Watkins spectrometer with a lock-in ampli- 
fier and a phase-sentitive detector® with 30 cps on-off * 
Zeeman modulation and recorder display. The effects 
of pickup from the on-off modulating field were 
diminished considerably by means of a high-pass RC 
filter in the grid circuit of the 6J6 oscillator. The cutoff 
frequency of this filter was roughly 500 cps. The reso- 
nance frequency was determined by beating the spec- 
trometer frequency against that of a crystal-calibrated 
L.M. heterodyne frequency meter (type CKB-74028). 
Using this technique, the resonance frequency could be 
measured to better than 1 kc. 


16 W. Paul and D. Warschauer, Rev. Sci. Instr. 27, 418 (1956). 

17 This property of the pure quadrupole resonance suggests that 
it could be used as a very sensitive and convenient indicator of 
freezing phenomena under pressure. 

18 P. W. Bridgman, The Physics of High Pressures (G. Bell and 
Sons, Ltd., London, 1949). 
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Ill. EXPERIMENTAL RESULTS 


Measurements of the pure quadrupole resonance 
frequency as a function of pressure in the range 1 to 
10 000 kg/cm? for three different temperatures ranging 
from —77°C to +100°C have been made for the Cl 
nucleus in KCIO;, the Cu® nucleus in Cu,O, and the Cl*® 
nucleus in paradichlorobenzene. 


a. Potassium Chlorate, KCIO: 


The sample was Mallinkrodt analytical reagent grade 
material in the form of granules. It consists of a mini- 
mum of 99% KCIO; with sodium and BrO; the prin- 
cipal impurities in the lattice. In Fig. 2 is shown the pres- 
sure dependence of the resonance frequency at —77°C, 
24.6°C, and 84.7°C. In addition to these data, recent 
experiments by Livingston’ show that (dv/dP)p.o 


=6.5 cps/ (kg/cm?) and vp_o= 28.9534 Mc/sec at 196°C. 


At room temperature the intensity of the line was 
constant during the increase in pressure until 6000 
kg/cm?, at which point the intensity began to fall with 
increasing pressure while the line width remained 
constant, until at 10 000 kg/cm? the intensity was one 
third of its atmospheric pressure value. Similar results 
were observed during the 84.7°C run, except that the 
onset of the decrease in intensity began about 1000 
atmos higher in this case. For both runs the intensity 
remained at its 10 000 kg/cm? value during the decrease 
of pressure. The loss of intensity may be connected with 
the polymorphic transition previously observed by 
Bridgman.” He found a sluggish transition at 6000 
kg/cm? for T=25°C and 6700 kg/cm? for T=85°C. 
The sluggishness of the transition probably accounts 
for our ability to follow the low-pressure phase as high 
as 10000 kg/cm? with no attendant increase of the 
intensity during the relatively rapid decrease of 
pressure. 


b. Cuprous Oxide, Cu,O 


This sample was Bakers reagent grade powdered 
material consisting of 97.49% CuO the principal im- 
purity being Cu2Cl. The line width in CuO was sub- 
stantially constant throughout the pressure range. 
However, the signal intensity decreased at all tempera- 
tures with increasing pressure until at 10000 kg/cm? 
the intensity was reduced to one half of its initial value. 
The pressure dependence of the resonant frequency at 
—77°C, 25°C, and 98.5°C is shown in Fig. 3. It will be 
observed that at all temperatures the resonance fre- 
quency, within the experimental error, is a linear func- 
tion of the pressure. 


c. Paradichlorobenzene, p-C,H,Cl, 


This sample was Eastman Kodak white-label grade 
granular material. The observation of the quadrupole 


1 R. Livingston (private communication). 
2 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 51, 55 (1915). 
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Fic. 2. The pure quadrupole resonance frequency of the Cl** nu- 
cleus in KCIO; as a function of pressure for three temperatures. 


resonance in paradichlorobenzene is complicated by the 
existence of three polymorphic phases. Dean”! measured 
the temperature dependence of two of these phases, 
measured the temperature dependence of two of these 
phases, namely, the low-temperature a phase and the 
high-temperature 8 phase. He found that the resonant 
frequency of the a phase is higher than that of the 
8 phase by approximately 25 kc/sec. In addition, he 
produced for a short time a third “anomalous” phase by 
accidentally subjecting the single crystal sample to a 
strong compressive stress by thermal expansion inside 


a we Dean, thesis, Harvard University, 1952 (unpublished). 
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Fic. 3. The pure quadrupole resonance frequency of the Cu® 
nucieus in Cu,O as a function of pressure for three temperatures. 


a metal container of fixed volume. He found that the 
anomalous phase was about 460 kc/sec higher than the 
a or 6 phase but was unable to maintain the crystal in 
the new phase long enough to make detailed studies of 
its temperature variation. 

We observed all three phases of p-CsH,Cl. during 
the T=24.8°C run shown in Fig. 4. At atmospheric 
pressure the a-phase is observed,” its frequency in- 
creasing with increasing pressure until, at 1600 kg/cm’, 
the line quickly disappears. The line appears again 436 
kc/sec higher, with an intensity and line width which 
is about the same as that for the a phase. This new 


high-pressure phase may be identified as Dean’s 
“anomalous” y phase. Above 1600 kg/cm? the y-phase 
line was quite stable. On reaching 2200 kg/cm?, dv/dP 
begins to decrease markedly until, at 8500 kg/cm’, 
dv/8P=0. Above this pressure there is the suggestion 
that dv/8P may become negative. On decreasing the 
pressure the phase can be followed back even below 
1600 kg/cm?, until, at about 750 kg/cm’, it disappears 
only to reappear again about 27 kc/sec below the 
a phase. This new phase can be identified as Dean’s 
B phase. The line width was about 50% broader and 
the peak intensity less than that of the a or y phase. 
The total integrated intensity of the 6-phase line is 
roughly equal to that of the a or y line. The 6 phase 
is metastable at room temperature and returns to the 
a phase in a time which is very sensitive to the pressure. 
For instance, at amospheric pressure this phase lasts 
for a time of the order of minutes, while at 600 atmos 
it can be observed for the order of one day. Because of 
the long relaxation time of this metastable state it is 
possible to increase and decrease the pressure on the 
the 6-phase line to determine its extent. It was found 
that the transition to the y phase occurred at about 
1600 atmos. The quickness of the relaxation to the 
a-phase at the lower pressure limited the observation 
in this range to 300 kg/cm’. 

At 0°C the atmospheric pressure phase is again the 
a phase. As we see in'Fig. 5, this phase disappears at 
400 kg/cm?, reappearing 435 kc higher in the y phase. 
On increasing the pressure, dv/0P becomes zero at 
about 7800 kg/cm? and the indications that it goes 
negative above this pressure become more marked. On 
decreasing the pressure there is again a reproducibility 
of the increasing pressure points except that the y phase 
continues to persist right down to atmospheric pressure. 

If one observed the resonance in perfectly dry para- 
dichlorobenzene, the a phase is found at —77°C. Upon 
addition of the transmitting fluid (petroleum ether or 
a 50-50 mixture of m-pentane and 2-methyl-butane) 
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Fic. 4. The pure quadrupole resonance frequency of the Cl 
nucleus in paradichlorobenzene as a function of pressure at 
T =24.8°C. The a, 8, and y phases are polymorphic modifications 
which are produced by hydrostatic pressure at room temperature. 
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the a phase disappears even at atmospheric pressure, 
and in its place the y phase appears. The appearance of 
the y phase upon the addition of paraxylene or benzene 
has been observed independently by Dean and Lind- 
strand.’ As may be seen in Fig. 6, an increase of the 
pressure on the y phase results in a slight increase in 
the frequency up to about 1000 kg/cm. Beyond this 
pressure the resonance frequency drops quite markedly 
with the pressure. In Table I the frequency of the 
y phase at P=1 kg/cm? is listed as a function of tem- 
perature. An attempt to study sodium chlorate over an 
extended pressure range failed, because it combined 
explosively at about 2000 atmos with the transmitting 
medium. 


IV. THEORY 


Pure quadrupole resonance absorption occurs at 
frequencies which correspond to transitions between the 
energy levels of the Hamiltonian! describing the inter- 
action of the electric field gradient tensor (¢,;) and the 
nuclear quadrupole moment, 


H = —_—$—{ heel P+ dyyl 2 +desl * 
21(21—1) 


+obey(Tely tT] 2) +6221 2l.t+I1 I 2) 
+¢$y:(002+11,)}, (5) 


where ¢ is the electronic charge, I is the nuclear spin 
operator, and Q is the nuclear quadrupole moment. 
Lattice vibrations cause the components ¢;;=0°V./ 
0x,0x; of the field gradient tensor to fluctuate with time 
at a frequency which is much higher than that corre- 
sponding to the energy level separation (~10*%-108 cps). 
Thus only the time average of ¢;; enters into the ex- 
pression for the energy levels of the system. Consider 
specifically a (@;;) tensor which is axially symmetric in 
the static case, and assume that the lattice vibrations 
cause: (a) a time variation in the magnitude of the 
principal axis g=@., of the quadrupole tensor about 
some equilibrium value; (b) a time variation in the 
angular orientation of the ¢,; tensor relative to its 
static or equilibrium orientation; (c) a small time vari- 
ation of the asymmetry parameter around its static 
value, which is assumed zero. The asymmetry param- 
eter mo is not zero in the investigated crystals KCIO; 
and paradichlorobenzene,” but it is very small and will 


TABLE I. Frequency of the y phase of p-CsH,Cl2 
versus temperature at P=0. 








Frequency 
Mc/sec 


34.7108 


34.785 
34.988 


Temperature 
vs 





24.8 
0 
—77 








« Extrapolated to P =0. 
2 C, Dean, Phys. Rev. 86, 607 (1952). 
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Fic. 5. The pure quadrupole resonance frequency of the Cl 
nucleus in paradichlorobenzene as a function of pressure at 
T=0°C. 


be neglected. The following analysis can be readily 
extended to include the effect of n. In that case, separate 
experimental data on 7 as a function of temperature 
and volume are also required. From a zero field experi- 
ment with =, this information is not available. It 
follows from Eq. (5) that the frequencies of transitions 
induced by the radio-frequency magnetic field can be 
written as*? 


v(I, m, — m.1)=C(I, mz — m.-1) (q(t) w1— 3) w), 
(6) 


where (q(¢)),, is the time average value of the magnitude 
of the maximum principal axis of the electric field 
gradient tensor, (6°(t)),, is the time average value of the 
square of the angle of inclination of the maximum 
principal axis of ¢;; relative to its equilibrium direction, 
C(I, m.—m,_,) is a constant which depends only on J, 
Q, m., and the final state. For integral spin J there are 
I transition frequencies, and for half-integral spin J 
there are /—} transitions; hence, C(J,Am,) takes on 
I or I—} values,*depending on the magnitude of the 
nuclear spin. 
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Fic. 6. The pure quadrupole resonance frequency of the Cl** 
nucleus in the y phase of paradichlorobenzene as a function of 
pressure at —77°C. 
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The temperature variation of the resonance frequency 
results from the temperature variation of (@°),4 and 
(9(#))m- 

The quantitative relation between (6°(t))m, (q(t))a 
and temperature can be found by expanding 6°(¢) and 
q(t) in terms of the normal modes of vibration of the 
lattice. If ,° cosw,t is the ith normal coordinate, then 
the resonant frequency of a particular spin transition 
can be written as 


v=voL1—% Di (&)*AG]. (7) 


Here A; is defined by A;=a;— 36;:, where a; and 6; are 
coefficients in the following expansion: 


6=D:atit+-:-, (8) 
g=qo(I+D: BEAD i; bi;F:E;+---). (9) 


Higher-order terms in the expansion are neglected. This 
is consistent with the approximation (@*),<1 used to 
derive Eq. (6). The temperature dependence appears by 
recognizing that the amplitude of vibration of the ith 
mode is determined by setting the energy of that mode 
equal to the mean energy of a corresponding harmonic 


oscillator, i.e., 
1 witli 1 1 
“Ww, i oe it~ a ° 10 
2 wh) eta) (10) 


It follows that the relation between vy and the tempera- 
ture is 


Cn) 
v=vol 1—- 2, —hw;{ -+ ’ 
7 2 i=l w? 2 " exp(Iw,/kT)—1 





where w; is the eigenfrequency of the ith mode of 
vibration and 
€0903 (2m,—1) 


21(2T—1) 


(12) 


go is the value of the field gradient in the rigid lattice, 
excluding even zero-point vibrations. The preceding 
formulation includes both the effect of the Debye 
waves and of the intramolecular vibrations that con- 
stitute “optical modes” which are often regarded as 
discrete eigenfrequencies. For the Debye waves, the 
summation term in (11) becomes 


3, A T*\ pilD 71 1 
toa) Gea 
2 (mal?) wv Tp 0 2 e*—1 

(13 


In this case A is a constant of the order of 1, m, and 
¢ are, respectively, an effective atomic mass and an 
effective propagation velocity. 

Unless experiments are carried out at extremely low 
temperatures, it is useful to split the lattice vibrations 
into low- and high-frequency terms, depending upon 
whether they are larger or smaller than wy=kTy/h, 
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where Ty is the lowest temperature used in the experi- 
ments. For temperatures above the Debye temperature, 
the acoustical Debye modes may always be included 
with the low-frequency terms. The temperature varia- 
tion of the low-frequency terms can be expressed 
simply by making use of an expansion valid in the 
range x= hw/(kT) <1, viz., 


 - l « 
(+) =-+— +00. 

2 @-1/ «x 12 
Equation (14) is very accurate; the first two terms 


give a result only 1.5% too large in the very unfavorable 
case, x= 2. Thus, one can write Eq. (11) as 


(14) 


3 MA; # 
=n 1—“a7 OF apc” = A+.0(7)}, (15) 
2 ia 


1w? 8 

Sm As 1 1 

QAT)=-- > ~noi(-+—). 

2 i=MH w,? 2 e&-1 
Q(T) represents the contribution of the high-frequency 
vibrations to v. Owing to the appearance of the 1/w,; 
factor in the terms of the sum, the high-frequency 
terms contribute generally much less than the low- 
frequency terms, and can often be neglected in practice. 


If we assume this to be the case and set 2(T)=0, we 
can write Eq. (15) in the form: 


v= (a+b/T+¢'/T)=a(1+bT+c/T), 


PO 
21(2I—1) 


fade) 


where 


(16) 


(17) 


where 
(3m.—4), (18) 
(19) 


(20) 


h? 
academe A,;=——M({A). 
a 8k 1 8k 


Equations (17)-(20) are central in the analysis of the 
temperature and pressure variation of the resonance 
frequency. 

The quantity a defined in Eq. (18) is directly propor- 
tional to go, the equilibrium or static value of the 
principal axis of the field gradient tensor. The quantity 
b cannot be interpreted simply in the general case of 
molecular vibration or Debye lattice vibrations, because 
A; has no simple description in the general case. For 
certain modes of vibration, however, A; has a simple 
physical significance. For example, if one neglects the 
effect of the molecular stretching motion on the average 
value of go*; and if one further considers a simple 
normal mode of vibration which corresponds to a 

% This is generally valid since the displacements of the stretching 


motion are very small relative to the displacements of the rotatory 
motions in the low-frequency region. 
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bending motion of the direction of the principal axis q 
around an axis perpendicular to the direction of g, then 
it can be shown?’ that A; is the moment of inertia of 
this bending mode of vibration. In the general case, 
one can say only that A; has the dimension and order 
of magnitude of the moment of inertia of a molecular 
vibration. Writing A;= (0,)-, where 0; is to be con- 
sidered as an “equivalent moment of inertia,” one can 
see from Eq. (19) that 6 is proportional to the average 
value of (Ow), where the average is carried out 
over the modes 0<w<wy. From Eq. (20) it is seen 
that ¢ represents the average of 0;-', again over the 
low-frequency modes. 

It must be emphasized that measurements of v as a 
function of temperature at constant pressure do not 
suffice to determine the quantities a, b, and c. These 
parameters are functions of the volume, and in the 
thermal expansion accompanying constant pressure 
measurements, a, b, and c can be expected to change. 
The temperature variation predicted by Eq. (17) can 
be checked, and the magnitudes of a, b, and c can be 
found only from measurements of » as a function of 
temperature at constant volume. Thus, it can be seen 
that an adequate analysis of the dependence of the 
pure quadrupole resonance frequency on the thermo- 
dynamic state of the solid can be achieved only when 
the resonance frequency is known as a function of 
volume for a series of different temperatures. If such 
information is available, then one cannot only check 
the form of the temperature dependence predicted by 
Eq. (17), but also determine the magnitude of a, 6, 
and c and their dependence on volume. The magnitudes 
of a, b, and ¢ at a given volume determine qo, (1/Qw”), 
and (1/@), as is seen from Eqs. (18), (19), and (20). 
The information regarding the volume dependence of 
go, w;, and A; can be represented in the following way: 


go(V)=go(Vo)(V/Vo)"™, (A) 
wi(V)=w(Vo)(V/Vo), (B) 
A,(V)=A,(Vo)(V/Vo)**, — (C) 
where V/Vo is the volume of the solid at any tempera- 
ture and pressure relative to its value at T=0°K. Then 


if one assumes 7; and o; are independent of i, it follows 
that the volume dependence of a, 6, and ¢ are related to 


n, y, 0 by 
d Ina/d InV =n(V)=d loggo/d logV,(A) 
d |In|b| /d nV =2y+<, (B) (22) 
d In|c|/d nV=c. (C) 
The y introduced here is closely related to Griineisen’s 
constant. It differs in that a different weighted average 


over the normal modes is involved in the calculation of 
the quadrupole splitting and specific heat respectively. 


(21) 
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V. ANALYSIS OF EXPERIMENTAL DATA 


As already emphasized above, a complete analysis of 
the data requires that the resonance frequency be 
known as a function of volume for a series of tem- 
peratures. Since, experimentally, the resonance fre- 
quency is obtained in the form of v-versus-P isotherms, 
the equation of state of the solid is required to transform 
the experimental results into y-versus-V isotherms. 

Experimental data representing the equation of state 
are meager for most solids. While the thermal expansion 
coefficient is sometimes available, the compressibility 
has been determined generally at only one or two tem- 
peratures, usually above 0°C. Since our measurements 
extend down to —77°C, it is necessary to have recourse 
to theory to estimate the form of the P—V isotherms 
over a wide range of temperature. 

In the Appendix a theory is presented which enables 
the determination of the equation of state,** provided 
the thermal expansion is known experimentally. To a 
high degree of approximation the compressibility is 
shown to be a function only of the volume and can be 
written as 


10V V V—Vo 
x(T,V)=-——= x /[1-*( )} (23) 
V AP Vo Vo 


Here V/V is the volume of the solid at any temperature 
and pressure relative to the volume at T=0, P=0 
atmos; ¢ is a constant, different for different solids; 
whose value is about 3. x00 is the compressibility at 
absolute zero and P=0 atmos. Equation (23) can be 
integrated at various temperatures, thus producing the 
equation of state. 

The v-versus-V curves can be constructed for each 
temperature and the vy-versus-T curves at constant 
volume can be analyzed using Eq. (17). From three 
points on the v-versus-T curves [at temperatures where 
the approximation of Eq. (17) is valid], a, b’, and ¢’ 
can be found. In principle, this can be done at each 
volume, thereby yielding a, 6’, and c’ directly as a 
function of volume. In practice, however, the most 
accurate technique consists of determining a, b’, and 
c’ very carefully at one volume, V;, and deducing their 
volume dependence from the volume dependence of »v. 

The physical deductions that can be made from the 
knowledge of a(V), 6(V), and c(V) derived from Eqs. 
(17)—(20) can be divided into two sections which deal 
with (A) the volume dependence, and (B) the absolute 
magnitudes of a, b, and c. 

A-1. The volume dependence n(V) of go(V), the 
static value of the electric field gradient at the nucleus, 
can be deduced from the volume dependence of a with 
Eqs. (21A) and (224A). 

A-2. The volume dependence vy of the contributing 
vibration frequencies and the volume dependence o of 


* In what follows it will be helpful to visualize the equation 
of state as a family of V versus P isotherms, each curve being 
generated by an initial volume fixed by the thermal expansion. 
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the effective moment of inertia can be deduced from 
the volume variation of 5 and c by using Eqs. (19)—(22). 

A-3. The relative importance of the volume depend- 
ence of go and of the vibration amplitudes on the 


resonance frequency can be deduced from Eq. (17) as 





Olnvy dina db 

dinV dinv inv). + -|/ 
(1+67+</T). 
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0 InV 

0) = (Li(EP)?A i). (25) 


This equation shows explicitly how the volume de- 
pendence of y splits into two contributions. The first 
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Fic. 7. The v-versus-volume isotherms for KCIO; obtained by 
using an equation of state. The crosses represent the values of » 
at atmospheric pressure. 
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comes from the volume dependence of go, and the 
second from the volume dependence of the vibration 
amplitudes. The volume dependence of a, 6, and ¢ in 
Eq. (24) determines the relative importance of these 
two contributions. 

A-4. Finally, by comparing the curves of the tem- 
perature variation of vy at atmospheric pressure with 
the temperature variation of vy at constant volume 
(V/Vo=1 should be chosen) it is possible to observe 
directly how much of the change in frequency is due 
to an explicit temperature variation in the vibration 
amplitude (Bayer’s theory) and how much is due to 
volume expansion. 

B-1. From the absolute magnitude of a, the size of 
the electric field gradient go can be deduced rather 
accurately, using Eq. (18), since a can be determined 
to +0.05%. 

B-2. The absolute magnitude of 6 and c determines, 
through Eqs. (19) and (20), the average vibration 
frequency and the effective moment of inertia (0) of 
those modes which contribute to the sum in Eq. (11). 
These results can be compared with the experimentally 
observed Raman lines and theoretical calculations of 
the moment of inertia of the modes of vibration in 
order to check the over-all consistency of the physical 
model on which the theory is based. 


1. KCIO; 


A measurement of the thermal expansion in KCIO; 
in the range —195°C<T<21°C has been made by 
Hiilsmann and Bilts.2* The compressibility at room 
temperature has been determined’® as 5.0X10-*/ 
(kg/cm?) from measurements on a sample in the form 











- 0.01 
pt ding 








4 





Fic. 8. Upper curve: the volume dependence 
(y= — (0 Inv;/d InV)) 


of the vibration frequencies for KCI]O;. Lower curve: the volume 
dependence of the maximum principal value go of the field 
gradient tensor for KCIO;. 


25 Q,. Hiilsmann and W. Bilts, Z. anorg. Chem. 219, 557 (1934). 
26 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 1 (1945). 
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TABLE II. Comparison of » calculated and observed and 
(dv/AP) po calculated and observed for KCIO;. 








(dv/AP) p.o(obs) 
cps/kg cm? 


40+3 

292 

15.741 
6.4+0.4 


(dv/8P) p.o(calc) 
cps/kg cm? 


v (obs) 
Mc/sec 


27.751 

28.093 28.4 
28.556 16.4 
28.953 7.6 


v(cale) 
Mc/sec 





27.751 
28.092 
28.556 
28.952 


38.6 








of a compressed slug. With ¢=3.33, Eq. (23) yields 
xo0= 4.7 10-*/(kg/cm?). With this choice of xo and ¢, 
and the known thermal expansion, the equation of 
state was constructed by integrating Eq. (23). A plot 
of v-versus-V/V» for four temperatures, including the 
77°K data obtained by Livingston,’ was made and is 
shown in Fig. 7. At V/Vo=1, a, 6, and c were evaluated, 
using the three lowest temperature isotherms so as to 
give the most accurate value of c. The volume de- 
pendence of a and b was determined from the three 
highest temperature isotherms because the volume 
derivatives are most accurately known for these tem- 
peratures. The volume variation of ¢ cannot be deter- 
mined accurately because the volume variation of v is 
not known over a wide range of volume at the lowest 
temperature. From the physical significance of ¢ [Eq. 
(20) ] as the effective moment of inertia of the ClO; 
group (as will be seen later) it is to be expected that ¢ 
can be considered as independent of volume. The 
volume dependence (V) and y(V) derived from a, b, 
and ¢, according to the procedure outlined above, is 
shown in Fig. 8. As a check on the internal consistency 
of the procedure the temperature dependence of the 
resonance frequency and its derivative dv/dP for P=1 
atmos was calculated using Eq. (22). The result agreed 
extremely well with experiment, as shown in Table IT. 
The complete temperature and pressure variation is 
therefore well accounted for. 

The volume dependence of qo is small, since »~0.025. 
In KCIO; the field gradient at the position of the Cl** 
nucleus is produced primarily by ionic and covalency 
bonding in the ClO; group with a few percent ionic con- 
tribution from the field set up by the K* ion. From n 
it follows that a 10°% decrease in volume will produce a 
0.25% increase in g. The ionic contribution of the Kt 
ion alone is of this magnitude. (This estimate is made 
on the basis of Itoh and Kusaka’s work on the Na 
quadrupole coupling in NaClO;.’) It must therefore be 
concluded that the contribution of the ClO; group to 
the volume dependence of g is rather small. This con- 
clusion is consistent with the view that the compression 
of KCIO; primarily changes the K+ and ClO;~ distance 
while affecting only very slightly the structure of the 
ClO; group. The value of y(V) derived from these 
experiments is about the same as the value expected 
for Griineisen’s constant. 


27 J. Itoh and R. Kusaka, J. Phys. Soc. Japan 9, 434 (1954). 
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Fic. 9. The contributions of the volume dependence of the 
lattice vibrations and the volume dependence of go to the volume 
dependence of the resonance frequency for KCIOs;, at three dif- 
ferent temperatures. 


The relative importance of the volume dependence 
of go and of the vibration amplitudes on the volume 
dependence of v can be found from Eq. (24), as ex- 
plained above. Results are plotted in Fig. 9. From this 
figure it is seen that at 357°K the volume dependence 
of the vibration amplitudes contributes about 80% of 
the observed volume dependence of v. However, at 
77°K the volume dependence of the vibration ampli- 
tudes are much smaller, and, as a result go and the 
vibration amplitudes contribute about equally to the 
volume dependence of ». 

The separate effects on the frequency »v of the explicit 
temperature variation of the vibration amplitudes and 
of the volume variation of go and the vibration ampli- 
tudes are seen in Fig. 10. The Baver curve (B) 
is a plot of v as a function of temperature for V/Vo=1. 
It represents the change of the resonance frequency 
due to the explicit dependence of the vibration ampli- 
tudes on the temperature. The difference between the 
(B) and (A) curves relative to the observed change in 
frequency from T=0 represents the effect of the volume 
change. At T=357°K the volume effect is 25% of the 
total change in frequency. Curve (C) can be called the 
Dehmelt! curve. In the notation of the present theory 
it is the extreme high-temperature approximation, i.e., 
a+0’T. The difference between the (B) and (C) curves 
at temperatures above 80°K represents the effect of the 
c term. 

To conclude the analysis of KCIO; the effective 
moment of inertia (@) and average vibration frequency 
{v) were calculated at room temperature and atmos- 
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Fic. 10. »-versus-temperature curves for KCIO;. Curve (A) is 
the dependence of » on temperature at atmospheric pressure as 
deduced from an analysis of the v-versus-volume isotherms. The 
circles show the experimental points. The “Bayer curve” (B) 
shows the dependence of » on temperature at constant volume 
(V/Vo=1). The “Dehmelt curve” (C) shows » as a function of 
temperature in the classical limit. 


pheric pressure. It was found that (v)=102 cm™.8 
Observations of the Raman spectrum” show that the 
lattice frequencies can be split into a high- and low- 
frequency group. The former corresponds to internal 
oscillations of the ClO; group and can be shown to 
make little contribution to the temperature dependence 
of v.* On the other hand, in the low-frequency group, 
a line at 98 cm™ has been observed which has been 
identified with the tilting motion of the ClO; group as 
a whole. Such a vibration is just what is required to 
produce a reduction in the effective value of g. Since 
the tilting motion can be broken into vibrations around 
two mutually perpendicular axes, two modes of vibra- 
tion with about the same moment of inertia and fre- 
quency can be expected. Thus, choosing M=2 in Eqs. 
(19) and (20), (O)=84x 10- g cm’. This is in excellent 
agreement with the calculated*® value of (852) 10-” 
g cm? for the moment of inertia of the ClO; group. The 
excellent agreement between © and » calculated here, 
as compared with the Raman data and the theoretical 
calculation of ©, must be regarded as somewhat for- 
tuitous, since the contribution from the zero point 
vibration of the high-frequency modes [Q(7T) in Eq. 
(15) ] can be expected to be of the order of a few percent 
of the low-frequency terms. 


2 Cu,O 


There exist considerable differences in the litera- 
ture®-* as to the thermal expansion of Cu.O. All sources 


*8Tt will be noted that for this value of (vy) and T=77°K, 
hv/kT~2. Since, as shown above, Eq. (14) is rather accurate 
even for x=2, this value of (v) can be taken as a justification of 
the use of Eq. (17). 

* C, Shanta Kumari, Proc. Indian Acad. Sci. 32, 177 (1950). 

* ©. V. Auwers, Naturwissenschaften 19, 133 (1931). 

31 R. Uno and T. Okada, J. Phys. Soc. Japan 5, 23 (1950). 

#2 J. W. Mellor, Inorganic and Theoretical Chemistry (Longmans, 
Green and Company, London, 1923), Vol. 3, p. 122. 
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agree, however, that the thermal expansion coefficient 
is very small and that it becomes negative at some tem- 
peratures. According to Mellor’s data, V/Vo does not 
change by more than 0.03% in the temperature range 
0°C<T<50°C. In view of this, the thermal expansion 
was assumed to be negligible over the range of tem- 
perature —77°C<7T<100°C. On the other hand, the 
compressibility has been measured® at 30°C and 75°C 
on compressed slugs of powdered Cu,O. The appreciable 
temperature variation in x which appears to exist 
cannot be explained by Eq. (23) in view of the negligible 
thermal expansion. The graph of Fig. 11 is constructed 
by choosing the compressibility at T=196°K so that 
dv/d(V/Vo) is roughly linear with the temperature, as 
required in Eq. (24). The pressure variation of the 
compressibility was ignored. From these considerations 
the equation of state was constructed and a graph 
(Fig. 12) of » versus V/V» was made for three tempera- 
tures, including a single point obtained from measure- 
ments by Kriiger and Berkhout.™ From v versus T at 
V/Vo=1, a, b, and ¢ were determined. Since, experi- 
mentally, v is a linear function of volume, all results are 
described accurately by the following equations: 


a= { (27.02+0.03) — (26+1)[(V/Vo)—1]} Mc/sec, 


b={—1.29X10“+7.62X10-[ (V/V) —1]}/°K. 


As before, the volume dependence of c is not accurately 
fixed by the data. The value of c at V/Vo=1 is c= 
—0.074. 

The volume dependence of g is represented by 
n=—0.96+0.04. Thus one can say that g depends on 
the interatomic distances as ~1/r*. This is exactly 
what one would expect, if the ionic charge on neigh- 
boring O-~ and Cut ions create the internal electric 
field. To obtain the correct magnitude of the field 
gradient at the copper nucleus one has to multiply by 
an antishielding factor (1—~y..), which is about 9 for a 
Cut ion.*® If one takes the field gradient produced by 
the two nearest-neighbor, doubly charged O-~ ions 
and multiplies by (1—y..), the correct order of mag- 
nitude is obtained for the quadrupole splitting contrary 
to a previous discussion.* A predominantly ionic con- 
figuration is therefore consistent with the experimental 
facts. Clearly, more accurate calculations of go, using 
the ionic model such as those Bersohn* carried out for 
Na* in NaNO; and NaClOs, are desirable for Cu,0. 

A calculation of dInb/dInV shows that y—o/2= 
— 2.96. Since all the interatomic distances are propor- 
tional to V? in Cu,0, it follows that (O)« (V/Vo)!. 
Thus, c=0.666 and y=—2.6. The appearance of a 
negative value for y is not inconsistent with Griineisen’s 
relation, which predicts a negative value for the 

3% P. W. Bridgman, Proc. Am. Acad. Arts. Sci. 67, 345 (1932). 

oun Kriiger and L. Meyer-Berkhout, Z. Physik 132, 171 
3 Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954). 


36. Bersohn (private communication); T. P. Das and R. 
Bersohn, Phys. Rev. 102, 733 (1956). 
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Griineisen constant of the entire vibration spectrum 
when the thermal expansion is negative. As mentioned 
above, the thermal expansion coefficient is negative for 
certain temperatures in Cu,0. 

The relative importance of the volume dependence 
of go and of the vibration amplitude is shown in Eq. 
(25), which in the case of Cu,O takes the form 


0 Inv 
~—0.96+7.62K10“T. 
0 InV 


The observed increase in the volume dependence of v 
as the temperature drops results from the opposite 
signs of the go and (6’),, terms. It is clear that the go 
term is the dominant one. At T=350°K the (0”)w 
contribution is only about 25% of the go contribution 
to the volume dependence of ». 

Despite the strong dependence of the resonance fre- 
quency on the volume, the observed temperature 
variation at atmospheric pressure is almost entirely 
due to the explicit temperature dependence of (6) 
because of the negligible thermal expansion. 

The calculated value of the average vibration fre- 
quency yields (v)=57 cm™ while (0)=M(138X 10) 
g cm?, where M is the number of contributing modes. A 
calculation of the moment of inertia of the O-CU—O 
system, assuming these three atoms to be always in a 
straight line executing oscillations around an axis 
through the Cu atom perpendicular to the O—Cu—O 
line, yields a value of 90 10" g cm*. No Raman data 
are available to compare with the deduced value of (v). 

Instead of considering a few vibrations of an 
O—Cu-—O system, it may be more appropriate to 
consider a complete Debye spectrum of frequencies 
contributing to the variation of the quadrupole coupling. 
For temperatures higher than the Debye temperature 
the analysis based on Eq. (17) remains an excellent 
approximation. Only the physical interpretation of the 
{v) and (@) of the preceding paragraph, based on an 
Einstein model, would have to be modified. 





X(T) x 108/kg /om? 
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Fic. 11. The assumed variation of the compressibility of CusO 
with temperature. The circles are Bridgman’s experimental 
determinations. 
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Fic. 12. The v-versus-volume isotherms for Cu2O. The atmospheric 
pressure frequencies occur at V/Vo=1. 


3. Paradichlorobenzene 


The behavior of the y phase of p-CsH,Cl. under 
pressure requires analysis and explanation despite the 
absence of information in the literature as to the thermal 
expansion and compressibility of any of its phases. 
The compressibility and thermal expansion of nitro- 
chloro-benzene*’ and phenol,** respectively, are known 
and may be used as a first approximation for a and x 
in p-CsH4Cl2. The thermal expansion was chosen to be 
proportional to the temperature and equal to 1.54 
X10-*T which gives a value of a 30% higher than that 
of phenol at room temperature. The compressibility 
was assumed to be 14X10-°/kg cm?, or about 45% 
higher than the compressibility of nitro-chloro-benzene 
at room temperature. For simplicity the temperature 
and pressure variation of x was ignored. Keeping in 
mind the approximate nature of the equation of state, 
the analysis of the data proceeds with the plot of the 
three (v,V) isotherms of the y phase that are shown in 
Fig. 13. From the variation of 6 with volume, one 
obtains the reasonable results for y shown in Fig. 14. 

In Fig. 15 is plotted the go and (6), contribution to 
0 Inv/d InV. It will be noted that the two contributions 


37 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 55 (1948). 
38 Landolt-Bérnstein, Zahlenwerte und Funktionen (Springer- 


Verlag, Berlin, 1951), p. 2221. 
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Vo 


. The v-versus-volume isotherms for the y phase 
of paradichlorobenzene. 


to the volume dependence of y are of opposite sign.” 
The upper curve, which is just m(V), shows that the 
go contribution to dInv/dInV is primarily a positive 
and rapidly varying function of the volume. On the 
other hand, the (6’*),, contribution is negative and much 
more weakly dependent on volume. The maximum in 
the v-versus-P curves comes about as follows: Consider 
Fig. 15. At low pressure (high volumes) the (6’*)4 con- 
tribution dominates, and @ Inv/d InV is negative, (thus 
producing a positive dv/dP).” As the pressure increases, 

















Fic. 14. Upper curve: the volume dependence 
(y= —(0 In»,/d InV)) 


of the vibration frequencies of the y phase of paradichlorobenzene. 
Lower curve: the volume dependence of b. 

* A similar situation occurs for CusO except that there the 
signs of the two contributions are just the opposite of those 
observed here. 

“Since (1/v»)(dv/dP)= (0 Inv/d InV)(1/V)(@V/aP), a nega- 
tive value of dInv/dInV indicates a positive value of dv/dP, 
because 0V/dP is negative. 
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the go term increases rapidly until it cancels the (6’*), 
term, thereby causing @lnv/dInV to become zero. 
Above this pressure the go term dominates and 0 Inv/ 
dlnV is positive, signifying a negative dv/0P. The 
maximum shifts to lower pressures as the temperature 
drops, because the (@’”),, contribution is smaller at all 
volumes and hence less pressure is required to cause 
the go term to dominate. 

The field gradient at the position of the Cl** nucleus 
is produced primarily by the C— Cl covalent bond. The 
observed decrease of go with decreasing volume may be 
regarded as a result of the intermolecular hybridization 
of the C—Cl bond produced by the close approach of 
the neighboring molecules. A rather strong variation of 
the amount of hybridization with volume can be 
expected in agreement with experiment, but a simple 
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Fic. 15. The contribution of the volume dependence of the 
lattice vibrations and the volume dependence of go to the volume 
dependence of the resonance frequency for the y phase of para- 
dichlorobenzene at three temperatures. 


exponential dependence [=const(V/Vo) ] appears to 
be too naive. The qualitative behavior of paradichloro- 
benzene may be typical of covalent molecular crystals. 

The temperature variation of the resonance frequency 
of the y phase is due primarily to the explicit tem- 
perature dependence of (6”),, the volume effect being 
small because of the small value of 0 Inv/d InV. 

c is not known with sufficient accuracy to permit a 
determination of (@) and (v) separately. However, the 
value of b at V/Vo=1 is —0.60X10-*/°K. Using the 
Raman spectra data“ for the a phase of paradichloro- 
benzene, Wang has estimated from two low-frequency 
modes that 6=—0.7110~*/°K. While our experi- 


41B. D. Saksena, J. Chem. Phys. 18, 1653 (1950). 





PURE QUADRUPOLE 


mental value of b is closer to the theoretical value than 
Wang’s, this agreement must not be taken too seriously 
in view of the uncertainties in (1) the equation of 
state and (2) the contribution of the higher frequency 
modes to the calculation above. These higher-frequency 
modes correspond to internal oscillations of the benzene 
ring. 


VI. CONCLUSION 


It has been shown above that an understanding of 
the mechanism of the pure quadrupole splitting 
requires measurements of v as a function of temperature 
and pressure, and a knowledge of the equation of state 
of the solid. If such information is available, one can 
deduce the volume dependence of the electric field 
gradient at the nucleus and also the volume dependence 
of the vibration frequencies. This deduction has been 
carried out for three representative solids, KCIOs;, 
Cu.0, and p-CsH,Cl.. A theoretical expression for the 
equation of state of the solid has been developed for 
use in cases where experimental measurements have not 
been made. The efficacy of the pure quadrupole reso- 
nance in the detection of polymorphic transitions has 
been demonstrated by the observation of a new high- 
pressure modification of paradichlorobenzene. 
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APPENDIX 


The free energy F of a solid with harmonic lattice 
vibrations is expressed by 


3N hv,(V) 
F=Uen(V)—kT & |n2 sinh(—"—). (A-1) 
2kT 


u=l 


The cohesive energy Uon and eigenfrequencies v, are 
functions of the volume. The compressibility can be 
obtained by differentiating (A-1) twice with respect to 


volume. 

1 oF oe ipa 0 i U = ib 

== -—(* ), (A-2) 
xV oy? ov? OV V 


3N hy hv, 
Uyin= As _ coth( ), 
a: 2kT 


(A-3) 


RESONANCE 


FREQUENCY 


and 


d\invy 3N[ hv, hv, \ }d Inv, 
One ee a 
dlnV LZ 2kT/ Jd \InV 

(A-4) 


The temperature variation of x at constant volume is 
small. This is seen as follows: Assuming y to be ex- 
plicitly independent of 7, one calculates from Eq. (A-2) 


1 /0x Ge 
(2) Cem 
x\dT/ y V 


The observed dependence on temperature at constant 
pressure is mostly due to thermal expansion, and the 
explicit temperature dependence calculated in Eq. (A-5) 
will henceforth be neglected. Expanding Eq. (A-2) 
around the equilibrium volume Vo at absolute zero of 
temperature and zero pressure, one finds 


1 1 8 U coh 
PCO) con 
XV Xo0V 0 evs V=Vo 


a Uvivy 
LCP 
oV? V 


Even at 300°K the contribution of the last term is 
usually small compared to the second term on the left- 
hand side, and to a good approximation one may write 
at all temperatures of interest 


Vo V—Vo 
x(7,} = /[1-r( —)| (A-6) 


with the constant ¢ defined by 


0 Ucoh 
¢=- Votu(- ) s 
evs V=Vo0 


From the volume expansion as a function of tempera- 
ture at atmospheric pressure, Eq. (A-6) gives directly 
the compressibility at atmospheric pressure. Further- 
more, an integration of Eq. (A-6) gives directly the 
detailed shape of the (P,V) isotherms. 

¢ can be evaluated from the thermal expansion and 
the temperature variation of x at constant pressure. 
This yields a value of ¢ between 3 and 9 for most experi- 
mentally investigated solids.” ¢ can also be found from 
the shape of the (P,V) isotherms at any temperature. 
From the semiempirical Birch-Murnaghan law which 
serves as a good representation of the (P,V) isotherms 
for a wide range of solids,® one can deduce ¢= 3.33. 


“F. Birch, J. Geophys. Research 57, 227 (1952). 
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Spin and Magnetic Moment of Mn**} 


W. Dosrowotsk1, R. V. Jones, AND C. D. JEFFRres 
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The microwave paramagnetic resonance hyperfine structure of Mn* has been observed in a powdered 
sample of MnCl, diluted with SrCl, at 3 cm wavelength and 20°K. From the number of hfs lines the nuclear 
spin is found to be /(Mn*)=7/2; from their spacing relative to those of Mn®5, the magnetic moment is 
found to be |u(Mn*) | =5.050+-0.007 nuclear magnetons. These results are discussed in relation to the 


nuclear shell model. 





I. INTRODUCTION 


HE method of microwave paramagnetic resonance 
absorption! is sufficiently sensitive and simple to 
be of considerable utility in the determination of nuclear 
moments of radioactive nuclei of the transition ele- 
ments. In addition to its application to several long- 
lived transuranic nuclei,? this technique has recently 
been used to determine the moments of the radionuclei 
Co? Co'’,4 Co®®,5 and Co. This paper describes the 
extension of the work on radiocobalt to Mn®, for which 
a long-lived activity has been reported.’ 


Il. THEORY 


In the Mn** ion the five 3d electrons just half-fill 
the shell and the resultant orbital angular momentum 
is zero. The ground state of the free ion is °S, which is 
split through higher order interactions into a doublet 
and a quadruplet by crystalline electric fields of cubic 
symmetry.®® The spectroscopic splitting factor g is 
expected to be isotropic and close to the free spin value 
g=2. In fields of lower symmetry, a dipole-dipole 
interaction as suggested by Abragam and Pryce" may 
be dominant in producing further and larger splittings. 
These expectations are borne out by the microwave 
paramagnetic resonance studies of Bleaney and In- 
gram," who investigated the spectra of Mn** in 
magnetically dilute Tutton salts and fluorosilicates. 
An isotropic hyperfine structure due to the 100% 
abundant stable isotope Mn* is also observed, the 


+ This research was supported in part by the U. S. Atomic 
Energy Commission. 

1See, for example, B. Bleaney and K. W. H. Stevens, Repts. 
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3 Jones, Dobrowolski, and Jeffries, Phys. Rev. 102, 786 (1956) ; 
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®W. Dobrowolski and C. D. — (to be published). 

6 Dobrowolski, Jones, and Jeffries, Phys. Rev. 101, 180 (1956). 

7J. R. Wilkinson and R. K. Sheline, Phys. Rev. 99, 752 (1955). 
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10 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (195i). 

1B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
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relatively wide splitting being explained by Abragam”:"” 
as due to a small admixture of a 4s electronic state. 

A suitable Hamiltonian for a magnetically dilute 
crystal containing Mn** ions in an external magnetic 
field H is'®": 


I= g6[H.S.+HyS,+HS.]+F+D[S2—435(S+1)] 
+ ELS 2—-S7)+A'[S let Sylyt+Si1,]+N+0, (1) 


where S is the effective electronic spin and J the nuclear 
spin. At microwave frequencies the first (Zeeman) 
term is much larger than the others; experimentally it 
is found that g=2.00 and S=5/2 for most crystal 
structures. The term F represents the higher order 
splitting by the cubic component of the crystalline field 
and is found to be very small (~10~ cm~). The terms 
D and E represent the additional splittings in axial and 
lower field symmetries. The term A’ represents the 
magnetic hyperfine interaction, and for Mn*® has the 
typical magnitude ~10-* cm. The terms N and Q 
represent the direct nuclear magnetic dipole and electric 
quadrupole interactions with the external magnetic 
field and the crystalline field gradient, respectively, 
and are negligible. For electronic magnetic dipole 
transitions this Hamiltonian yields a spectrum of 25 
fine structure lines, each split into 27+1 hfs lines, as 
observed experimentally. 

In addition to the original work on Tutton salts and 
fluorosilicates, the spectrum of Mn*+ has been ex- 
tensively investigated in other single crystals?" in 
powdered cubic structures,'*:* and in aqueous solution." 
In a cubic environment D, E, and F are usually small 
compared to A and the simpler Hamiltonian is suitable 
for the present purpose of determining nuclear moments 
in powdered cubic structures: 


KH=6[¢(H.S.+H,S,+H,S,) 
+A(S.I2+S,J,+S.1,)]. (2) 


The energy levels may be obtained by a perturbation 
calculation which yields, to terms in second order, the 
following expression for the magnetic fields H for which 
magnetic dipole transitions (Am,= +1, Am=0;S,=m,, 


12 A, Abragam, Phys. Rev. 79, 534 (1950). 

13 W. Low, Phys. Rev. 101, 1827 (1956). 

“4 FE. E. Schneider and T. S. England, Physica 17, 221 (1951). 
( 18W. D. Hershberger and H. N. Leifer, Phys. Rev. 88, 714 
1952). 

16 Tinkham, Weinstein, and Kip, Phys. Rev. 84, 848 (1951). 
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SPIN AND MAGNETIC MOMENT 


I,=m) occur for a constant applied microwave fre- 
quency v= g8H)/h: 


H(m)=H )—Am 
—[A?/2(Ho—Am) ]-(1(1+1)—m?]. (3) 


The spectrum thus consists of 27+1 hfs lines approxi- 
mately uniformly spaced about Ho, the lines at high 
fields being slightly more widely spaced because of 
second order effects. 


III. EXPERIMENTAL PROCEDURES AND RESULTS 


With the view in mind of utilizing paramagnetic 
resonance to determine the nuclear moments of radio- 
manganese, powdered samples of Mn®*Cl, diluted 
1:1000 with SrClz were prepared.!’ SrCl, is cubic and, 
as expected, the observed spectrum could be fitted to 
Eq. (3) very well, the maximum discrepancy between 
calculated and measured resonance field values being 
about 1 gauss out of 3000. The line half-width at half- 
maximum was 5 gauss at 20°K. In addition to the 
21+1 hfs lines predicted by Eq. (3), there were weak 
lines in pairs between the hfs lines. These disappeared 
upon heating the sample and are perhaps due to Mn** 
ions in interstitial lattice positions. 

Mn® was prepared by bombarding a purified chro- 
mium-plated target with 18-Mev deuterons from the 
60-in. Crocker Cyclotron, utilizing the reactions 
Cr®(d,n)Mn® and Cr**(d,21)Mn*; 300-day Mn®* and 
6-day Mn® were also produced by the reactions 
Cr (d,n)Mn®, Cr®*(d,2n)Mn*, and Cr (d,n)Mn®. The 
target was cooled a month to allow for Mn®™ decay, 
and then processed by the procedure of Haymond et al."* 
The carrier-free Mn™ thus obtained was incorporated 
as Mn++ in a powdered sample of SrCl, and the para- 
magnetic resonance spectrum observed at a frequency 
of ~8900 Mc/sec at 20°K using the apparatus previ- 
ously described.* Two distinct sets of hfs lines were 
observed, as shown schematically in Fig. 1. The six 
strong lines corresponding to a spin J=5/2 are due to 
Mn*, a trace of which was present in the chromium 
target. The eight weaker lines (two are not quite 
resolved from the stronger Mn®*° lines) corresponding 
to a spin J=7/2 are due to another odd manganese 
isotope. Mn®, Mn*, and Mn* are all definitely ruled 
out because of their short half-lives, leaving Mn® as 
the only possibility. These eight lines maintained con- 
stant intensity relative to those of Mn® over the period 
of observation, which was several weeks, indicating 
that the half-life is greater than several months. This 
is in agreement with the result of Wilkinson and 
Sheline,’? who find a half-life of 140 years for Mn®. 
We thus conclude from our spectrum that the spin is 


dio 1(Mn*) =7/2. (4) 


17 The utility of SrCl, as a cubic host for Mn** was kindly 
suggested by Dr. Dieter Gruen. 

18 Haymond, Garrison, and Hamilton, J. Chem. Phys. 19, 382 
(1951). 
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Fic. 1. Observed and calculated paramagnetic resonance hyper- 
fine spectrum of Mn* (six stronger lines) and Mn* (eight weaker 
lines). 


In Fig. 1, both sets of hfs lines are compared to 
calculated values from Eq. (3), taking for Mn: 7=5/2, 
A=93.6 gauss, Hy)>=3204 gauss, and for Mn®:7=7/2, 
A=97.4 gauss, and Hy=3204 gauss. The fact that 
excellent agreement is obtained for both sets of hfs lines 
using the same spectroscopic splitting factor g (con- 
tained in Ho) indicates that they are indeed both due 
to the same ion, Mn**. In a separate experiment we 
have shown that the hfs lines attributed to Mn® could 
not be due to an impurity of V*, which also has a spin 
7/2; the g factor and also the hfs coupling constant A 
are clearly different. 

Since the hyperfine coupling constant A is propor- 
tional to the nuclear gyromagnetic ratio, we see from 
Eq. (3) that the separation AH between the two 
extreme hfs lines (m=+/) is simply proportional to 
the nuclear magnetic moment yu to a very good approxi- 
mation. For a series of 17 runs, we thus find for the 
ratio of the magnetic moments 


|u(Mn*)| AH (Mn*) 
[u(Mn5*)| AH (Mn5*) _ 





1.455+0.002, (5) 


which yields 
| u(Mn®) | =5.050+0.007 nm, (6) 


including diamagnetic correction. We have used in this 
calculation the value u(Mn*) = 3.468 nm. 

In addition to the Mn®* and Mn* hfs lines described 
above and shown in Fig. 1, the spectrum also included 
a line corresponding to g=2.00 very near the field 
marker Hy=3204 gauss. The intensity of this line 
increased with time, indicating that it is most likely due 
to the buildup of paramagnetic resonance centers 
induced by the radiation damage in the sample by the 
residual Mn® and Mn®* activity. 

The hfs of Mn® together with that of Mn®® was also 
observed in a sample of 10~* molar aqueous solution of 
Mn** ions. However, the line width was too large to 
allow for resolution of the two sets of hfs lines, except 
for the two extreme Mn®* lines. This experiment yielded 
a value |u(Mn®*)|=5.04 nm, in essential agreement 
with that of Eq. (6); the spin could not be determined 
with this sample. 


IV. DISCUSSION 


From the nuclear shell model viewpoint, »;Mnos" has 
a neutron configuration (7/2), i.e., a closed shell, and 


W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951); 
J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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a proton configuration (f7/2)®. In the extreme single- 
particle model, a spin J=7/2 and a magnetic moment 
given by the Schmidt limit .=+5.79 nm would be 
expected. Although we have not determined the sign 
of the magnetic moment in our experiment, the fairly 
good agreement in magnitude between the Schmidt 
limit value and our measured value, Eq. (6), indicates 
that it is positive. Other nuclei with 25 odd nucleons, 
25Mngo® and 92T is” and, presumably, ;oNe1:”, represent 
some of the few cases where the single-particle model 
clearly breaks down, as was pointed out by Mayer.” 
In these cases the assumption of a simple 77 coupling 
of all the odd particles in the unfilled shell to a resultant 
spin j—1 gives approximate agreement with the 
empirical magnetic moment and spin. In the present 
case it is possible to check this assumption more closely 
for Mn* by noting that identical nucleons in 77 coupling 
yield a resultant g factor which is the same as that of 
the single nucleon.” The empirical value of the proton 
g factor from our measurements on Mn®, g,=y/J 
= 1.443, corresponds rather well with the corresponding 
empirical value g,= 1.385 for Mn®. 


~ 30M. G. Mayer, Phys. Rev. 78, 16 (1950). 
*1 See, for example, A. de-Shalit, Phys. Rev. 90, 83 (1953). 


PHYSICAL REVIEW VOLUME 


JONES, 


104, 


AND JEFFRIES 


A long-lived manganese radioactivity attributed to 
Mn*® has recently been established by Wilkinson and 
Sheline,’?’ who bombarded enriched Cr® with 9.5-Mev 
protons: Cr*(p,n)Mn®,. From the measured activity 
and an estimated cross section for this reaction, they 
estimate the half-life to be ~140 years. There is good 
evidence that the decay is by electron capture to the 
ps2 ground state of Cr® and that there is no gamma 
radiation. For a disintegration energy of 0.6 Mev 
obtained from Cr*(p,n)Mn*® threshold measurements,” 
this leads to a logft value of about 8.5. On this basis 
they suggested that the ground state of Mn® is fs,2, 
as is that of Mn®®. Our measurements show that the 
Mn® ground state is fz2, so that a rather high log ft 
value (~12) for the f72—32 transition would be 
normally expected. This would seem to indicate that 
the Mn® half-life is longer than 140 years. 

The cooperation of Barton Jones and the Crocker 
Cyclotron operators is gratefully acknowledged. Advise 
on sample preparation and radiochemical procedures 
was kindly furnished by D. M. Gruen and P. C. 
Stevenson. Thanks are also due to H. B. Silsbee and 
R. K. Sheline for helpful discussions. 
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Spins of Cesium-127, Cesium-129, and Cesium-130* 


WitiaAM A. NIERENBERG, Howarp A. SuuGart, Henry B. SitsBEE, AND ROBERT J. SUNDERLAND 
Department of Physics and Radiation Laboratory, University of California, Berkeley, California 
(Received August 31, 1956) 


The spins of three neutron-deficient radioactive isotopes of cesium have been measured by atomic beam 
methods. The results are: for 6-hour Cs!”’, J=1/2; for 31-hour Cs™, J= 1/2; for 30-minute Cs™, J=1. 


EXPERIMENTAL METHOD 


HE isotopes Cs”? (6 hour),!? Cs”° (31 hour),! and 
Cs (30 minutes)?* were produced in the 
Berkeley 60-inch cyclotron by (a,km) reactions on 
iodine. About 5 mg of CsI carrier was added to a solu- 
tion of the Bal, target material; then the barium was 


TABLE I. Counting rates for Cs, integral spin values. 








Spin value 0 1 2 3 4 
—144+7 100413 745 1446 9+3 





Counting rate 
(arbitrary units) 





* Research supported jointly by the U. S. Atomic Energy 
Commission and the Office of Naval Research. 

1 Fink, Reynolds, and Templeton, Phys. Rev. 77, 614 (1950). 

2H. B. Mathur and E. K. Hyde, Phys. Rev. 95, 708 (1954). 

3J. R. Risser and R. N. Smith, private communication from 
Lark-Horowitz cited by Hollander, Perlman, and Seaborg, Revs. 
Modern Phys. 25, 469 (1953). 

‘Smith, Mitchell, and Caird, Phys. Rev. 87, 454 (1952). 


eliminated by precipitation of its carbonate, and the 
excess iodine was sublimed off as NH,I. The resulting 
CsI was transferred to an atomic-beam oven and re- 
duced by heating with calcium to form a beam of 
atomic cesium. The beam could be obtained in a little 
more than an hour after the end of the bombardment. 

The I?"(a,n)Cs™ reaction could be relatively en- 
hanced by using short bombardments and placing 
aluminum foils in front of the target material to cut 
the a-beam energy to a point where the I!*7(a@,2m)Cs! 
cross section would be low but the Cs" yield would be 
reasonably high. 


TABLE II. Counting rates for Cs”? and Cs!?9, 
half-integral spin values. 








Spin value 1/2 3/2 5/2 7/2 





Counting rate 


(arbitrary units) 10041.3 1440.2 1.9402 1.8+0.2 
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MINUTES AFTER BOMBARDMENT 


Fic. 1. Decay of J=1 sample (Cs). 


Similarly the I*’(@,4n)Cs”? production could be 
favored by using a target so thin that the a beam left 
the back of the material before the I'*7(a,2n)Cs! 
cross section became high. This was important, because 
Cs!27 does not undergo K capture with high probability,! 
and hence the x-ray counters are relatively inefficient 
for the isotope. 

The spins of the three isotopes were investigated in 
an atomic-beam resonance apparatus by techniques 
previously described.® 


CESIUM-130 RESULTS 


Table I compares the counting rates obtained at 
conditions appropriate to several integral spin values. 
The rates have been corrected for counter background, 
extrapolated to a common time, and normalized for 
variations in beam intensity (as indicated by the reso- 
nance height observed for the carrier isotope) 

There is a clear indication that J=1. This was 
confirmed by a repetition of the experiment. 

Figure 1 compares the decay of the J=1 sample with 
that of a sample of the full beam (obtained by turning 
off the deflecting fields and removing the stop). The full- 
beam sample shows the 30-minute Cs component 
superimposed on a 31-hour Cs® background. The 
I=1 sample shows a marked enrichment of the 30- 
minute activity, indicating that Cs" is responsible for 
the J=1 signal. 


CESIUM-127 AND CESIUM-129 RESULTS 


Table II gives the results of a search at half-integral 
spin values. A significant signal appears only for J= 1/2. 

In Fig. 2 the decay of the J=1/2 sample is compared 
with that of the full beam. It is clear that both the 
6-hour Cs? and the 31-hour Cs!” are present in both 
samples and in the same ratio. The same result has been 
obtained in other runs in which the relative amounts of 


5 J. P. Hobson ef al., Phys. Rev. 104, 101 (1956). 
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Fic. 2. Decay ofjJ=1/2 sample (Cs? and Cs”), 


the two isotopes were appreciably different. The con- 
clusion is that both Cs? and Cs!° have J= 1/2. 


REMARKS 


The measured spin, J=1, for Cs agrees with the 
prediction by Smith, Mitchell, and Caird* deduced 
from the decay scheme, and—as they point out—it is 
consistent with a shell-model picture of an unpaired 
(ds/2) proton coupled with a (d3;2) neutron. 

A ground-state spin of 1/2 for either Cs!” or Cs!® is 
hard to fit into the shell picture. If the spin is due to a 
single proton it must occupy an (51/2) state, which is 
presumed to lie at the top of the shell,® while the 
(gz2) and (ds/2) levels at the bottom of the shell are 
available. Furthermore, no coupling scheme with the 
five protons outside the closed shell at Z= 50, all in the 
(gz/2) level or all in the (ds2) level, can give J= 1/2; nor 
can three protons in one of these levels and a canceling 
pair in the other give J= 1/2. Five protons in the (h1/2) 
level can produce J=1/2, but coupling to such a low 
spin value seems unlikely. It is conceivable but im- 
probable that the neutrons contribute to the spin. 

A measurement of the hyperfine structure may throw 
light on the problem. Preliminary results indicate that 
the hyperfine splitting for both isotopes is in the 
neighborhood of 8000 to 10 000 Mc/sec. 

If protons give a ground-state spin of 1/2 for Cs!?7 
and Cs°, then the observed spin of 1 for Cs° may be 
due to these protons coupled to an (51/2) neutron. 
Again a measurement of the hyperfine structure would 
be useful. 

®°M. G. Mayer and J. H. D. Jensen, Elementary Theory of 


Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955), pp. 74-81. 
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Effect of the Finite Nuclear Size on Internal Conversion* 
E. L. Cuurcu,t Frankford Arsenal, Philadelphia, Pennsylvania 


AND 


J. WENESER,} University of Illinois, Urbana, Illinois 
(Received August 17, 1956) 


It is shown that the finite nuclear size introduces additional nuclear matrix elements into the expression 
for the rate of internal-conversion-electron ejection which are distinctly different from that for gamma-ray 
emission of the same multipole order. To illustrate the effect of these new matrix elements, the correction 
to the K-conversion coefficient of magnetic-dipole transitions is calculated. It is shown that in cases where 
the gamma-ray matrix element is attenuated (e.g., /-forbidden M1 transitions and the M1 components in 
odd-A rotational transitions), the new nuclear matrix elements may lead to appreciable deviations between 
the experimentally measured K-shell conversion coefficient and the theoretical calculations of Sliv. The 
conversion coefficients of other electric and magnetic transitions are also affected by the introduction of the 
new matrix elements, as well as angular-correlation measurements involving the conversion electrons. 





INTRODUCTION 


HE calculations of internal conversion coefficients 
made by Rose ef al.! assume the atomic nucleus 

to be a point. The fact that the nuclear charges and 
currents are distributed over a finite volume introduces 
two related corrections to these calculations. The first 
arises from the change in the form of the radial de- 
pendences of the electron wave functions of the initial 
and final states. Such corrections may be included in a 
straightforward way, and have been considered by Sliv 
et al for the K and Ly shells. The second correction 
arises from the fact that the atomic electrons can pene- 
trate within the nuclear charge and current distribu- 
tions. This situation gives rise to additional nuclear 
matrix elements for internal conversion which are 
different from the leading conversion matrix element. 
The leading conversion matrix element is identical 
with that for gamma-ray emission of the same multi- 
pole order. Effects of the higher matrix elements have 
already been discussed with reference to electric- 
monopole transitions,’ for which there is no correspond- 
ing gamma-ray matrix element. The purpose of the 
present note is to point out the existence of analogous 
effects for higher multipoles. For simplicity, we confine 
our attention to magnetic conversion, and give a de- 
tailed toned canes for magnetic dipoles only. However, 


. ~ * Work st eee by the programs of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

¢ Guest Scientist at Brookhaven National Laboratory, Upton, 
New York. 

tOn leave from Brookhaven National Laboratory, Upton, 
New York. 
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Rose, Goertzel, and Swift (privately circulated tables). 

*L. A. Sliv, Zhur. Eksptl’. i Teort. Fiz. 21, 770 (1951); L. A. 
Sliv and M. Listengarten, Zhur. Eksptl’. i Teort. Fiz. 22, 29 
(1952); L. A. Sliv (private communication to K. Alder, June, 
1956). We thank Dr. Alder for communicating Dr. Sliv’s latest 
results to us. 

3 E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 


similar effects also exist for electric as well as higher 
magnetic transitions. 


INTERNAL CONVERSION OF MAGNETIC-DIPOLE 
TRANSITIONS 
The rate of ejection of internal-conversion electrons 
is proportional to |U,;|?, where U;; is the matrix ele- 
ment describing the interaction between the nuclear 
charges and currents and the converting atomic elec- 
tron. In the notation of Tralli and Goertzel,' 


Une f dru far, 


XL (re)api(re)-in—Ws* (rWilre)on J 
etklte—tn| 


Meorrrmrss.,, Aa 


|re—ry| 


where the y’s are the electron wave functions, and jy 
and pw are the nuclear current and charge densities, 
respectively. Expression (1) can be expanded in terms 
of multipoles. The component responsible for the ejec- 
tion of magnetic L-pole (ML) electrons is 


Qe . 
U;(ML) ore, | f drp;*(r.) 


Xa: Bry (br wale) f dryjn- Arau* (kr) 
0 


r) ™N 
+f arvin- Buu(brs) f drap;*(r.) 
0 0 


Xa-Arau*(kre)yi(re)}, (2) 


where Ay, Bi are the usual standing- and outgoing- 
wave vector multipole potentials, and & is the nuclear 
transition energy. The first term in (2) describes the 


*N. Tralli and G. Goertzel, Phys. Rev. 83, 399 (1951). 
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situation when the electron is outside the nuclear 
matter—the nucleon and electron interacting via out- 
going electromagnetic waves. The second term de- 
scribes the symmetrically reversed situation. Equation 
(2) may be rewritten as 


UW(u)=—"5| | J pubes Buu (irdv(r 


x| f dryjn° Asut(tr) 
0 


+ f drwin- Bra (bry) J dra s*(r.) 

Xa: Aru*(kre)yilre) 
-f drwin Arw*(lrn) f draps*(r.) 

Xa: Bru (kre Wilre) . (3) 


The first term in (3) is the only nonvanishing matrix 
element for internal conversion in the limit of a point 
nucleus, and exhibits the expected separation of elec- 
tron and nuclear matrix elements. The nuclear ma’ rix 
element in this first term is identically that for single 
gamma-ray emission of ML radiation. The other two 
terms in (3) arise from the inclusion of finite-size effects, 
and are discussed below. 

In the “point-nucleus” calculations of Rose et al.) 
the electron matrix element in the first term in (3) was 
evaluated using electron wave functions appropriate 
for the field of a point nucleus, and the remaining 
terms were set equal to zero. In the calculations of Sliv 
et al.,? the first term in (3) was evaluated using the 
electron wave functions appropriate for a uniformly 
charged sphere of radius 1.20 10-"A! cm. The second 
and third terms were effectively included in Sliv’s 
calculations on the basis of the assumption that the 
nuclear currents lay entirely on the nuclear surface. 
Under these conditions, the second and third terms in 
(3) are but a small correction (a few percent) to the 
leading term. However, because of the distortion of the 
electron wave functions by the finite nuclear size, the 
leading term in (3) as evaluated by Sliv is appreciably 
less than the point-nucleus value. For example, Sliv’s 
K-shell conversion coefficients for M1 transitions are 
less than those of Rose by as much as 50% in heavy 
elements. 

We now analyze the sum of the second and third 
terms in (3) in detail, and show that for certain classes 
of nuclear transitions the “surface-current” model used 
by Sliv may considerably underestimate the importance 
of these correction terms, which may, in fact, lead to 
important physical consequences. The evaluation of 
these terms is particularly straightforward. The elec- 
tron wave functions used here are the Dirac solutions 
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in the field of a uniformly charged sphere of radius 
R=1.20X10-"A? cm. It suffices to use expansions of 
these functions about the origin, since r, is confined to 
small (nuclear) dimensions.® 

To illustrate these results, we consider the K-con- 
version of M1 transitions. In this case, the conversion 
electron may be ejected into an s; or d; continuum 
state. The K-conversion coefficient, 6;*, may then be 
written as 8;X=6,* (s;)+61* (d;). In cases of practical 
interest, 8:*(s;) is largest_and is also the most strongly 
affected by finite-size effects. Hereafter we confine our 
attention to this term alone, since the finite-size cor- 
rections to 8;“(d;) have negligible effect on the total 
conversion coefficient. To lowest order in the expansion 
of the electron wave functions, one finds for the sum 
of the last two terms in (3) in the usual long-wavelength 
limit, 


3% )- 
1077 k 


© i Tn 2 
x (iter +iee) f arin: Aw (trs)(~) , (4) 


Qn et 
—?) (—1)”C(3,1,3; —~Hyf, M, -n( 
kM 


where (r/R)f° and g° are the leading terms in the ex- 
pansion of the radial parts of the Dirac electron func- 
tions about the origin. The subscript i stands for the 
initial (K shell), and f for the final (s,; continuum) 
states. Note the appearance of a new nuclear matrix 
element, SW,., as the final factor in (4). This matrix 
element is distinctly different from the one responsible 
for M1 gamma-ray emission, 9N,, appearing in the 
first term in (3). The inclusion of higher terms in the 
expansion of the electron wave functions would lead to 
nuclear matrix elements containing slightly differing 
radial dependences, but the effects of these are small, 
and do not lead to new physical consequences. We now 
define the real dimensionless parameter, 


) : a 2 
f driv: Aaw*(irn)() 
Me Yo R 
\=—= ’ (5) 
My a 
f dryjn: Aim*(krw) 
0 





5 See, for example, H. Brysk and M. E. Rose, Oak Ridge Na- 
tional Laboratory Report ORNL-1830, 1955 (unpublished). 

6 The factor (r/R)? appearing in (4) and the numerator of (5) 
is the first term in the expansion of hA(r)=— (10/3) (1/r'R) 
XSL figs t frei) / (fost fis) ](r'*—r)dr’ about the origin, 
where f(r’) and g(r’) are the complete expressions for the radial 
components of the electron wave functions. The approximation 
h(r)~(r/R)? is poorest at large radii in heavy elements. However, 
at the surface of a uniformly charged nucleus with Z~85, h(R) 
~0.85(R/R)?, so that retaining only the leading term in the ex- 
pansion of the electron wave functions is a good approximation. 
The results in Table I are appropriate for /(r) = (r/R). It should 
be noted that despite its similar appearance and related origin, 
h(r) cannot be simply substituted for the factor (r/R)? appearing 
in (11). The use of the general radial factor h(r) in place of 
(r/R)? does not lead to any angular dependences in addition to 
those discussed under (11). 
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TABLE I. Values of the coefficient C(Z,k) appearing in Eq. (7) 
for various atomic numbers, Z, and nuclear transition energies, 
k, in units of the electron rest mass. The numbers in parentheses 
are the powers of 10 by which the entries should be multiplied. 
As discussed in the text, these results are based on relativistic 
calculations for a uniformly charged nucleus of radius 1.20 
X10-8A! cm. The electron wave functions used in obtaining 
these results were calculated as in reference 3. 








Z=70 
1.9(—2) 


Z=40 Z=55 
4.6(—3) 9.7(—3) 


Z=85 
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in terms of which the corrected K-shell conversion 


coefficient is 


Bik =8,*(s;) 
3 R 2rre?y * . 
« 41+A— ~(ite+fte)(——) K(y}| 
107 k k 


+Bi*(d;). (6) 


Sliv’s assumption that the nuclear currents are entirely 
on the nuclear surface requires \=+1. Writing (6) in 
the approximate form 


BX (\)~[1—(A—1)C(Z,k) PBF (A=1), (7) 


we can state the results of our present calculations in 
terms of the values of C(Z,k) given in Table I. In com- 
puting these results we have used Sliv’s values?’ of 
81%, and have taken 8:*(d;) and the phases of the s 
matrix elements from the results of Rose.* In general, 
d can be positive or negative—its sign depends on the 
relative phases of the nuclear matrix elements IN, and 
yv,. A A differing from +1 can either increase or de- 
crease the value of the observed conversion coefficient, 
depending on whether ) is less than or greater than one. 

Expressions analogous to (6) and (7) can be given 
for conversion in other atomic shells and subshells. In 
general, the conversion coefficients will be affected 
differently by the presence of the new conversion 
matrix elements. Conversion ratios may then be sensi- 


7 The presently available table of Sliv’s values of 8;* extends 
from Z=65 to 95 (reference 2). The values used in calculating the 
results in Table I were graphically interpolated and extrapolated 
from these except for Z=40. For Z=40, the values were taken 
from Rose (reference 1). At this low atomic number, the effect of 
the finite nuclear size on the electron wave functions is expected 
to lead to a negligible correction to the results of Table I. 

Rose (private communication, August, 1955). It is 
found that the phases of the s; matrix elements are very nearly 
x/2 in the region of interest. This is because K conversion of M1 
transitions occurs most strongly in the immediate vicinity of the 
nucleus, where the dominant term in the radial expansion of 
By in the first term of (3) is pure imaginary. In calculating the 
results of Table I we have assumed the phase is exactly 2/2, in 
which case the sy matrix element and (4) add directly and C(Z,k) 
is real, 
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tive functions of \. Deviations between experimentally 
measured conversion ratios (e.g., K/L, Li/Lu/Lm, 
etc.) and theoretical estimates may then be interpreted 
in terms of the presence of additional nuclear matrix 
elements for internal conversion.’ It should be empha- 
sized that Sliv’s calculation of the effect of the finite 
nuclear size leads to a correction to Rose’s point-nucleus 
conversion coefficients which is a smooth and calculable 
function of energy and atomic number. The effect dis- 
cussed here, however, depends on finer details of the 
nuclear structure, and can vary capriciously from one 
nucleus to another, and between different transitions 
in the same nucleus.’® 


NEW CONVERSION MATRIX ELEMENTS 


We come now to the major point of interest—the 
significance of the new nuclear matrix element, IN... The 
values of IM, and M1, are related only through a specific 
nuclear model, and one may vanish while the other is 
nonvanishing. To demonstrate this, we consider a 
simple set of assumptions. We take the nuclear current 
in the form, 


e é 
jv=—_{6/*V0,— (V,)*b,) +u—VX (6/409), (8) 
2Mi 2M 


where the @’s are the nuclear wave functions, and M is 
the nucleon mass. In other words, the nuclear current is 
composed of independent-particle convection and spin 
currents. With this, and the expression for the M1 
vector potential in the long-wavelength limit, 


Bs3\3 
Au-—(—) rXew, (9) 
3m \4r 


we obtain the usual form for 9,, namely, 
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and similarly for 90., 
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*In general, the effects of the finite nuclear size introduce two 
new nuclear matrix elements into the expressions for the partial 
conversion coefficients for each final state. For M1 conversion, 
the arguments of these new conversion matrix elements differ 
from that of the gamma-ray matrix element by factors of 
(r/R)*** and (r/R)*s* (to lowest order in the expansion of the 
electron wave functions), where j; and jy are the spins of the 
initial and final electron states. The interpretation of conversion 
ratios may then involve more than one new conversion matrix 
element. 

There is some experimental evidence indicating such be- 
havior. See, for example, A. Wapstra and G. Nijgh, Nuclear Phys. 
1, 245 (1956). 


(11) 
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It is clear that IN, and MN, are by no means identical. 
If SW, vanishes because of a radial selection rule, the 
appearance of the differing radial dependence in (11) 
may lead to a finite value of 91%. A more important case 
occurs when 91, is forbidden by angular selection rules. 
Since the last term in the integrand of (11) differs from 
(10) by containing a Y2 spatial dependence, IN, may 
be finite in this case also. 

(A) To illustrate the latter possibility, we consider 
the evaluation of (10) and (11) according to the simple 
single-particle shell model. Evaluation of (10) leads to 
the well-known /-selection rule for M1 gamma-ray 
transitions, namely, transitions for which Al#0 are 
forbidden. In particular, the gamma matrix element, 
MM, vanishes identically for s129d3/2, d5/2>g7/2, etCc., 
transitions. However, contributions to IN. from the 
last term in (11) do not vanish, and in fact, lead to 
normal values for this matrix element. It is interesting 
to note that the exchange-current effects!" and ve- 
locity effects proposed to explain the relaxation of the 
l-selection rule for gamma-ray emission, have the same 
form as the Y2 term in SM,. Effects of this sort have 
already been noted by Bohr and Weisskopf in the 
related study of hyperfine structure." 

There are a number of slow M1 transitions in odd-A 
nuclei which have been interpreted as /-forbidden 
transitions. Because of the attenuation of 91, for such 
transitions, {\| can be considerably larger than one, 
and the K-shell shell conversion coefficients of these 
transitions can then differ considerably from the calcu- 
lations of Sliv (i.e., A=+1). Data on the M1 gamma 
lifetimes of such transitions in odd-Z nuclei (which 
have been interpreted as A/=2 transitions) have been 
recently collected by Spruch and Rotenberg'® and 
Kane.!® We use these data to determine empirical 
values of the gamma-ray matrix element 91,. Evaluat- 
ing 9, using single-particle wave functions, and a 
“Weisskopf” estimate of the radial integrals,!” we find 
values of |\| for these transitions falling between 5 
and 10. This corresponds to changes in 8:~ of up to 
20% for Z~55. Whether the conversion coefficient 
is increased or decreased depends on the sign of X. 
Much larger effects would be expected in heavier ele- 
ments. There are also a number of /-forbidden M1 
transitions in odd-N nuclei. However, these are gener- 
ally faster than the analogous odd-Z transitions, and 
correspond to values of |\| of between 1 and 2. Experi- 
mental determination of deviations in the conversion 


11 R. G. Sachs and M. Ross, Phys. Rev. 84, 379 (1951). 

12M. Ross, Phys. Rev. 88, 936 (1952). 

13 J. H. D. Jensen and M. G. Mayer, Phys. Rev. 85, 1040 (1952). 

4 A, Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

157, Spruch and A. Rotenberg, Phys. Rev. 103, 365 (1956). 

16 J. V. Kane, thesis, University of Pennsylvania, 1956 (un- 
published). 

17 The value of the radial integral is taken as that of a single- 
proton transition with complete overlap of the initial and final 
nuclear wave functions. See V. F. Weisskopf, Phys. Rev. 83, 1073 
(1951). 
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coefficients of J-forbidden transitions can be used to 
determine empirical values of \, which can then be used 
to test both the shell model and the nuclear level 
assignments. 

(B) Another well-known class of forbidden M1 
gamma-ray transitions is that found in the 2+—+2+ 
transitions in heavy even-even nuclei. On the basis of 
current nuclear models,!*"® both I, and 9M, are for- 
bidden to lowest order, and no reliable estimate of the 
value of \ can now be made for these transitions. The 
ratio \ may be large, however, and the effect on the 
conversion coefficient of the M1 component may be 
appreciable. This situation must be resolved by experi- 
ment. Such effects could introduce an uncertainty into 
the recent analysis for the monopole component in 
these 2+-—>2+ transitions, which depends on the 
assumed values of the K-conversion coefficients of the 
competing M1 and £2 transitions.* However, accurate 
experimental data on the conversion coefficients and 
conversion-electron correlations involving the mixed 
2+ 2+ transition, can, in principle, be used to obtain 
simultaneous values of both the monopole matrix 
element and the new conversion matrix element, N., 
for the M1 component. 

(C) Heavy nuclei far from closed shells exhibit rota- 
tional states of excitation. In odd-A nuclei the M1 
gamma-ray component of transitions between two such 
rotational states may be inhibited. In the notation of 
Bohr and Mottelson,” this occurs because of the acci- 
dental near equality of the gyromagnetic ratio of the 
particle structure, go, and the gyromagnetic ratio of 
the core, gr, since the gamma-ray matrix element, 
M,, is proportional to their difference, (ga—gr). How- 
ever, as discussed above, the new matrix element for 
M1 conversion, (11), may relieve this inhibition as far 
as internal conversion is concerned. On the basis of the 
incompressible-hydrodynamical model, SW, is propor- 
tional to (ga—gr—g’), where g’ depends on the particle 
configurations involved, and can be of the order of 
unity. The conversion properties of M1 transitions 
between nuclear rotational states can then deviate 
strongly from Sliv’s calculations when the correspond- 
ing gamma-ray matrix element is small. Measurement 
of such deviations can be used to give new information 
concerning the nuclear levels involved. 


CONCLUSION 


The existence of higher matrix elements in internal 
conversion means that internal-conversion coefficients 
are not as independent of nuclear properties as previ- 
ously believed. This is at once an advantage and a dis- 


18G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

19 L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 

2” A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). 
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advantage : a disadvantage because internal conversion 
is no longer the clean-cut tool it was once thought to 
be, and an advantage because conversion measurements 
now provide a means for determining additional nuclear 
information in the form of new nuclear matrix elements. 
The experimental data needed for the determination of 
such information are clearly (1) a knowledge of the 
multipole constituents of the transitions considered 
(e.g., from y-y correlation experiments), (2) a complete 
knowledge of the numerical factors appearing in the 
previous calculations, and (3) accurate experimental 
data on either internal-conversion coefficients, con- 
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version ratios or angular-correlation measurements in- 
volving the conversion electrons.”! 
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Fifteen angular distributions and three excitation curves for the reaction Be®(p,p) have been obtained 
in the proton energy region between 200 and 3000 kev. Angular distributions for Be®(p,d) and Be*(p,a) 
at 333 kev were also measured. The elastic scattering data have been analyzed and fitted in terms of the 
following states in B®; an s-wave J=1~ state near 330-kev proton bombarding energy; a p-wave J=2+ 
state near 980 kev; an s-wave J =2~ state near 998 kev; a p-wave J =0* state near 1084 kev; and an s-wave 


J=2- state near 1330 kev. 


I. INTRODUCTION 


HE states of B” in the region above 6.585 Mev 

are conveniently reached by the reaction Be®+ p. 
Through this method of excitation, the study of the 
energy and angular distributions of the resultant 
deuterons, alpha particles, gamma rays, and elastically 
scattered protons, has yielded much information on 
the several states in this region.! This information has 
led to the recognition of energy levels in B” at proton 
bombarding energies near 330, 995, 1085, and 2565 kev, 
and has suggested the existence of other states near 
470 and 670 kev. While tentative spins, parities, and 
isotopic spins of these states have been obtained from 
partial analysis of the scattering and reaction data, 
each of the known states exhibited at least one property 
contradicting the tentative assignments thus obtained. 
The 330-kev state (6.89 Mev-excitation in B"), 
assumed to be J= 1 and to be formed by s-wave protons, 
appeared to have T=0 because it was observed to decay 
by deuteron and alpha-particle emission. On the other 
hand, the strong electric dipole gamma-ray transitions 
to the low excited states of B® suggested T=1 for the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Lockheed Leadership Fellow, 1955-1956. 

1 For a complete discussion of the states in B” along with 
references on the data discussed, see F. Ajzenberg and T, Lauritsen, 
Revs. Modern Phys. 27, 77 (1955). 


330-kev state, since electric dipole transitions between 
two isotopic spin zero states are highly forbidden.? 
Thus, if the 330-kev state was formed by s-wave 
protons, it possessed the largest isotopic spin impurity 
of any known level in light nuclei. 

The 995-kev level (7.48-Mev excitation in B”), 
presumed to be a 2- state formed predominantly by 
s-wave protons with a small d-wave admixture, exhibited 
the same isotopic spin difficulties as the 330-kev level 
since it produced both deuterons and alpha particles 
yet had an electric dipole gamma-ray width of about 
10 ev. Furthermore, the existence of an electric octopole 
transition 1000 times larger than the single-particle 
model limit was suggested by the angular correlation 
of internal conversion pairs emitted in the ground 
state transition. The facts that below resonance the 
cascade gamma-ray yield could not be fit by a Breit- 
Wigner curve, and that the deuteron and alpha reaction 
products peaked about 50 kev below the gamma rays, 
were not understood. 

The narrow 1085-kev resonance had been incom- 
pletely studied, but the smallness of the elastic scatter- 
ing anomaly along with the cascade gamma transitions 
suggested a total spin of zero for the state. 

The region between 1085 and 2565 kev was unob- 
served in the elastic scattering process. It was for this 


2 W. M. MacDonald, Phys. Rev. 98, 60 (1955). 
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reason, along with the desire to clarify the properties of 
the 995- and 330-kev states, that the present experiment 
was undertaken. 


II, EXPERIMENTAL APPARATUS AND TECHNIQUES 


Incident proton beams of from 0.01 to 20 micro- 
amperes, monoenergetic to better than 0.1%. were 
obtained by passing the output of a 1.8-Mev electro- 
static generator through a cylindrical electrostatic 
analyzer. Particles elastically scattered in the target 
were analyzed by a high-resolution double-focusing 
magnetic spectrometer? which was mounted to allow a 
continuously variable scattering angle from 0 to 160 
degrees with respect to the incident beam direction. 
The resultant magnetically analyzed particles were 
counted by means of a cesium iodide, thallium-activated, 
scintillation crystal backed by a DuMont 6291 photo- 
multiplier, standard preamplifier, amplifier, and scaling 
circuits. 

The incident particle electrostatic analyzer was 
calibrated by comparison with the 873- and 1372-kev 
resonances in F'*(p,ry). With this energy scale estab- 
lished, the magnetic spectrometer was calibrated by 
observation of protons elastically scattered from copper. 
Both the electrostatic analyzer and magnetic spectro- 
meter calibrations were found to be independent of 
energy and scattering angle to better than one part in 
six hundred over the entire range of energies and angles 
used in the present experiment. 

All cross sections have been normalized to the 
assumed Rutherford cross section for the elastic scatter- 
ing of protons by copper. In the course of the experi- 
ment, the elastic scattering of protons by thick copper 
targets prepared and polished by different methods was 
studied, and it was found that poorly polished or 
roughly machined targets produced a smaller yield of 
particles per unit momentum interval than did evap- 
orated or highly polished targets. As a result of experi- 
ments on different types of scratched target surfaces, 
it has been concluded that this yield loss results from 
protons that enter the target near the bottom of a 
scratch, react, and emerge through the smooth part 
of the target after traversing a distance the order of the 
scratch depth in the target. Since this distance is large 
compared to the distance of traversal of protons in a 
smooth target, those protons incident near the bottom 
of a scratch emerge with a momentum too small to 
allow them to traverse the magnetic spectrometer and 
be counted; hence a reduced yield is obtained. If this 
effect is to be avoided, the average scratch depth must 
be small compared to the normal depth of penetration 
of the protons that emerge with the proper momentum 
to be counted. 


* Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
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Excitation curves for the ratio of the experimental 
elastic scattering differential cross section to the 
calculated Rutherford scattering cross section for 
protons on beryllium have been measured in the energy 
region between 200 and 1700 kev at center-of-mass 
angles corresponding to the zeros of the first and second 
Legendre polynomials and at the largest obtainable 
scattering angle, 160° 59’, (Fig. 1), and from 1650 to 
3000 kev at 146° 18’ (Fig. 2). Additional detailed 
excitation curves near the 1084-kev resonance have also 
been obtained (Figs. 3 and 4), as well as fifteen angular 
distributions at selected energies between 220 and 1664 
kev (Figs. 5 through 19). In addition to these elastic 
scattering data, the Be®(p,d) and Be%(p,a) reaction 
angular distributions were measured at the 330-kev 
resonance (Figs. 20 and 21) to test the validity of the 
assumption that this resonance is formed by s-wave 
protons. 

These reaction-product angular distributions as 
well as the excitation curves near the 1084-kev 
resonance and the forward-angle cross-section measure- 
ments of Figs. 10, 12, and 14 were obtained by using 
thin targets of beryllium and calculating cross sections 
from the equations of Snyder, Rubin, Fowler, and 
Lauritsen.’ For the studies near 1084 kev, a 0.7-kev 
layer of beryllium evaporated on a 5-kev unsupported 
nickel foil served as the target. The reaction cross- 
section studies were made by using a 4.5-kev (to 
1-Mev protons) beryllium layer evaporated on a 
chromium-plated thick brass backing. The elastic 
scattering thin-target studies were carried out with 
targets of unsupported beryllium foils between 10 and 
30 kev thick to 1-Mev protons. 

The remainder of the excitation curves and angular 
distributions were obtained by using one-eighth inch 
thick beryllium disks as targets and separating the 
resultant particles produced in a thin lamina at any 
desired depth in the target by means of the high 
resolution of the resultant particle magnetic analyzer. 
Cross sections were calculated from these thick-target 
data by means of equations given by Snyder et al. 
The stopping cross section of protons in beryllium that 
enters into these equations is given by Bader, Pixley, 
Mozer, and Whaling.‘ 

The total probable error of these elastic scattering 
determinations averaged 7%, the main contribution 
coming from the 4% uncertainty of the stopping 
cross section for protons in beryllium and copper, with 
lesser contributions arising from statistical counting 
fluctuations, background subtractions, corrections for 
the dead time of the counting equipment, current 
integrator uncertainties, and uncertainties in the 
electrostatic and magnetic analyzer energy calibrations 
and the magnetic analyzer angle setting. 


‘ Bader, Pixley, Mozer, and Whaling, Phys. Rev. 103, 32 (1956). 
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Fic. 1. The elastic scattering of protons by beryllium. 


III. THEORETICAL ANALYSIS OF THE ELASTIC 
SCATTERING DATA 


The general methods of analysis of elastic scattering 
data have been covered by Christy.' Hence, only those 
specific points concerning the analysis procedure that 
apply to the case of the elastic scattering of protons by 
beryllium will be discussed. 


5R. F. Christy, Report on Amsterdam Conference, 1956; 
Physica (to be published). The notation used in the present paper 
follows that adopted in this reference. 


The theoretical elastic scattering cross section is 
composed of the sum of squares of coherently interfering 
amplitudes of two types. The first type is the Rutherford 
scattering amplitude f,, and is given by 


f= Rie®, (1) 


where R= (ZZ'e*/2uv*)? csc*(30), (= —a In sin?(}0), and 
a=ZZ'e/hv. 

The second type of amplitude is the compound 
nuclear amplitude which is a product of three terms: 
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Fic. 2. The elastic scattering of protons by beryllium at 6.m. = 146° 18’. 


two Clebsch-Gordan coefficients that represent the where J, is the total spin of the compound state, Jen 
probability amplitudes for formation and decay of the is a channel spin, J, is an orbital angular momentum, 
compound nucleus through a particular combination and primed quantities refer to reaction products. 
of channel spins and orbital angular momenta, an The term f(J; Jen; Jen’; /; I’) is given by 

angle- dependent factor given by the spherical harmonic 

Y,™’, and a group of constants and phase-shift-depend- f(TB3 Jon; Jon’; 1; V) = (whi/k)i— 

ent terms that will be denoted by f(J 8; Jen; Jen’; 1; 1’) X (21-+-1) betrt+ne’—20) fF, (2) 
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Throughout the analysis it is assumed that potential 
scattering and nonresonant reaction cross sections occur 
only in the pure s-wave channels. Hence, for all higher 
orbital angular momenta (/ 21) a satisfactory form of 
the scattering amplitude f/f. is 





ei(at—n0) = 


(pi at 


feo=a(J a; Jen; a(Ja; J mi ')-—-—— (é #1), (3) 


where I’,; and I are, respectively, the proton width for 
l-wave particles and the total width. The resonance 
phase shift 6 is given by 


coté= (Er—£)/ (31). (4) 
The channel spin amplitude a(Js; Jn; /) is the nuclear 
probability amplitude of forming the given Jz from the 
orbital angular momentum / and the channel spin Jn, 
and is related to the method of nuclear coupling of the 
intrinsic angular momenta of the target and bombarding 
particle with their relative orbital angular momentum. 
From its definition it follows that 


a(Jp;Jen;!)=0 unless Js=J.+1 (5) 
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Fic. 3. The elastic scattering of protons by beryllium. 
(Note suppressed zero of ordinate scale.) 


2X [a(Ja; Jens )P=1. 


For pure s-wave scattering, the scattering amplitude 
fo Should include the possibility of potential scattering 
and nonresonant reaction cross sections. Since there is 
no @ priori energy variation of these quantities, the 
pure s-wave f,, is left as an unknown to be determined 


‘by obtaining the best theoretical fit of the experimental 


data. Writing 
fac(Js)= f(Je)+ig(Js)—1, (6) 


the four unknowns f(1), g(1), f(2), and g(2) are thus 
introduced into the theoretical elastic scattering 
equations. 

Since the validity of an analysis depends on obtaining 
good fits to the experimental data with reasonable 
choices of the above four parameters, and since the 
above four parameters contain all the information about 
S-wave resonances that can be deduced in the analysis 
procedure, a study of the energy variations of these 
fitting parameters must be made to determine their 
reasonableness and to deduce from them the s-wave 
resonance parameters. This procedure is carried out by 
comparing f(1), g(1), f(2), and g(2) with some standard 
theoretical form for fs-. Such a form, for the particular 
case of one isolated s-wave resonance whose total 
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Fic. 4. The elastic scattering of protons by beryllium at @..m.=160° 
59’. (Note suppressed zero of ordinate scale.) 
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Fic. 5. The elastic scattering of protons by beryllium at EZ, =220 
kev. (Note suppressed zero of ordinate scale.) 


reaction cross section adds incoherently to a constant 
background reaction cross section is 


r, 
fu ee (241+ (I-Aee—1. (7) 


From the conservation of particles, the constant back- 
ground reaction cross section can be obtained as 


Treaction — thw (2—8). (8) 


Thus £ is related to the nonresonant reaction cross 
section and ¢ is an elastic scattering potential phase 
shift since it presence effects the elastic scattering but 
not the reactions. 

For later comparisons of f(1), g(1), f(2), and g(2) 
with Eq. (7), a geometric interpretation of 8 and ¢ 
is obtained by plotting f,.+1 in the complex plane as 
in Fig. 22. As the proton energy is increased through the 
region of an s-wave resonance, 26 increases through 24 
and f.+1 traces out a resonance circle of radius 
r,/T that lies entirely within the unit circle. This 
resonance circle is displaced from the real axis by 
an angular amount 2¢ and from tangency with the 
unit circle by the amount 8. A plot of the fitting 
parameters f(J,) versus g(J) must exhibit these same 
properties in the region of a resonance, the resonance 
parameters being determined by the size and location 
of the resonance circle. 

To be more accurate, it should be pointed out that 
what has been drawn as and referred to as resonance 
circles above will tend to be more nearly elliptical in 
any actual example. This follows from the fact that 
because of barrier penetration, I',/T’ is a monotonically 
increasing function of energy for protons on Be’. 
Hence the radius of the resonance circle increases as 
it is traversed, the result being a more nearly elliptical 
than circular motion. 

The simplest theoretical elastic scattering equation is 
obtained from the assumption of s-wave formation and 
decay of the compound nucleus. Hence, unless there are 
existing experimental arguments for believing that the 
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Fic. 6. The elastic scattering of protons by beryllium at E;=273 
kev. (Note suppressed zero of ordinate scale.) 


states of interest are not formed by s waves, the 
simplest analysis is obtained by attempting to fit the 
experimental angular distributions with the pure s-wave 
theoretical cross-section equation. This was the first 
method applied in the analysis of the elastic scattering 
of protons by beryllium. 

The four parameters f(1), g(1), (2), and g(2) 
combine in the pure s-wave theoretical elastic scattering 
equation into three unknowns, 


X=$/(1)+$/(2), 
Y= $e(1)+8g(2), (9) 
U=1—HC/(1) P+ Cet) P-L (2) P+ 0e(2)P) 


a jane 
= Oreaction/ TA’. 


Since the detailed fitting of the experimental angular 
distributions happened to be insensitive to the choice 
of U, it was calculated from the known reaction cross 
section.® Pure s-wave fits on all angular distributions 
were then made with a theoretical equation involving 
only the two undetermined parameters X and Y. 
In certain energy regions, the pure s-wave analysis 
failed to meet the double requirement of fitting the 
experimental data with reasonable fitting parameters. 
In these regions, other theoretical cross-section equa- 
tions were used in attempting to obtain a fit of the data. 
These procedures will be covered more thoroughly in 
the following discussion of the properties of the states 
of B® as determined from the theoretical analysis of 
Be*(p,p). 

A summary of the properties of the states of B"” 
in the energy region covered by the present experiment 
is given in Table I. The following discussion concerns 
the methods of theoretical deduction of these properties. 

The structure of the elastic scattering excitation 
curves between 200 and 700 kev indicates the presence 
of a broad resonance anomaly near 330 kev. From its 


6 The data of Thomas, Rubin, Fowler, and Lauritsen, Phys. 
Rev. 75, 1612 (1949), increased by 8% to agree with the data of 
Figs. 20 and 21, have been used in these calculations. The cross 
section is assumed to be isotropic over the low-energy region. 
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Fic. 7. The elastic scattering of protons by beryllium at E;=329 
kev. (Note suppressed zero of ordinate scale.) 


large width and the presence of an interference anomaly 
at all angles of observation, the compound nuclear 
state appears to be formed by s waves. Furthermore, 
the decrease of the ratio to Rutherford at all angles 
below resonance is consistent only with s-wave forma- 
tion of the compound state, if higher than s-wave 
potential scattering is not present. Thus, the first 
procedure involved in the low-energy analysis was an 
attempt to fit the low-energy angular distributions by 
a pure s-wave theoretical cross-section equation. 
Results of this procedure are shown in Figs. 5 through 
11. In these figures the 7% error indicated on the 110- 
degree data serves to orient the eye to the accuracy 
within which the theoretical expressions approximate 
the experimental data. 

In the region between 220 and 776 kev, the pure 
s-wave theoretical equation is seen to agree with the 
experimental data to within experimental error. 
From the plot of the X versus Y obtained in the above 
analysis and illustrated in the scattering amplitude 
diagram of Fig. 23, it is seen that the fitting parameters 
X and Y exhibit the proper resonance behavior expected 
of an s-wave state. This fact along with the angular 
isotropy of reaction products (Figs. 20 and 21) leads 
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Fic. 8. The elastic scattering of protons by beryllium at E;=439 
kev. (Note suppressed zero of ordinate scale.) 
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to the conclusion that the 330-kev state has odd parity 
and a total spin of one or two. 

From the tangency of the resonance ellipse and unit 
circle in the scattering amplitude diagram of Fig. 23, 
the quantity 6 of Eq. (7) is zero, and there is no 
nonresonant reaction cross section in the s-wave 
channels at the lowest energies. From the fact that 
the center of the resonance circle is near the real axis, 
the potential scattering phase shift is nearly zero. 
Both of these effects are to be expected at sufficiently 
low energies. 

Under the assumptions that the potential and 
nonresonant phase shifts are constant over the region 
of the resonance, it is seen from Eqs. (6), (7), and (9), 
that the radius of the resonance ellipse is given by 
wl',/T, where 
for Jz= 1 
for Jz=2. 


w=} 
= § 
is 
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Fic. 9. The elastic scattering of protons by beryllium at Z,;=557 
kev. (Note suppressed zero of ordinate scale.) 


Since the radius andI’,/T' vary with energy because of 
barrier penetration, it is required in discussing partial 
or total widths to specify the energy to which these 
quantities refer. From the radius of the resonance 
ellipse at 330 kev the partial proton width at that 
energy is given by 


r,/T=0.18 
=0.30 


if Jzg=2 
if Jg=1. 


It must be emphasized that these values of partial 
proton width are only accurate to about a factor of 
two. This arises from the fact that the theoretical 
equations yield values for [(do/dQ)/(dor/dQ) |—1, 
which in the energy region under consideration is a 
number of the order of 0.1. A five percent decrease in 
cross section halves this number and thereby changes 
the fitting parameters and the radius of the resonance 
ellipse considerably. 

The total width of the 330-kev state may in principle, 
be determined by the energy variation of the low- 
energy region of the scattering amplitude diagram of 
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Fig. 23. However, such a determination requires know- 
ledge of the energy variation of the resonant phase 
shift which in turn depends on the level shift A,(Z).’ 
Since A,(Z) involves the reduced widths for various 
types of emission, it follows that the elastic scattering 
data does not yield sufficient information to deduce 
the total width of the 330-kev state. Recourse must thus 
be made to the known Be*(p,d) and Be®(p,a) reaction 
cross-section data.® 

The conclusion reached from the detailed fitting of 
the reaction cross-section data by the one-level formula 
involving the energy variation of the level shift A,(Z) 
is that no total width less than the single-particle limit 
will yield the correct cross sections at resonance and 
the large contribution above resonance indicated by 
the data of Thomas, Rubin, Fowler, and Lauritsen. 
Thus, a background reaction cross section presumably 
exists in other than the s-wave channels, since the 
scattering amplitude diagram resonance ellipse is 
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Fic. 10. The elastic scattering of protons by beryllium at EZ, =668 
kev. (Note suppressed zero of ordinate scale.) 


tangent to the unit circle. The determination of the 
total and partial widths being dependent on the nature 
and amount of this background, it is impossible without 
further detailed investigations in this energy region 
to determine partial widths for the 330-kev state. 
However, some general conclusions do follow from 
the gross features of the reaction cross-section curves. 
The total width and the reduced partial widths of the 
330-kev state must be quite large. The best fit of the 
one-level formula to the experimental data with a 
particular choice of background subtraction is obtained 
for a proton reduced width that is about 50% of the 
single-particle limit of 5.7 Mev, a deuteron reduced 
width that is about 40% of the single-particle limit of 
1.9 Mev, and a reduced alpha width of about 5% of 
the single-particle limit of 1.7 Mev. Various methods 
of background subtraction can vary these values by 
factors as large as two or three, but it must generally 
be true that very large proton and deuteron reduced 


7 E. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
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Fic. 11. The elastic scattering of protons by beryllium at E,=776 
kev. (Note suppressed zero of ordinate scale.) 


widths and a somewhat smaller alpha reduced width 
are required to explain the experimental data. 

The first step in the analysis of the angular distribu- 
tions between 776 and 1664 kev was to attempt a 
fitting by the pure s-wave theoretical cross-section 
equation in the manner previously indicated. Results 
of this fitting procedure are shown in Figs. 12 through 
19, where the 7% error on the 110° data at all energies 
again serves to orient the eye to the accuracy with 
which the theoretical equation fits the experimental 
data. 

The discrepancy between the theoretical fits and the 
experimental data being greater than the probable 
error of the experimental determinations at many 
angles in the majority of the angular distributions, 
the validity of the pure s-wave analysis was highly 
suspect. Further doubt was cast on its validity near 
1 Mev by observing that the energy variation of the 
scattering-amplitude diagram plot of X versus Y (see 
Fig. 23) does not exhibit the counter-clockwise rotation 
expected of a resonant type behavior. Thus the pure 
s-wave analysis could satisfy neither of the two require- 
ments on a valid theoretical analysis, and the situation 
near 1 Mev was investigated more thoroughly. 
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Fic. 13. The elastic scattering of protons by beryllium at EZ, =998 
kev. (Note suppressed zero of ordinate scale.) 


Because the excitation curves near 1 Mev exhibit 
interference minima at all angles of observation, it 
seemed desirable to retain the assumption that the 
1-Mev state is formed predominantly by s waves. 
A hint of a possible modification of the pure s-wave 
equation was supplied by the ground state gamma-ray 
transition angular distribution which is of the form 
1+ (0.10+0.03) sin*@.8 This nonisotropy is explainable 
by the assumption of a small contribution to the 
formation of the state by d-wave protons. And thus, a 
second attempt at analysis of the angular distributions 
was made by allowing for d-wave formation and decay. 
Since the theoretical cross-section equation expressing 
s-wave and d-wave formation or decay of the compound 
nucleus contains seven unknowns, a unique analysis 
of the experimental data was nearly impossible. 
However, qualitative consideration of the theoretical 
equation was enough to show that the inclusion of 
d-wave protons does not improve the fitting of the 
experimental data for any reasonable set of assumptions 
on the seven unknowns. 
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Fic. 14. The elastic scattering of protons by beryllium at E, = 1108 
kev. (Note suppressed zero of ordinate scale.) 


8 E. P. Paul and H. E. Gove, Proc. Roy. Soc. (Canada) 47, 
145(A) (1953). 
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Thus, the theoretical analysis near 1 Mev was not 
aided by the addition of d waves, and it became 
necessary to look to sources other than the gamma-ray 
angular distribution data for clues to assumptions that 
would enable a fit of this data. A source of such a clue 
was obtained from a study of the narrow 1084-kev 
level, since the analysis in this region is sensitive to 
the assumed background which arises in part from the 
1-Mev broad level. 

The gross features of the thin-target excitation 
curves near 1084 kev illustrated in Figs. 3 and 4 supply 
some insight into the spin and parity of the compound 
nuclear state. Under the experimentally verified 
assumption that ',/I'=1, the smallness of the anomaly 
at the forward angles is consistent only with a Jp=0 
state in B”. The determination of the parity of the state 
rests on the magnitudes of the interference terms at 
the zeros of P;(cos@) and P2(cos@). At 90° there is 
practically no interference as is seen by the symmetry 
of the anomaly about the resonance energy, while at 
125° 16’, the resonance anomaly is composed almost 
entirely of interference terms. While such a behavior 
may not be inconsistent with d-wave formation of the 
compound state if one assumes the background to be 
composed in a large measure of other than s-wave 
amplitudes, the simplest assumption is that the 1084 
state is formed by p waves, hence Jz=0*. 

With the assumptions that Jg=0*, that there is no 
potential scattering or nonresonance reaction cross 
section in the p-wave channels, and that only s-wave 
amplitudes are present in the background, the theoret- 
ical fits illustrated in Figs. 3 and 4 are obtained. Since 
these assumptions are not sufficient to explain the 
anomaly at the back angle, additional amplitudes must 
be introduced into the theoretical equation. 

An obvious extension of the analysis is to include 
the supposed d-wave present in the formation of the 
1-Mev state. However, 2— d-wave amplitudes do not 
interfere with the 0+ p-wave amplitudes and thus, some 
other assumption must be advanced. 
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Fic. 15. The elastic scattering of protons by beryllium at £, = 1220 
kev. (Note suppressed zero of ordinate scale.) 
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A logical approach is to include all p-wave amplitudes 
in the background, then all d-wave amplitudes, etc., 
until the background contains enough variables to fit 
the experimental data. Of the possible p-wave ampli- 
tudes, only those leading to a 2+ state in B™ are con- 
sidered plausible in the. background, because the 1* 
and 3* states do not interfere with a 0+ state, and a 0+ 
state in the background will not produce the deuterons 
and alpha particles that must be present in this energy 
region to account for the cos@ term in the deuteron and 
alpha angular distributions near 1 Mev.’ Thus, a 2+ 
p-wave state is included in the background, and the 
new parameters ay’I' p2/TI'; and coté: are inserted into the 
analysis, where a; is the channel-spin-dependent part 
of the probability amplitude for the formation of a 
J = 2* state from p-wave protons through channel spin 
one, I'p2 and I’; are, respectively, the partial proton and 
total width of the 2+ state, and 6: is its resonance phase. 

With a 0* resonant state superimposed on a back- 
ground made up of 2- and 1~ s-wave and 2+ p-wave 
amplitudes, the theoretical fits of the experimental 
data shown in Figs. 3 and 4 are obtained with the 
following choices of variable parameters: 


f)=-04, g(i)=—0.9, 

aT po/T'2=0.9, cosd2= — 0.918. 
As a further assumption in the following discussions, 
it is assumed that a;?=1 and I'po/T2=0.9, values that 
are accurate to about 10% if the 1084-kev analysis is 
correct. 

Since the presence of a 2+ p-wave state in the back- 
ground enables a quantitative fit of the experimental 
data at the 1084kev narrow reaonance, such an 
assumption must be tested on the elastic scattering 
angular distributions and excitation curves in the 
neighborhood of 1 Mev. With the parameters obtained 
from the 1084-kev fit, the theoretical cross-section 
formula expressing the presence of a 2+ p-wave state 
and an arbitrary amount of s wave contains, as 
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Fic. 16. The elastic scattering of protons by beryllium at F, = 1330 
kev. (Note suppressed zero of ordinate scale.) 
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® Neuendorffer, Inglis, and Hanna, Phys. Rev. 82, 75 (1951). 
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Fic. 17. The elastic scattering of protons by beryllium at E; = 1440 
kev. (Note suppressed zero of ordinate scale.) 


unknowns, the resonance energy of the 2+ state in 
addition to f(1), g(1), (2), and g(2). Thus, the 
presence of a p-wave state breaks up the degeneracy in 
s-wave amplitudes and detailed fitting enables the 
determination of the variation of both the Jg=2- and 

p=1- s-wave scattering amplitudes, rather than a 
combination of them as was obtained with the pure 
s-wave equation. 

The resonance energy of the 2+ state was determined 
by fitting the excitation curves of Fig. 1 for the two 
assumptions Er= 998 kev and Er= 980 kev, assuming 
the s-wave scattering amplitudes given in Fig. 23. 
From the results of this fitting procedure and the 
reasonableness of the fitting parameters assumed in 
the analysis, the resonance energy of the 2+ state is 
980 kev to within about 10 kev. The width of the 2* 
p-wave state at 980 kev as determined from its resonance 
energy and cosd2 at 1084 kev, neglecting effects of the 
level shift A,(£), is 90 kev. This corresponds to a 
reduced width that is about 7% of the single-particle 
limit. 

The next step in the analysis was the fitting of the 
angular distributions between 887 and 1664 kev with 
the theoretical s-wave and p-wave Jg= 2* cross-section 
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Fic. 18. The elastic scattering of protons by beryllium at E;= 1552 
kev. (Note suppressed zero of ordinate scale.) 
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Fic. 19. The elastic scattering of protons by beryllium at £, = 1664 
kev. (Note suppressed zero of ordinate scale.) 


equation. The results of this process are shown in Figs. 
12 through 19. At all energies the addition of the p-wave 
state is seen to improve the character of agreement 
between experiment and theory. 

The resulting scattering amplitude diagram plots of 
f(1) versus g(1) and f(2) versus g(2) are shown in Fig. 
23. The general behavior of the energy variation of 
f(2) versus g(2) indicates two counterclockwise res- 
onance circles corresponding to two Jzg=2- states in 
B” near energies of 998 kev and 1330 kev. The energy 
variation of f(1) versus g(1) shows what may be 
interpreted as the tail of the 330-kev resonance along 
with a potential phase shift and the hint of what might 
be a higher energy s-wave J=1~ resonance that causes 
the scattering amplitude diagram plot to reverse 
direction and start in a counterclockwise circle at the 
high energies. These behaviors might be expected in 
view of Lane’s prediction of four s-wave states, two 
Jz=1- and two Jg=2-, in this energy region.” 

The validity of the fitting procedure being assumed 
by virtue of its satisfying the double requirement of 
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Fic. 20. The differential cross section for Be*(p,a) at E,; =333 kev. 
(Note suppressed zero of ordinate scale.) 


10 A. M. Lane, Atomic Energy Research Establishment, Harwell 
Report, T/R 1289, 1954 (unpublished). 
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fitting the data with proper energy-varying parameters, 
the scattering amplitude diagram must be studied in 
greater detail to determine the properties of the 
potential phase shifts in the Jg=1~ channel and the 
compound nuclear states in the Jg=2- channel. 

From a simple model of hard-sphere scattering in the 
absence of a Coulomb potential, Wigner" derives the 
inequality 

dp/dk>—R (10) 


from the law of causality that the scattered wave 
cannot emerge before the incident wave enters the 
scattering region. In this inequality, ¢ is the potential 
scattering phase shift, & the wave number, and R the 
radius of the hard sphere. The energy variation of the 
Jz=1- potential phase shift, as revealed in the scatter- 
ing amplitude diagram of f(1) versus g(1), violates this 
inequality by about a factor of 10 between 887 and 1220 
kev. However, it is felt that this violation is not 
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Fic. 21. The differential cross section for Be®(p,d) at E, =333 kev. 
(Note suppressed zero of ordinate scale.) 
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sufficient to cast very strong doubt on the validity of 
the analysis, for the following reason. 

The variation with energy of the s-wave Jg=1 
potential phase shift is determined essentially by the 
887- and 1084-kev theoretically deduced phases, since 
all other phases can be varied over a rather large 
range without disturbing the theoretical fitting to any 
great extent. The reasons why the 887- and 1084-kev 
fitting parameters cannot be varied greatly are that the 
1084-kev fit comes from the narrow level analysis which 
is rather sensitive to f(1) and g(1), and the 887-kev 
analysis occurs in a region where the elastic scattering 
cross section is nearly equal to the Coulomb cross 
section. This means that at 887 kev the theoretical 
[ (da /dQ)/(dor/d2)]—1 is a small number obtained 
from differences of large numbers, and the analysis is 
extremely sensitive to the choice of the fitting param- 
eters. Inclusion of another p-wave amplitude to explain 
the reaction cross-section angular anisotropy around 


1 E. P. Wigner, Phys. Rev. 98, 145 (1955). 
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800 kev would thus mainly affect the 887-kev analysis 
without disturbing the other angular distributions 
greatly. This in turn might move the Jg=1°~ fitting 
parameters at 887 kev in such a direction as to decrease 
dp/dk by a large factor. 

This scattering amplitude diagram plot of f(2) versus 
g(2) exhibits segments of two counterclockwise circles 
whose near tangency with the unit circle indicates 
little or no nonresonance reaction cross section in the 
Jg=2- s-wave channel. The amount of rotation of the 
centers of the two circles from the real axis being 
indefinite but fairly small, there is a lesser amount 
of potential scattering evidenced in the Jz=2~ channel 
than in the Jg=1~ channel. The resonance energies of 
the two states, corresponding to rotations through half 
the resonance circles, are about 998 and 1330 kev, 
respectively. The ratio of proton to total width is given 
by the radii of the two circles as ',/!'=0.65+0.15 for 
both states. The total widths of the two states obtained 
from the low-energy side of the 998-kev resonance 


TABLE I. Properties of the states of B" reached by Be®+ 9. 





Properties determined from 


Properties determined from 
Be®(p,d): Be?(p,a): Be® (py) 
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parity 


E; J, 
(kev) parity Widths 


Widths 


_,. Tp(330) §0.18 if Je =2 es _ 
1.2" 530) ~to.30 if Js =1 - ° 
1042~0.4 
}9q?~0.05 
T'p/T ~0.9 (0p%) ~9.07 


1084 +2 


T/T =0.65 +0.15 
r =150+50 kev 
44p?~0.02 


T =3 kev 


lr =88 kev 
r=23 ev 


1085+2 0 ly =6.0 ev 


1330 l'p/T =0.65 +0.15 
r =400 +100 kev 


40p?~0.05 








circle, the high-energy side of the 1330-kev resonance 
circle, and Eq. (4), are ['(998)=150+50 kev and 
T' (1330) = 400+ 100 kev. The reduced proton widths of 
the 998 and 1330-kev states are respectively about 
2% and 5% of the single-particle limit. 

Since much information on the states of B” is obtained 
from the elastic scattering analysis assuming a 2+ 
p-wave state at 980 kev, it is interesting to compare the 
conclusions of this analysis with those obtained from 
a study of gamma rays and reaction products from the 
proton bombardment of beryllium. 

Gamma-ray transitions to the ground state from the 
s-wave state near 1 Mev are electric dipole while those 
from the p-wave state are magnetic dipole. If a;’?=1, 
the p-wave state is formed only by channel spin one 
and the two types of gamma rays do not interfere. 
The electric dipole gammas are isotropic while the 
magnetic dipole gammas have the angular distribution 
1+0.167 sin?@. Thus, the combination of s-wave and 
p-wave J g= 2 states near 1 Mev can lead to the observed 
angular distribution 1+ (0.10+0.03) sin’6, with appro- 


PROTONS BY Be 


Fic. 22. Scattering amplitude diagram for one-level resonant 
scattering with potential scattering and resonant and nonresonant 
reactions. 


priate and reasonable choices of the partial gamma 
widths. 

Additional experimental information has been 
obtained by Devons” from a study of the angular 
correlation of internal conversion pairs, a study whose 
theoretical interpretation gives the strength of the 
various multipole orders involved in the gamma 
transition. From the bombardment of 50- to 100-kev 
thick beryllium foils with protons of energies between 
950 and 1050 kev, Devons deduces the_existence of a 
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Fic. 23. S-wave scattering amplitude diagrams obtained from 
theoretical fits of the experimental elastic scattering data. 


12. Devons and G. Goldring, Proc. Phys. Soc. (London), 
A67, 413 (1954). 
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mixed £1 and £3 or M2 transition to the ground 
state, with the Z1 gamma width being about 3% of 
that predicted by the single-particle model. However, 
the £3 or M2 width comes out about 10° times larger 
than that predicted by either the single particle or 
liquid drop models. This theoretically impossible 
conclusion is obviated under the assumptions of a 
p-wave 2+ state at 980 kev and an s-wave 2- state at 
998 kev, since the resultant M1 and £1 transitions to 
the ground state will lead to roughly the experimental 
angular correlation of internal conversion pairs for 
gamma widths within the single-particle model limit.” 

The Be*(p,d) and Be®(p,«) experimental determina- 
tions below 1 Mev provide much insight into the states 
of B™. The principal experimental facts are that the 
total reaction cross sections are peaked near 940 kev 
and exhibit angular anisotropies that indicate an 
interference between states of opposite parity that is 
large in the region between 500 kev and 1 Mev. These 
behaviors are qualitatively partially understood in 
terms of the elastic scattering analysis, but their 
quantitative theoretical interpretation must depend on 
more thorough experimental data and analysis. 

The qualitative understanding of the total reaction 
cross-section peaking about 50 kev below the 998-kev 
proton or gamma-ray resonance energy follows from the 
assumption that the reaction products are produced by 
the Jz=2- level and the realization that there are two 
overlapping states of the same spin and parity in B”, 
the 998- and 1330-kev 2- levels. Under such circum- 
stances it is possible for the total reaction cross section to 
peak at an energy different from the true resonance 
energy. It must be pointed out, however, that such 
a behavior is not predicted by the scattering amplitude 
diagram plot of f(2) versus g(2) which predicts that the 
s-wave reaction cross section will peak near one Mev. 

The peaking of the cos@ term in the reaction angular 
distributions near 1 Mev is explained by the presence of 
the 2+ p-wave state if the assumption that a;’=1 is 
relaxed somewhat to allow for the formation of this 
state through channel 2. The state can then interfere 
with the 2- s-wave state which is only formed in 
channel 2. 

The interference between states of opposite parity 
that exists down to 500 kev in the reaction product 
angular distributions cannot be understood in terms of 


3 R. F. Christy (private communication). 
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the states deduced from the elastic scattering experi- 
ment. It is plausible that a second p-wave state with 
a small proton width exists near 700 kev. Such a state 
might produce a negligible effect in elastic scattering 
but could cause interference in the reaction product 
angular distributions. The test of this hypothesis should 
involve a non-proton-induced reaction leading to this 
energy region in B". The only choice of a nuclear 
reaction satisfying these requirements is Li®+a. A 
study of the reaction products and elastic scattering 
produced under bombardment of Li® by alpha particles 
near 5 Mev might lead to a clarification of the theoret- 
ical situation of the states of B” near 7.50 Mev. 

It is seen that the assumption of a 2+ p-wave state at 
980 kev in the proton bombardment of beryllium 
explains the experimental elastic scattering data 
quantitatively, the gamma-ray data at least semi- 
quantitatively, and the reaction data qualitatively in 
part. It is thus of pertinent interest to inquire into some 
further experimental method of testing the hypothesis 
of the existence of such a state. 

A plausible experimental test could be to study the 
polarization effects produced by the elastic scattering 
of 1-Mev protons by beryllium in a double-scattering 
experiment. Under the assumptions of only s-wave 
states and Coulomb scattering, no polarization will be 
produced, while the presence of a p-wave state in 
addition to the s-wave states results in a theoretically 
calculable amount of polarization. An experiment of 
this type is presently being designed. 

As a final remark on the possible existence of a 2+ 
state in B"”, it should be noted that in a recent article, 
Kurath" applies an intermediate coupling scheme to 
B” and theoretically deduces the energies of the first 
five even-parity states almost quantitatively. He also 
predicts the existence of a 2+ state at almost exactly 
the same energy as that hypothesized from the theoret- « 
ical analysis of the elastic scattering of protons by 
beryllium. 
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The complex potential model predicts a division of the average neutron elastic scattering cross section 
into shape and compound scattering. The normalized differential elastic cross sections calculated from this 
model are expanded in a series of Legendre polynomials and compared with data derived from experiments, 
demonstrating the presence of compound elastic scattering. 





INTRODUCTION 


N the theory of average neutron cross sections 
developed by Feshbach, Porter, and Weisskopf,! 
the total cross section can be considered as separable 
into two incoherent parts which are called shape scat- 
tering and compound nucleus formation. The shape 
scattering is assumed to be all elastic while the com- 
pound nucleus formation may lead to elastic scattering, 
ie., compound elastic scattering, as well as nonelastic 
processes. In the energy region to be considered, from 
20 kev to 20 Mev, the predominant nonelastic process 
is inelastic scattering, and all other nuclear reactions 
will be neglected for simplicity. The branching ratio of 
compound elastic to inelastic scattering depends on 
details in the level structure of the residual nucleus. 
The average elastic scattering cross section is given by 
the sum of the shape-elastic and the compound elastic 

cross sections, 
(1) 


The aim of the present analysis is to demonstrate the 
contribution due to compound elastic scattering by 
comparison of theoretical and experimental angular 
distributions of elastically scattered neutrons. The 
magnitude of the compound elastic cross section can, 
of course, be deduced directly from the difference 
between experimental elastic and calculated shape 
elastic scattering. In addition, however, the compound 
scattering contribution should be obtainable from the 
shape of angular distribution curves for elastic scatter- 
ing, independent of the magnitude of the cross sections, 
To this end, the differential elastic cross sections are 
expanded in a series of Legendre polynomials,? 


Fel=Oset Tce. 


do ei 
dQ 


o 2m+1 
= + ——BnP (cos), 


m=0 4dr 


(2) 


where the coefficients of the expansion are given by 


(3) 


doe 
B,= f —P,,(cos6)dQ. 
2 


4a 


* Sup orted i in part by the joint program of the Office of Naval 
Resieaech and the U. S. Atomic Energy Commission. 
1 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
2P. F. Zweifel and H. Hurwitz, Jr., J. Appl. Phys. 25, 1241 
(1954). 


Consider now the coefficient of P,, normalized by the 
elastic cross section to make it a function of the shape 
of the elastic scattering angular distribution only. Both 
B, and o. may be separated into parts originating 
from the shape-elastic and the compound elastic 
scattering according to (1), giving® 


Bn (Bn) set (Bm)ce 
Pin ot enn, 


— (4) 
Fel Tse +0 ce 

It may be presumed that in the energy region 
considered here, the statistical assumption of the com- 
pound nucleus is approximately valid. Then the coeffi- 
cients of the odd Legendre polynomials vanish for 
events proceeding through a compound nucleus, and 
the angular distributions are symmetric about 90° as 
shown by Wolfenstein.‘ Recent experiments on the 
angular distributions of 2.5-Mev neutrons scattered 
inelastically indicate that only relatively small devi- 
ations occur from symmetry about 90°.5 In particular, 
the coefficient of P; is zero for the compound elastic 
contribution, so that fi reduces to 


(Bi) se/(Gse+ ce). (5) 


An optical model for neutron scattering, such as the 
complex square well, predicts merely the cross section 
for formation of a compound nucleus system, o-, but 
not that for compound elastic scattering without further 
specific information about the nucleus involved. How- 
ever, two limiting conditions may be considered: 


(1) The compound nucleus always decays by elastic 
scattering, giving 


fi) = (By) se/ (Gset+oc) ; (6) 


3 The fi, are dimensionless and can be obtained from measure- 
ments of relative, as well as absolute, differential cross sections. 
From (3) and (4), it can be seen that fio=1, and that £,=f: 
=--+-=0 for an isotropic distribution. If the differential cross 
section becomes more and more peaked in the forward direction, 
all the &m (m>1) approach +1. fi; is a measure of forward over 
backward scattering weighted by the cosine of the scattering 
angle, f2 is a measure of the prolateness or oblateness of the 
angular distribution, and the higher normalized coefficients are 
more complicated measures defined by the corresponding Legendre 
polynomials. 

*L. Wolfenstein, Phys. Rev. 82, 690 (1951). 

5L. Cranberg and J. S. Levin, Bull. Am. Phys. Soc. Ser. II, 
1, 56 (1956). 
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(2) The compound nucleus always decays by non- 
elastic events, so that 


f= (B1)ee/Ose- (7) 


For neutron energies below the threshold of the first 
excited state in a target nucleus, (6) is a good approxi- 
mation. For energies far in excess of this, where many 
levels can be excited by inelastic scattering through the 
compound nucleus, (7) will be approached. 


RESULTS AND DISCUSSION 


For the purpose of establishing the theoretical limits 
in some test cases, the complex potential model with a 
square well has been employed. The coefficients for the 
Legendre polynomial expansion of the differential cross 
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Fic. 1. First normalized Legendre coefficient of the angular 
distribution of elastically scattered neutrons versus neutron energy 
in Mev for three representative scattering nuclei. The experi- 
mental points are calculated from the data of reference 7. All 
points on the “lead and bismuth” plot are for lead except those 
indicated by arrows, which are for bismuth. The points at 1.0 Mev 
for lead and bismuth (Walt) overlap. The curves are calculated 
from a square well potential model: the curve marked “S.E. 
+C.E.” with the assumption of maximum compound elastic 
scattering (limit 1), and that marked “S.E.” with the assumption 
of no compound elastic scattering (limit 2). Parameters used: 
iron, radius (R) =5.55X10~" cm, well depth (V)=44—36 Mev, 
absorption coefficient (¢)=0.05—0.30; aluminum (solid curves), 
R=4.3X10-" cm, V=42 Mev, ¢=0.05—0.20; aluminum (dashed 
curves), R=4.5X10-" cm, V=44—36 Mev, ¢=0.05—0.30; lead 
and bismuth, R=8.3X10-" cm, V=44 Mev, ¢=0.03—0.18. 
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sections were calculated on automatic computing ma- 
chines, using parameters for the potential derived from 
previous surveys of the model.'® Certain difficulties 
arising from the crudeness of the square well model 
reflect on the comparison presented here. In particular, 
the predicted compound nucleus formation is smaller 
than that required to match the experimental inelastic 
collision cross sections.” Consequently, limit (1) pre- 
dicted by the model is too high, causing the experi- 
mental data to fall systematically below it. Also the 
energy at which the experiments start to deviate from 
limit (1) will thus be too high. With the limitations of 
the model in mind, the results for three representative 
nuclei shown in Fig. 1 can be readily interpreted. 

The experimental data are taken from the work of a 
number of investigators,® and the energy spread and 
angular resolution vary over a wide range. Especially 
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Fic. 2. Aluminum: second, third, and fourth normalized 
Legendre coefficients versus neutron energy in Mev. The symbols 
used for the experimental points are the same as in Fig. 1. The 
curves are calculated using the parameters R=4.3X10-" cm, 
V =42 Mev, ¢=0.05—0.20. 


at low energies, the energy spread of some experiments 
may be sufficiently narrow to show the effect of reso- 
nances in the compound nucleus so that the statistical 
assumption can only be applied over a larger energy 
interval. The individual experimental points are shown, 
rather than an average of the data, and the theory is 
merely required to indicate the average. 


6 W.S. Emmerich, Phys. Rev. 98, 1148 (1955). 

7 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). 

8 Barschall, Marley, and Weisskopf, Phys. Rev. 72, 875 (1947) ; 
M. Walt and H. H. Barschall, Phys. Rev. 98, 1062 (1954); M. 
Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955); A. Langsdorf, 
Jr., Bull. Am. Phys. Soc. Ser. II, 1, 220 (1956); M. Walt and 
J. R. Beyster, Bull. Am. Phys. Soc. Ser. I, 1, 176 (1956). W. 
G. Cross and R. G. Jarvis, Phys. Rev. 99, 621 (1955); Bloom, 
Glasoe, Muelhause, and Wegner, Phys. Rev. 100, 1248 (1955); 
J. H. Coon and R. W. Davis, Phys. Rev. 94, 785 (1954) ; Brugger, 
Gerber, Liithy, and Remund, Helv. Phys. Acta 28, 331 (1955); 
M. Walt, Proceedings of the International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, 1955 (United Nations, New York, 
1956), Vol. 2, p. 18. 





COMPOUND ELASTIC SCATTERING OF NEUTRONS 


For aluminum, two different potential radii are shown 
with results differing significantly below one Mev. The 
square well model predicts a P-wave resonance for a 
radius of 4.5 10-" cm and a depth of 44 Mev, which 
accounts for the large value of f; for these parameters. 
A reduction in fi; follows by changing either the depth 
or the radius of the potential. Several depths and radii 
were tried for Pb and Bi, but none gave a better fit 
than those shown in the figure. A pronounced dip in 
the experimental data at 0.6 Mev is only weakly 
indicated by the model, at a somewhat higher energy. 
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Fic. 3. Iron: second, third, and fourth normalized Legendre 
coefficients versus neutron energy in Mev. The symbols used for 
the experimental points are the same as in Fig. 1. The curves are 
calculated using the parameters R=5.55X10-" cm, V=44—36 
Mev, ¢=0.05—0.30. 


The transition from limit (1) to limit (2) takes place 
roughly between energies of 2 and 4 Mev for the 
elements shown in the figures. At higher energies the 
contribution due to compound elastic scattering appears 
to be negligible. It is expected that the experimental 
data begin to deviate from limit (1) above about one 
Mey, since the first excited states in the sample ele- 
ments are in this energy region. An increase of 30-50% 
in the cross section for formation of the compound 
nucleus would be required to bring the limiting energy 
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Fic. 4. Lead and bismuth: second, third, and fourth normalized 
Legendre coefficients versus neutron energy in Mev. Circles 
indicate lead; triangles, bismuth. All data from Walt, except the 
points at 3.4 Mev (Brugger ef al.) and 14.6 Mev (Cross and 
Jarvis). The curves are calculated using the parameters R=8.3 
X10-8 cm, V =44 Mev, ¢=0.03—0.18. 
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to the desired value. This is in agreement with the 
conclusion reached independently by comparison with 
inelastic collision cross sections in the 4-Mev range.” 

The method described here serves, therefore, to 
estimate the amount of compound elastic scattering. 
It is also possible in some cases to indicate certain 
deficiencies in a given nuclear model. The higher 
normalized Legendre polynomial coefficients also yield 
similar information. Comparisons of experimental and 
calculated data through fj, are shown in Figs. 2 to 4. 
More refined nuclear models should remove some of the 
discrepancies noted in these graphs, but, considering 
the crudeness of the complex square well model, the 
general agreement is surprisingly good. 
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The Li*(p,a)He* reaction has been studied in the energy range 
0.6<E,<2.9 Mev by observing the magnetically analyzed He’ 
and a@ particles at laboratory angles of 20° and 60°. By inferring 
the a yield in the backward direction from the He’ yield observed 
at the corresponding forward angle, it was possible to construct 
the angular distributions of the a particles. Two resonances were 
found in the energy range studied, corresponding to a low-energy 
(~1 Mev) s-wave state and a p-wave state near 1.85 Mev. 
A single-level resonance formula for a J=5/2-, p-wave state plus 
a smoothly varying background has been fitted to the total 
cross-section curve in the region of the 1.85-Mev resonance and 
the following resonance parameters extracted: E,=2.20 Mev, 
Be’*=7.80 Mev, 6,7=0.24, 0,?=0.048. A similar analysis was 
made of the data of Blair and Holland on the mirror reaction, 
Li®(n,ax) H®, and the following parameters obtained : E,=0.43 Mev, 


Li™*=7.68 Mev, 6@,2=0.26, @.2=0.0085. The close agreement 
between the reduced proton and neutron widths obtained from 
these mirror reactions indicates that the Be’ level at 7.80 Mev and 
the Li’ level at 7.68 Mev are mirror states with J=5/2-. This 
conclusion agrees with that previously reached by Bashkin and 
Richards. The a-particle angular distributions in the energy 
range 0.6<E,<2.5 Mev can be qualitatively explained on the 
basis of two interfering levels with J =3/2* (at E,=1.0 Mev) and 
J=5/2- (at E,=1.85 Mev). The angular distribution of the 
a particles from the Li®(p,«) He’ reaction at E,=2.91 Mev cannot 
be described in terms of s and p waves alone and suggests either 
that angular momenta greater than one are becoming effective in 
the formation of the compound nucleus at the higher bombarding 
energies or that a direct interaction process is taking place. 





INTRODUCTION 


HE regions of excitation energy near 6-8 Mev in 
Li’ and Be’ may be investigated by means of 
the mirror reactions, Li®(n,«)H*® and Li®(p,a)He*. The 
Li®(n,a)H® reaction has been studied by Blair and 
Holland! in the energy range 0.1 < E,,< 0.6 Mev and has 
been discussed by Johnson, Willard, and Bair? in con- 
nection with the scattering of neutrons by Li®. The 
Li®(~,a)He* reaction was investigated by Bashkin and 
Richards’ in the energy range 0.4< E,< 3.6 Mev. These 
experiments have disclosed what are apparently J=5/2- 
mirror levels in Li’ and Be’ near 7.7 Mev; the resonance 
parameters have been discussed by Bashkin and 
Richards. Furthermore, broad s-state structure in both 
nuclei near 6.5 Mev is indicated by the large zero- 
energy neutron scattering length‘ in Li®+-m and by the 
broad, low-energy resonance in the Li®(p,a)He’ re- 
action.’ 

The analysis of the Li®(p,a)He* reaction by Bashkin 
and Richards* was based on data obtained only at one 
angle of observation. Since there is interference between 
the low-energy s state and the J=5/2> state (formed 
by p-wave protons) and since the angular distribution 
of the reaction products was not known, a more com- 
plete investigation of this reaction was warranted in 
order to obtain a more precise determination of the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ National Science Foundation Postdoctoral Fellow; now at the 
University of Rochester, Rochester, New York. 

t International Cooperation Administration Research Fellow; 
now at the Max Planck Institut fiir Chemie, Mainz, Germany. 

1J. M. Blair and R. E. Holland in Neutron Cross Sections, 
compiled by D. J. Hughes and J. A. Harvey, Brookhaven National 
Laboratory Report BNL-325 (Superintendent of Documents, 
U. S. Government Printing Office, Washington, D. C., 1955). 

2 Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954). 

3S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951). 

4A. M. Lane, Atomic Energy Research Establishment Report 
T/R 1289, 1954 (unpublished). 


resonance parameters. Such parameters can be com- 
pared with those obtained from an analysis of the 
Li®(,a)H® cross section; agreement between the two 
sets of data would strongly indicate that the levels are 
mirror states. 


EXPERIMENTAL PROCEDURE 


The target used for the study of the Li*®(p,a)He’® 
reaction was prepared by evaporating lithium metal 
enriched® to 96% Li® onto a thin copper foil. The lithium 
was then allowed to react with the air for several hours 
in order to form Li®OH throughout the lithium layer. 
This target showed no deterioration during prolonged 
bombardments with 1 microampere of protons. The 
thickness of the material and of the copper backing 
were measured by magnetically analyzing the elastically 
scattered protons at a bombarding energy of 2 Mev. 
The momentum spectrum showed peaks due to copper, 
oxygen, and Li®; no carbon was found on the freshly 
prepared target (lithium hydroxide converts to the 
carbonate if exposed to air for long periods) and there- 
fore it was assumed that the target was entirely Li‘OH. 
At this bombarding energy the copper foil was found 
to be 604-3 kev thick and the Li®OH 6.2+0.2 kev thick 
when the target was oriented at 45° with respect to 
the beam direction. 

The number of Li® atoms per cm? was computed 
from the observed thickness and the stopping cross 
section of lithium hydroxide. The latter quantity was 
determined by adding the stopping cross sections at 
2 Mev for lithium, hydrogen and oxygen.® The value 
for oxygen was found by multiplying the stopping 
cross section for air at 2 Mev by the ratio of the stopping 


5 The enriched lithium metal was supplied by the Stable 
Isotopes Division, Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

®R. Fuchs and W. Whaling (unpublished). 
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Fic. 1. Momentum profiles of 
the He’ and a particles from the 
Li®(p,a)He® reaction at @=60°, 
E,=2.45 Mev and at 0=20°, 
E,=2.10 Mev. Pulse-height analy- 
sis was necessary to separate the 
two groups at 6=60°. 
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cross section of oxygen to that of air at 0.6 Mev. The 
stopping cross section of LiOH at 2 Mev computed in 
this manner was 6.04-++0.60X10-!® ev-cm?, and hence 
the target presented (0.98+0.10)X10!8 Li® atoms per 
cm* when oriented at 45° with respect to the beam 
direction. 

It was desired to make the measurements on the 
Li®(p,a)He’ reaction in the forward direction where the 
momenta of both the He® and a particles are greater 
than the momentum of protons elastically scattered 
from the copper foil. At observation angles up to about 
80°, it is possible to measure the momentum profiles 
of the reaction products without interference from the 
large yield of scattered protons. In addition, by ob- 
serving both the He* and a particles in the forward 
direction it is possible to infer the yield in the backward 
direction, thus making measurements in the backward 
hemisphere unnecessary. Observation angles of 20° and 
60° were chosen to give data at approximately equal 
intervals in cos@ when the transformation to the center 
of mass system is made. 

Since He’ and a particles lose energy quite rapidly 
when passing through matter, it was necessary, in order 
to make measurements in the forward direction, to 
mount the target in such a position that the proton 
beam passed through the copper foil before striking the 
Li‘OH target. With such an arrangement the reaction 
products underwent little straggling and good mo- 
mentum profiles could be obtained. Figure 1 shows the 
He® and a-particle profiles taken at E,=2.45 Mev, 
6=60° and at E,=2.10 Mev, @=20°. At 6=60°, the 
He’ and a particles have approximately the same mo- 
mentum and pulse-height analysis was necessary to 
separate the two groups. This was easily accomplished 
since the pulse height of the He* particles in the CsI 
detector was about 1.5 times that of the a particles. 
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FLUXMETER SETTING 


At 20°, the two peaks were well separated in momentum 
at all bombarding energies investigated. 

Since the target was bombarded by protons which 
had passed through the copper foil, it was necessary to 
correct the energy scale for the energy loss of the 
protons. This value was accurately known at 2 Mev 
from the scattering measurements described above. The 
energy loss at other bombarding energies was deter- 
mined by using the stopping cross-section curve for 
copper given by Fuchs and Whaling.’ There are no 
known or expected narrow resonances in the Li®(p,a)He’ 
reaction, so that the spread in the bombarding energy 
introduced by the straggling of the protons in the copper 
foil is not important and has been neglected. 

At each bombarding energy and angle of observation, 
complete momentum profiles similar to those in Fig. 1 
were obtained for both the He*- and a-particle groups 
with the Kellogg Laboratory’s 16-in. double-focusing 
180° magnetic spectrometer. The differential cross 
sections were calculated from the relation’: 


do (1) 
{= —dI barns/sterad, 


R. x10" 


dQ QmgQent nt 
where R, is the momentum resolution of the spectrom- 
eter (p/Ap=226), q is the amount of charge collected 
at the target in microcoulombs, , is the solid angle of 
the spectrometer (62.4 10~ steradian), nt is the num- 
ber of Li® atoms per cm’, and NV (J) is the number of 
counts obtained at a fluxmeter setting J. 

The uncertainty in the absolute cross-section meas- 
urements is compounded from the uncertainties in the 
target thickness (3%), the stopping cross section of 
LiOH (10%), the chemical composition of the target 


7™Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
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Fic. 2. Excitation curves of the He* and a particles from the 
Li*(p,a)He? reaction at @=20° and 60°. 


(estimated to be about 10%), the current integrator 
calibration (1%), the spectrometer constants (1.5%), 
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Fic. 3. Typical angular distributions of the a particles from the 
Li*(p,2)He? reaction at various bombarding energies. The solid 
curves were calculated from the coefficients listed in Table I. 
The broken curves represent those distributions which could not 
be fit with the cos’? expansion. The dotted curves were derived 
theoretically from the assumption of two interfering levels with 
J =3/2* and J=5/2- at E,=1.0 and 1.85 Mev, respectively. 
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and in obtaining the areas under the momentum profiles 
(in general about 4%). Therefore, the absolute cross 
sections are probably accurate to about 15%. 


RESULTS 


The excitation curves for the He*® and a particles 
obtained at @=20° and 60° are shown in Fig. 2. The 
20° curve for the a particles is very similar to that 
obtained by Bashkin and Richards* for the He’ par- 
ticles at @= 164°. All of the curves show the resonance 
near 1.85 Mev and the broad maximum previously 
observed’ at about 1 Mev. In view of the interference 
between these two levels which is apparent in the 
excitation curves, a total cross section for the reaction 
must be obtained before a single-level resonance for- 
mula can be fitted to the data. The total cross section 
was obtained in the following manner. 


TABLE I. Total cross section and the coefficients of the expan- 
sion o(£,@)=a(E£)+6(£) cosé+c(E) cos*@ for the a particles from 
the Li®(p,a)He? reaction. 








a(E) 
(mb) 


10.0 
10.6 
10.6 
11.0 
10.8 
11.4 
13.3 
13.7 
16.7 
17.5 
18.1 
18.8 
17.4 
15.1 
14.1 
13.5 
13.7 


b(E) 
(mb) 


—4.0 
—5.5 
—4.8 
—6.7 
—6.4 
—6.4 
—7.7 
—9.2 
—10.3 
—12.1 
—10.5 
—4.8 
—3.6 
—1.1 
—1.2 
—3.1 
—1.6 


¢ 
(mb) 
126 
133 
134 
138 
133 
137 
154 
164 
197 
234 
262 
272 
258 
215 
205 
196 
185 
187 
174 
179 
168 


Ep 
(Mev) 
0.64 
0.74 


0.84 
0.94 
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1.1 
1.2 
1.4 
1.5 
1.64 
1.7 
1.8 
1.9 
2.1 
2.2 
2.3 
2.4 
2.5 
2.68 
2.7 
2.9 
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At each bombarding energy the measured cross 
sections were converted to the center-of-mass system® 
and the He’ cross section was used to infer the a-par- 
ticle cross section at the corresponding center-of-mass 
angle in the backward hemisphere. In this manner, 
four-point angular distributions of the a particles were 
obtained at approximately 100-kev intervals from 
E,=0.6 to 2.9 Mev. Some of these distributions, 
typical of the respective energy regions, are shown in 
Fig. 3. It was apparent from these angular distributions 
that up to a bombarding energy of about 2.5 Mev the 
distributions could be well represented in terms of only 
s and p waves. Consequently, a least-squares analysis 


8 J. B. Marion and A. S. Ginzberg, Tables for the Transformation 
of Angular Distribution Data from the Laboratory System to the 
Center-of-Mass System (Shell Development Company, Houston, 
1955). 
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of the form o(E£,@)=a(E)+6(E) cosé+c(E) cos’? was 
made for E,<2.45 Mev. The coefficients and total 
cross sections obtained are given in Table I and the 
total cross section is also shown in Fig. 4. Above 
2.45 Mev it was necessary to obtain the total cross 
section by graphical integration. The solid curves in 
Fig. 3 represent the least-squares fitted angular distri- 
butions, calculated from the coefficients listed in 
Table I. The broken curves represent the high-energy 
distributions which could not be described by the cos’é 
expansion and are the curves used to obtain the total 
cross section by integration. The dotted curves are 
theoretical curves based on the interference between 
two levels with J=3/2+ and J=5/2- and are discussed 
in the next section. Also shown in Fig. 4 are the low- 
energy data of Sawyer and Phillips’; these data are 
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Fic. 4. Total cross section for the Li®(p,«) He? reaction. The low- 
energy Los Alamos measurements are due to Sawyer and Phillips 
(reference 9). The dashed curve is an extrapolation through the 
energy region in which total cross-section measurements are not 
available. The dot-dash curve is the background assumed in 
order to analyze the 1.8-Mev resonance. 


accurate to about 15°%. The broken curve between the 
results of these authors and the present work represents 
a reasonable extrapolation through the energy region 
for which no total cross-section measurements are 
available. The dot-dash curve in Fig. 4 represents the 
background under the resonance which was assumed in 
order to analyze the resonance portion of the total 
cross section. 

The absolute cross sections which have been measured 
here are about a factor of 3 higher than those obtained 
by Bashkin and Richards’; however, the present results 
extrapolate well to the accurate low-energy measure- 
ments of Sawyer and Phillips’ whereas a cross section 
3 times smaller would be in definite disagreement. The 


9G. S. Sawyer and J. A. Phillips, Los Alamos Scientific Labora- 
tory Report No. 1578, 1953 (unpublished). 
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J =5/2- level formed 
by p-wave protons. 
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old (1938-39) measurements of Rumbaugh, Roberts, 
and Hafstad” and of Bowersox"! also indicated smaller 
cross sections, but the values of Burcham and Freeman” 
are in fair agreement with the present results. 


DISCUSSION 


The total cross section of the Li®(p,v)He* reaction 
shown in Fig. 4 indicates a broad, low-energy peak and 
a pronounced resonance: near 1.85 Mev. When a 
smoothly varying background (indicated by the dot- 
dash curve in Fig. 4) is subtracted from the total cross 
section, the resonance portion may be analyzed by 
fitting a single-level resonance formula” to the data. 

The scattering of neutrons from Li® has established? 
the existence of a J=5/2- state near 7.7 Mev in Li’ 
which is formed by ms wave neutrons. It is therefore 
reasonable (and in agreement with the conclusion of 
Bashkin and Richards*) that the pronounced resonance 
observed in the Li®(p,v)He* reaction corresponds to a 
p-wave, J=5/2- state in Be’. The analysis of the 
present data has been made under this assumption. 
When the energy variation of the quantities Ip, Ta, Ay», 
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Fic. 6. Interpretation of the Li®(”,«)H® cross section in terms 
of a smoothly varying background (dot-dash curve) and a single 
J=5/2- level formed by p-wave neutrons. The experimental 
points are due to Blair and Holland (reference 1). The solid curve 
was calculated from the single-level resonance formula with the 
parameters listed in Table II. 


1 Rumbaugh, Roberts, and Hafstad, Phys. Rev. 54, 657 (1938). 

1 R. B. Bowersox, Phys. Rev. 55, 323 (19 1939). 

1% W. E. Burcham and J. M. Freeman, Phil. Mag. 41, 921 
(1950). 

FE. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947); 
R. G. Thomas, Phys. Rev. 81, 148 (1951), 
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Fic. 7. Angular distribu- 
tion of the a particles from 
the Li®(p,a)He® reaction at 
E,=2.91 Mev. The points 
for cos#<0O were inferred 
from the He’ yield at 
the corresponding forward 
angle. 
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and A) are taken into account, the total cross section 
above background in the range 1.2< E,< 2.9 Mev can 
be adequately described by the single-level resonance 
formula with the parameters E,=2.20 Mev, y,?=0.42 
X 10-” Mev-cm, y.2=0.079X 10-” Mev-cm, and A, (Ep) 
=—0.57 Mev. The calculated curve and the experi- 
mental points (total cross section minus background) 
are shown in Fig. 5. Several sets of parameters were 
tried and the above values gave the most satisfactory 
fit. A change in the background of 5% would introduce 
changes in the resonance parameters of less than half 
this amount. 

The mirror reaction Li*®(n,«)H*® has been studied by 
Blair and Holland! and analyzed by the Oak Ridge 
group.’ The latter investigators used radii of inter- 
action appreciably smaller than those used above in 
the analysis of the Li®(p,2)He*® reaction and conse- 
quently their parameters cannot be compared directly 
with the present results. Therefore, the analysis of 
Blair and Holland’s data was undertaken using the 
same channel radii as for the Li®(p,a)He’ reaction. The 
experimental points are shown in Fig. 6; the dot-dash 
curve is the assumed nonresonant background. The 
solid curve is that obtained from the sing}e-level formula 
with the parameters E,=0.43 Mev, 7,?=0.46X10-" 
Mev-cm, y.?=0.014X10-" Mev-cm, and A,(Ep) 
=—0.23 Mev. The value of I,,(Zr)(=0.114 Mev) 
was chosen to be the same as that deduced from the 
analysis? of the neutron total cross section of Li®. The 
values of 7,” and 7,” that were obtained agree with 
those determined by Johnson et al.,? when the effect of 
the different radii is taken into account." 

The resonance parameters obtained from the analysis 
of the mirror reactions Li®(n,a)H* and Li®(p,a)He’ are 
compared in Table ITI. The close agreement between the 


“4 The ratio of the reduced widths y,?/y_?, stated to be ~ 10 in 
reference 2, should have read 7x2/7ya?=30 [C. H. Johnson (private 
communication) ]. This latter value is then in agreement with the 
present result for this ratio (yx2/yq?=33). 
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TaBLE II. Comparison of resonance parameters for the 
Li®(n,a)H® and Li®(p,v)He® reactions. a,= R(Li®+m) = R(Li§+ )) 
=4,08X10-" cm. ay=R(H?+a) =R(He®+a) =4.39X10-8 cm. 
All quantities refer to the center-of-mass system. 








Li®(n,a)H? 


E,=0.43 Mev 

Li™ = Li6+n—Li?+£) 
=7.68 Mev 

A) (Er) = —0.23 Mev 

I’, (Er) =0.114 Mev 

yn? =0.46X 10-2 Mev-cm 

On? = Yn X (2ua,/3h*) =0.26 

T'a(Er) =0.064 Mev 

Yo? =0.014X 10-* Mev-cm 

0a? =a? X (Quads /3h*?) =0.0085 

(Er) =0.18 Mev 


Li*(p,a) He? 


E)=2.20 Mev 
Be™* =Li®+ p—Be?+£) 
=7.80 Mev 
A) (Er) = —0.57 Mev 
T',(Er) =0.67 Mev 
y,?=0.42X 10—-? Mev-cm 
0,2=7,?X (2ua./3h*?) =0.24 
T'a(Er) =0.05 Mev 
Ya2=0.079X 10-2 Mev-cm 
Ba? =a X (2uae/3h*) =0.048 
T' (Er) =0.72 Mev 











reduced neutron and proton widths for the two levels 
leaves little doubt that these are mirror J=5/2- states 
formed by p-wave particles. The fact that the reduced 
a-particle widths differ by a factor of 6 probably does 
not contradict this conclusion, since similar differences 
are known‘ for other mirror levels. The reason for this 
difference is not fully understood. 

A broad maximum in the Li'(p,a)He® total cross 
section (Fig. 4) is apparent near 1 Mev. In the energy 
region between this peak and the p-wave resonance the 
angular distributions contain large cos# terms indicating 
interference between states of opposite parity. Lane‘ 
has suggested that the energy region near 6-7 Mev in 
Li’ and Be’ should contain two broad s states with 
J values of 1/2+ and 3/2+. Since the J=5/2- state is 
formed with channel spin 3/2, only the s state with 
J=3/2+ can interfere coherently with the J=5/2- 
state to produce the cos#@ terms. Therefore it seemed 
probable that the 1-Mev peak was due to a J=3/2+ 
state and a theoretical calculation of the angular distri- 
butions expected from a J=5/2- state at Ep=1.85 Mev 
interfering with a J=3/2* state at 1.0 Mev was under- 
taken. This calculation utilized the resonance param- 
eters of the 5/2- state determined from the total cross- 
section analysis near 1.85 Mev. For the 3/2* state the 
resonance parameters were determined from a rough fit 
of the low-energy total cross section. The results of this 
analysis, illustrated by the dotted curves of Fig. 3 
indicate that both the magnitude and energy variation 
of the interference terms are qualitatively explained by 
the assumption of the 5/2- and 3/2* levels. 

That the experimental situation is much more com- 
plex than assumed in this analysis is obvious when the 
total Li®(p,~) cross section is studied in greater detail. 
No set of single-level s-wave resonance parameters can 
account for the total cross section with the 1.85-Mev 
resonance contribution removed. Therefore one or more 
additional compound nucleus states exist in this energy 
region, or a direct interaction process'® is taking place. 


18 R. G. Thomas (unpublished). 
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Since the Li®(p,7)Be’ angular distributions of Warren, 
Alexander, and Chadwick!® near 1 Mev indicate the 
presence of a large cos’@ term, the situation can at best 
be only partially helped by the inclusion of the s-wave 
J=1/2* state suggested by Lane.* Thus the theoretical 
situation leaves room for further experimental studies 
in this energy region. A fruitful experimental approach 
would seem to be a study of the elastic scattering of 
protons by Li®. 

At the highest bombarding energies investigated the 


16 Warren, Alexander, and Chadwick, Phys. Rev. 101, 242 
(1956). 
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angular distributions could not be explained in terms of 
s and p waves alone. In order to obtain an angular 
distribution more accurate than the four-point distri- 
butions which were adequate at the lower energies, 
measurements were made at 3 additional angles at 
2.91 Mev. The angular distribution obtained is shown 
in Fig. 7. The form of this curve suggests that either 
angular momenta greater than one are becoming 
effective in the formation of compound nucleus states 
or that some sort of a direct interaction process is taking 
place.!® Measurements at higher bombarding energies 
will be necessary in order to clarify this point. 
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Gamma Radiation from Co*® and Co*® 


C. SHarP Cook anv F. M. Tomnovec 
United States Naval Radiological Defense Laboratory, San Francisco, California 


(Received June 20, 1956) 


The gamma rays following the decay of Co®* and Co have been observed by means of a large NaI (TI) 
crystal scintillation spectrometer. Relative intensities of the Co* gamma radiation are presented as well 
as ratios of orbital electron capture to positron emission for both Co** and Co*. 


INTRODUCTION 


HE availability of large NaI(TI) crystals has 

made possible the measurement of gamma-ray 
spectra from sources too weak to produce statistically 
significant results in other spectrometers. As long as 
very good resolution is not required, measurement of 
the area of the full-energy peak, with appropriate 
corrections, gives a good measure of the gamma-ray 
intensity’ relative to other gamma rays in the same 
spectrum. 

In the current measurements a cylindrically-shaped 
NaI(TI) crystal, four inches high and four inches in 
diameter, and a DuMont type-6364 photomultiplier 
tube were used to observe the gamma radiation. The 
resulting pulse-height distribution was recorded on a 
Bell-Kelly type 20-channel analyzer, operated so that 
the spectrum covered a total of 100 channels. 


The sources were placed exterior to a lead housing’ 


surrounding the crystal-photomultiplier system and 
observed by the crystal through a collimating aperture 
+ inch in diameter and 8 inches long. 


COBALT-56 
Source Preparation 


Two different sources of Co*® were used for this 
experiment. One was prepared in the University of 
Washington cyclotron by the Fe**(p,n)Co*® reaction 
on a stainless steel foil used by the Seattle group as 


a R. S. Foote and H. W. Koch, Rev. Sci. Instr. 25, 736 (1954). 
2G. M. Griffiths, Can. J. Phys. 33, 209 (1955). 


exit window for their cyclotron.’ The other was pre- 
pared by the same reaction in the University of Cali- 
fornia 60-in. cyclotron.‘ 

The sources were encapsulated in the end of either a 
glass or brass container in a space adequately small so 
that they could be considered point sources. The brass 
capsule was made especially for this purpose with walls 
just thick enough to stop all positrons. Thus, the full- 
energy peak from the annihilation radiation may be 
used to determine positron intensity. 


Analysis of Data 


The pulse-height distribution from one of the Co*® 
sources is shown in the lower histogram of Fig. 1. It is 
a spectrum typical of either source. The upper distri- 
bution is the statistical error for this particular set of 
data. Analysis of relative intensities has been made by 
a series of successive subtractions of normalized spectral 
shapes, as indicated in Fig. 2, these shapes having been 
determined experimentally for a series of monoenergetic 
gamma rays from Cs’, Nb®, Zn®, K®, and Na™. For 
the lower energy radiations, a high-gain set of data 
(Fig. 3) was obtained and analyzed in the same manner. 
This distribution was used to determine the relative 


3 This source was obtained from Dr. D. J. Farmer, who had the 
required chemistry performed to extract the cobalt fraction. 

‘ This source was obtained from Dr. C. D. Jeffries, who initially 
prepared the source for studies of the paramagnetic resonance 
fine structure of Co®*; see Jones, Dobrowski, and Jeffries, Phys. 
Rev. 102, 738 (1956). 
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amounts of orbital electron capture and positron 
emission in Co. 

To determine gamma-ray intensity, the area of the 
full-energy peak was measured. Three corrections were 
then applied. The first was the peak-efficiency correc- 
tion, determined experimentally as a function of energy 
for the particular NaI(T1) crystal used in this experi- 
ment. With the use of this correction, the total number 
of gamma rays observed by the crystal may be deter- 
mined from the number seen as part of the full-energy 
peak. The second correction was a calculation to correct 
for those gamma rays which pass through the crystal 
without undergoing a Compton, photoelectron, or pair- 
production interaction, sometimes called the (1—e~**) 
correction. The third is a calculation, which has been 
checked experimentally, which corrects for the greater 
porosity of the collimator for higher energy gamma rays 
caused by gamma-ray transmission through the colli- 
mator edges. This correction becomes less pronounced 
the farther the source is placed above the collimator. 


Results 


The relative intensities of the gamma rays following 
the decay of Co are given in Table I. The same 
gamma rays, in essentially the same ratios, were ob- 
served in both sources. The errors include, in addition 
to the expected statistical error, an error derived from 
the consistency of results from different sets of data 
from the two sources. 

The 0.975-Mev radiation is observed (see Fig. 3) 
only as a widening of the full-energy peak of the 1.02- 
Mev radiation. For this reason there is considerable 
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Fic. 2. Series of histograms showing unfolding of data by 
successive subtractions of pulse-height distributions for mono- 
energetic gamma rays. 


uncertainty in both its energy and its intensity. The 
1.35-Mev gamma ray reported by Howard ef al.*® 
appears as a high-energy tail on the 1.22-Mev radiation. 
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Fic. 1. A typical pulse-height distribution from one of the Co® 
sources (lower histogram). Statistical errors for this particular 
set of data (upper histogram) are typical of other such data. 


5’ Howard, Pond, and Jastram reported by K. Way et al. in 
Nuclear Level Schemes, A=40—A =92, Atomic Energy Commis- 
sion Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955), p. 55. Reference to other work on both 
Co* and Co® may be found in Nuclear Level Schemes. 

°K. P. Howard and C. R. Dulgeroff (private communication) . 





GAMMA RADIATION FROM Co*® AND Co! 


Any 1.5-Mev radiation is not obvious and, if it exists, 
appears to have an intensity less than one percent that 
of the 0.845-Mev radiation. At the lower energies, after 
several subtractions have been made, relatively large 
statistical errors would be associated with results quoted 
for any low-intensity radiations. 

The 1.73-Mev line is of the proper width to be a 
single line. If two gamma rays exist near this energy,*® 
they are so close that they do not produce any widening 
of the full-energy peak. 

The counts observed just above Channel 60 in Fig. 2 
may be contributed by a 2.17-Mev radiation,’ but at 
least some of these counts are probably caused by the 
second escape peak from pair production of the 3.25- 
Mev radiation. 

The intensity of the annihilation radiation is such 
that the relative amount of orbital electron capture to 
positron emission is 4.3-40.2, assuming that all Co*® 
disintegrations pass through the 0.845-Mev level. This 
agrees well with the value obtained by Sakai et al.’ 
from a comparison of the positron spectral intensity 
with the internal conversion of the 0.845-Mev radiation. 
If the 3.47-Mev gamma ray is a transition from Sakai’s 
3.44-Mev level to the ground state of Fe*® as suggested 
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Fic. 3. Low-energy pulse-height distribution from Co®, showing 
successive spectral unfolding subtractions. Diagonally shaded 
area in upper histogram is Compton distribution from all higher 
energy gamma radiation. 


7Sakai, Dick, Anderson, and Kurbatov, Phys. Rev. 95, 101 
(1954). 


TABLE I. Relative intensities of the gamma rays 
following the decay of Co. 








ts ’ Possible transition in 
Gamma-ray Relative energy level scheme* 


energy 


intensity 


(Mev) 





0.845 
0.975 
1.025 
1.22 
1.35 
1.76 
2.02 
2.56 
2.98 
3.25 
3.4 


1.000 

0.018+0.012 
0.1580.016 
0.703+0.017 
0.057+0.016 
0.169+0.008 
0.1150.003 
0.156-+0.008 
0.019+0.005 
0.116+0.003 
0.011+0.001 


0.8450 

4.10 3.14 
3.14 —2.09 
2.09 — 0.845 
3.44 —2.09 
3.84 —2.09 
4.10 —2.09 
3.44 0.845 
3.84 — 0.845 
4.10 —0.845 
3.44 —0 








® Based upon the energy level scheme proposed by Sakai (reference 8) 
and Poppema ef al. (reference 10). 


in Table I, the value of ¢/@* will be changed only 
slightly because of the low intensity of the 3.47-Mev 
transition. 


Conclusions 


The relative intensities of gamma radiations following 
the decay of Co*® have been determined by means of a 
large Nal(TI) crystal scintillation spectrometer. There 
still appears to be some disagreement®”® as to the 
number and energies of the positron transitions from 
Co”. 

The gamma radiation observed in the present experi- 
ment can be relatively easily fitted into the level 
schemes proposed by Sakai® and by Poppema ef al.'° 
The appropriate transitions are listed in Table I. 

Within the limits of error, the four gamma rays of 
energy 1.22, 2.56, 2.98, and 3.25 Mev account for all 
transitions to the 0.845-Mev level. 

That there is very little, if any, 2.30-Mev radiation 
between the 3.14-Mev level and the 0.845-Mev level 
makes the assignment” of 3+ to the 3.14-Mev level 
somewhat in doubt. An assignment of 5+ would appear 
more appropriate. Otherwise the assignments of spins 
and parities by Poppema et al.’ appear consistent with 
these data. 


COBALT-58 
Source Preparation 


The Co® source was obtained from Oak Ridge, having 
been prepared by a Ni*8(n,p)Co**® reaction." Also 
present was some Co® from the Ni®(n,p)Co® reaction. 
The Co® radiation, however, was present only in small 
quantities and was concentrated in the two gamma-ray 
lines at 1.17 and 1.33 Mev. 


8 M. Sakai, J. Phys. Soc. Japan 10, 729 (1955). 

9 Kurbatov, Sathoff, Hisatake, and Sakai, Bull. Am. Phys. Soc. 
Ser. II, 1, 163 (1956). 

1 Poppema, Siekman, Van Wageningen, and Tolhoek, Physica 
21, 223 (1955). 

1! This source was also supplied by Dr. C. D. Jeffries, who used 
it for studies of the paramagnetic resonance fine structure of Co®*, 
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Fic. 4. Pulse-height distribution from Co** showing the 
0.805-Mev peak and annihilation radiation peak. 


Results and Discussion 


The pulse-height distribution and analysis for the 
0.805-Mev radiation and annihilation radiation are 
shown in Fig. 4. On the basis of this analysis, a value 
of 5.9+0.2 is obtained for the ratio of orbital electron 
capture to positron emission. This is in excellent 
agreement with the earlier experimentally determined 
¢/B* ratio.” 

The 1.67-Mev radiation, with an intensity 0.005 
that of the 0.805-Mev radiation, is confirmed." That 
its energy is 1.67 Mev is indicated in Fig. 5, where its 
full-energy peak is superimposed over a La™ pulse- 

2 Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 

3B. L. Robinson and R. W. Fink, Bull. Am. Phys. Soc. Ser. 
II, 1, 40 (1956). 

44 Rossi, Frauenfelder, Levine, and Singer, Bull. Am. Phys. Soc. 
Ser. I, 1, 163 (1956). 
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Fic. 5. The Co** high-energy peak is superposed over the La!” 
1.60-Mev full-energy peak. From this it is determined that the 
high-energy Co®* gamma ray has an energy of 1.67 Mev. 


height distribution in the vicinity of the La™ 1.60-Mev 
full-energy peak. Thus, the transition between the 
1.67 Mev level in Fe®* and the 0.805-Mev level should 
take place through a 0.865-Mev gamma ray. The center 
of this peak should thus appear in Channel 95 of Fig. 4. 
Under these circumstances it would appear that, if 
present, the intensity of an 0.865-Mev gamma ray is 
less than 2% that of the 0.805-Mev gamma ray. This, 
too, is in agreement with the findings of Rossi et al.' 

The assistance of Mr. R. A. Taylor and Mr. P. L. 
Phelps with the electronics has contributed greatly to 
the success of this series of experiments. 
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Angular Momentum Coupling and the Internucleon Interaction in the Calcium Isotopes* 


J. B. Frencu, University of Rochester, Rochester, New York 
AND 


B. J. Raz, University of Rochester, Rochester, New York, and Argonne National Laboratory, Lemont, Illinois 
(Received July 2, 1956) 


A partial analysis is made of the results of the Massachusetts Institute of Technology Van de Graaff group 
on (d,p) reactions leading to the levels of Ca, Ca“, and Ca**. The results demonstrate that the coupling 
scheme is rather close to the jj limit; more precisely they give small values for the amplitudes of certain 
minor components of the wave functions for low-lying odd-parity states (e.g., the (/7/2)"o p32 component of 
the lowest J = 3/27 level in Ca’). The amplitudes determined in this way are used to deduce some features of 
the effective internucleon interaction. It turns out that the (d,p) amplitudes for the low-lying ‘“multi- 
particle” states are essentially proportional to a matrix element which vanishes identically for any spin- 
dependent nucleon-nucleon interaction (of either @,-@2, tensor or vector type) and thus we obtain directly 
an approximate range vs depth relationship for the spin-independent interaction. Finally, an approximate 
spin-dependent central interaction is determined by considering the level structures. A fairly satisfactory 
interaction between identical nucleons is found to be Hi,x~—3[3—@1-@2] exp(—r?/ro?) Mev with ro~2.7 
10-8 cm. The general features of the results are similar to those of Levinson and Ford, who consider level 
structures and magnetic moments, but the exchange nature of the interaction is different. 





SSRN Sat nlc MS al cana ina 


I. INTRODUCTION 


URING the past few years several authors' have 
stressed the fact that deuteron pickup or stripping 
reactions may be used to give information about the 
structure of nuclei and in particular about the angular 
momentum coupling scheme. Interest has mainly cen- 
tered on the information which may be derived by 
considering relative cross sections to different levels of 
the same final nucleus and in the nuclear 1 shell, in 
particular, there has been a considerable amount of 
detailed analysis. 

In most cases which have been examined to date, the 
use of deuteron cross sections has simply supplied ex- 
perimental data which then are compared with the 
values predicted by using definite configurations and 
internucleon interactions. Some time ago the present 
authors? pointed out that in certain cases measurement 
of relative deuteron cross sections would give immediate 
information concerning the coupling scheme. The es- 
sential point here was that, in any stripping or pickup 
reaction beginning with a spin zero target, the trans- 
ferred nucleon has a definite / and a definite 7 value. 
This immediately suggests that such cases will be most 
simply described if we use a jj-coupling representation 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1 F, L. Friedman and W. Tobocman, Phys. Rev. 92, 93 (1953); 
R. G. Thomas, Phys. Rev. 91, 453(A) (1953); R. Huby, Progr. 
Nuclear Phys. 3, 177 (1953); Fujimoto, Kikuchi, and Yoshida, 
Progr. Theoret. Phys. (Japan) 11, 264 (1954); A. M. Lane, Proc. 
Phys. Soc. (London) A66, 977 (1953); T. Auerbach and J. B. 
French, Phys. Rev. 98, 1276 (1955); J. E. Bowcock, Proc. Phys. 
Soc. (London) A67, 981 (1954); W. Tobocman and M. H. Kalos, 
Phys. Rev. 97, 132 (1955); P. M. Endt and C. M. Braams, 
Physica 21, 839 (1955); and W. Tobocman, Phys. Rev. 102, 588 
(1956); see also H. A. Bethe and S. T. Butler, Phys. Rev. 85, 
1045 (1952); S. Okai and M. Sano, Progr. Theoret. Phys. (Japan) 
14, 399 (1955) and 15, 203 (1956). The basic theory of the strip- 
ping reaction is due to S. T. Butler, Proc. Roy. Soc. (London) 
A208, 559 (1951). 

2 J. B. French and B. J. Raz, Phys. Rev. 98, 1523 (1955). 


(including, of course, mixed jj configurations); but 
more important is the fact that, if the wave functions 
are reasonably well described by pure jj coupling, then 
the measurement of relative cross sections will supply a 
quantitative measure of the departures from this 
scheme. 

The original note? concerned itself with relative 
deuteron cross sections for reactions with the same / 
value, since then the “barrier” effects are the same 
except for small, more or less calculable, corrections. It 
will become apparent that this restriction can be largely 
removed provided that measurements of relative cross 
sections in a nearby “closed shell plus one” nucleus are 
available, for with the use of these results we are en- 
abled to make meaningful comparisons of cross sections 
with different / values. In this way, the applicability of 
the procedure is very greatly extended. 

In the present paper we concern ourselves specifically 
with angular momentum coupling in the isotopes of 
calcium and make a partial analysis of a very excellent 
set of (d,p) measurements made by the M.I.T. Van de 
Graaff group.’ It will become clear that such measure- 
ments can be considered in two stages: first, making use 
only of the concept of angular momentum coupling 
along with a simple picture of the stripping process, 
we can find a measure of certain amplitudes in the 
nuclear wave functions involved; the second stage con- 
sists of taking these amplitudes as given quantities and, 
by the conventional techniques of nuclear spectroscopy, 
determining a configuration and an internucleon inter- 
action which will be consistent with these and other 
available data. In the present case there is fortunately 
much information available concerning the level 
schemes. 

Finally, we should say that the spectroscopy of the 


‘ Bockelman, Braams, Browne, Buechner, Cobb, Guthe, and 
Sperduto; this work is as yet almost entirely unpublished. 


1411 





.. ak 























+-—__—_ 


























". o* 








Ld 


Ca*5 


Co*° Co*! Ca*? Ca 43 Ca** 


Fic. 1. The low-lying levels of the lighter calcium isotopes.*:* 


calcium isotopes has been recently considered by 
Levinson and Ford,‘ who focus their attention on level 
structures and magnetic moments but do not consider 
the deuteron reactions. Their conclusions are similar to, 
but by no means identical with, those of the present 
paper and we shall briefly discuss the differences. 


Il. EXPERIMENTAL RESULTS AND QUALITATIVE 
CONSIDERATIONS 


To begin with, we remind the reader that one expects 
20Ca® to be represented by the closed shells 1s, 1p, 1d, 2s. 
Then in pure jj coupling the calcium isotopes are de- 
scribed in terms of the configuration (f7/2)" of identical 
nucleons. This then is expected to be perhaps the 
simplest region from the standpoint of the nuclear shell 
model, for the f7/2 single particle level is well isolated. 
The other single-particle levels which one might expect 
to be important for the low states of the calcium isotopes 
are fsy2, Psj2, Pry2, and go/2. 

The available pertinent information concerning the 
levels of Ca“-Ca® is displayed in Fig. 1. In Ca* we 
observe the single particle f7/2, ps2, and p12 but note 
that the fs2 and go/2 levels are not identified. It is, in 
fact, unfortunate for our analysis that the f doublet 
splitting is not accurately known. In Ca® a level at 
0.82 Mev has been reported, but there now seems con- 
siderable evidence that this level does not exist® and 
we shall make this assumption. 

Table I gives, among other things, the / values and 
the relative peak cross sections® for the lower levels of 


4C. Levinson and K. W. Ford, Phys. Rev. 100, 13 (1955). 

5 For experimental information see Way, King, McGinnis, and 
Van Lieshout, U. S. Atomi¢ Energy Commission Report T.I.D.- 
5300, 1955 (unpublished); also P. M. Endt and J. C. Kluyver, 
Revs. Modern Phys. 26, 95 (1954). 

®In principle the cross sections should be corrected for the 
purely kinematic factors in the stripping theory. We have verified 
that these corrections, as calculated by Butler’s equations, are 
quite small, as we would expect since the outgoing protons are 
quite energetic (the ground state Q values are about 6 Mev); 
we therefore ignore them. Concerning the over-all accuracy of the 
relative reduced widths, S, we would feel that, if we ignore 
possible errors in the Butler theory itself, they should, in most 
cases, be correct to +20% though often, for arithmetical con- 
sistency, we quote values with greater precision. 


FRENCH AND B. J. 


RAZ 


Ca"*-4° as given by the M.I.T. group*® for deuteron 
energy Eg=7 Mev. The Ca“(d,p)Ca“ experiment has 
been done for Eaz=8 Mev with less resolution but with 
a measurement of the absolute cross sections by Holt 
znd Marsham.’ The two sets of results are in satisfac- 
tory agreement. For the 0.99-Mev level of Ca* the / 
value is ambiguous. However, it will turn out that the 
analysis will favor /=2 for this level. In addition, the 
angular distribution is identical with that of the 2.014- 
Mev level in Ca* which we also tentatively regard as 
having positive parity. The Ca®(d,p) cross sections are 
known relative to the Ca“(d,p) (as given in Table I) 
but the Ca“(d,p) are not known, and therefore, we list 
xo for Ca“(d,p) with x experimentally undetermined. 
The angular distributions for the weak first excited 
states of Ca® and Ca are more or less isotropic and 
presumably mainly result from compound-nucleus for- 
mation. Among the higher levels observed by the 
M.L.T. group there are many isotropic levels, and the 
cross sections for these levels are all about equal. 

The fact that no stripping is observed to the first 
excited states (5/2-) of Ca® and Ca** means that these 
levels have only a small component which may be 
described by the coupling of an fs/2 particle to the 
ground states of Ca and Ca“. This strongly suggests 
that we are rather close to pure j7 coupling for the low 
levels of Ca® and Ca*®. We proceed then on this basis 
and assume the same for the other isotopes too. 

These, in fact, are two of the cases discussed earlier 
by the present authors.? Unfortunately, in each case, 
the presence of the compound-nucleus contribution 
obscures any stripping which may exist so that we can 
give only an upper limit to the (f7/2)"o fsy2 component 
of the excited-state wave functions. We recall that the 
primary reason why one normally restricts oneself to 
comparisons of stripping cross sections with the same / 
value is that there exists no satisfactory procedure for 
calculating the relative “single-particle” cross sections 
for different / values. However, the Ca“(d,p) results of 
Table I give the relative /= 1, 3 cross sections and since 
Ca® is a closed-shell nucleus, these should give a quite 
satisfactory measure of the basic cross sections. This 
calibration then enables us to consider the /=1 re- 
actions in the higher isotopes, and in particular, we 
can decide that the 0.59-Mev level in Ca* is predomi- 
nantly (f7/2)* but has a 4% (probability) admixture of 
(fr/2)0 ps2. The reader should note that this small ad- 
mixture is easily measurable though a similar admix- 
ture of (f7/2)"o fxy2 in an (fz/2)* wave function is not, 
because the /=1 single-particle cross section is larger 
by an order of magnitude than that for /=3. 

The conclusion that we are close to jj coupling 
enables us (as in Sec. III) to calculate approximately, 
with no assumptions about nuclear forces, the relative 
ground state reactions, and we find o(Ca“):0(Ca*): 


7J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 
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a(Ca**)=4/3:1:2/3. o(Ca"):0(Ca®) is given experi- 
mentally as 1.310%. The relative o(Ca*) is unknown. 

Finally, we point out that the smallness of the mixed 
amplitudes suggests that there are higher levels in 
Ca® and Ca*® which have predominantly a “single 
particle” character—i.e., they are mainly (f7/2)"o fsy2 
or (f7/2)"0 ps2, etc. These would be identifiable by their 
strong (d,p) reactions; the 2.05-Mev level in Ca* and 
the 1.89-Mev level in Ca*® both have /=1 cross sections 
with a magnitude about equal to the single particle 
ps2 cross section. They may therefore be safely identi- 
fied as 3/2-, described primarily by the (f7/2)"o ps2 
(n= 2, 4) configuration. 

Before continuing with the analysis, we emphasize 
the fact that in Ca®(d,p) no /=3 excited-state reaction 
with cross section comparable to the ground state (as 
we would expect for the single-particle fs/2 level) has 
been observed up to 5.7 Mev either by the M.LT. 
group’ or by Holt and Marsham.’ This fact is of direct 
concern for our analysis*; we see three possible explana- 
tions for it. (1) The splitting may be larger than 5.7 
Mev; our subsequent analysis of the spectroscopy 
assumes both 2 and 4 Mev for this splitting, but in 
fact would be little changed by a higher value; there is 
also the fact that we need not assume that the “effective 
splitting” in Ca is identical with that in Ca‘. (2) The 
single-particle fs;2 level may not exist ; this would imply 
that the configurations involving core excitation (pro- 
motion of some of the first 40 nucleons to higher orbits) 
interact strongly with this single-particle configuration. 
This type of effect could perhaps be important for 
states of relatively high excitation. On the other hand, 
the single-particle 3/2 level shows up in all three odd 
isotopes. (3) The 2.01-Mev level in Ca*! may have /=3 


and be the single-particle level, but for some reason the - 


single-particle fs;2 Butler cross section is smaller by an 
order of magnitude than the f72 cross section. This 
would be seriously disturbing to our analysis, implying, 
as it does, that our understanding of the Butler mecha- 
nism is at fault. 

It is not easy to settle which, if any, of these explana- 
tions is near to the truth. A definite determination of 
the parity of the 2.01-Mev level in Ca (and the 0.99- 
Mev level in Ca“) would be very helpful. On the opti- 


8 The elusive nature of the single-particle fs;2 level has been 
noted also by R. H. Nussbaum (to be published). 

* There is also the possibility (suggested by W. Tobocman in a 
private communication to C. Levinson) that distortion effects as 
considered by Tobocman and Kalos' could lead to such differences 
between the two /=3 cross sections. Recently the single-particle 
fsj2 level itself has almost certainly been seen by A. J. Elwyn and 
F. B. Shull in Cr®(d,p) [Bull. Am. Phys. Soc. Ser. II, 1, 281 
(1956)]. The cross-section magnitude results (private communica- 
tion from A. J. Elwyn) are completely consistent with the assump- 
tion that the f7/2, fs/2 single-particle widths are identical. We have 
also been informed by R. Hayward that there is now no valid 
evidence for a negative-parity level in Ca“ near 1.0 Mev. We 
may thus safely regard the 0.99-Mev level as +. Indirectly then 
this favors a + assignment for the 2.01-Mev level in Ca*! [which 
has an identical (d,p) angular distribution]. The difficulty about 
the relative reduced widths for f7/2, fj2 would then disappear. 
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TABLE I. This table gives the M.I.T. results.* We list, in an 
arbitrary unit, cross sections at the peak of the stripping curve 
(the experimental error is less than +10%). The Ca”(d,p) results 
are used to determine the relative single-particle cross sections ¢; 
which we renormalize to ¢;=1. The Ca®(d,p) and Ca*(d,p) re- 
sults are used to determine the factor S which measures the co- 
operative effect of the nucleons involved (for a “single-particle 
level” S=1; for a (7)"s~; level S is of order of magnitude unity; 
for any other “multiparticle level” S<1). S is then used to calcu- 
late the probability amplitudes | K|*. 





Ca‘? (d,p)Catl 
E (Mev) i 


omax (0) Notes 
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<0.03 d 

0.047 
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Cat(d,p)Cass 
E XoOmax (9) S | K((7/2)4 7]!? Notes 

0 #r3 1 0.50 ~1.0 ij 

0.18 5/27 -:: <0.05 <0.03 <0.03 

143 {1/27 1 195 


0.30 0.30) 

\3/2- 0.15 0.15) 
189 3/2 1 11.3 
1.87 


0.88 0.88 
2.25 1 
1.83 (0=7.5°) 





0.14 0.14) 
0.08 


0.29 0,29) 
2.40 0 0.08 





* Following Holt and Marsham the 1.95-Mev level is identified as the 
single-particle ps/2 level. Their data taken at Ea =8 Mev give ¢1™12. We 
choose the value ¢1 =13 for our analysis. 

» The distribution here could be fitted with / =3. The intensity is too low 
by a factor ~7 for the level to be identified as single particle /s/z. 

¢ Holt and Marsham’ identify this as the 1/2 level; their result gives 
¢1™10, It could turn out (Bockelman”!) that this level cannot be classified 
in this way. However, this point is unimportant for our analysis. One of the 
most curious features of the (d,p) results (not discussed in the text) is the 
occurrence of a third strong /=1 reaction. This appears to be seen in 
Ca‘°(d,p),7 and is quite clearly seen in the Cr®*(d,p) data referred to above.® 
ppb R. H. Nussbaum ef al. [Phys. Rev. 101, 905 (1956) ] for the levels 
of Ni®. 

4 Shows no stripping. 

e The calculated S is 3/4 for pure jj coupling and thus we have con- 
ener in assuming that the ground state probability for (7/2)3 is essen- 
tially 1. 

{For the purpose of deducing S values and amplitudes for the even- 
parity states, we assume $141? =@id142. 

® This distribution also could be fitted with / =3. The intensity is too low 
by a factor ~7 for the level to be identified as the ‘‘single-particle” /s/2 
level, so we choose the even parity assignment of Lindqvist and Mitchell!® 
and exclude this level from our analysis. Note, however, the considerable 
controversy about this level.® 

b This level is a ‘‘single-particle’’ p3;2 level. 

iIt has sometimes been suggested that the ground state has spin 5/2. 
It seems entirely certain from the present analysis that this is not the case. 

i The cross sections in Ca*s are not known relative to the other isotopes. 
The calculated ratio of the ground state reactions in Ca* to Ca‘! is 1:2 in 
pure jj coupling and we assume this value, i.e., we take x =2. Note added 
tn proof.—The Ca‘® cross sections have recently been determined relative 
to Cat! (C. K. Bockelman, private communication). This ratio (i.e., Ca*® 
to Ca‘!) is measured to be 0.39 +0.03, thus leading to a value of 2.5+10% 
for x. 

k The J value is unknown, so we consider both possibilities. 


mistic side is the fact that our quantitative analysis 
mainly involves stripping with f7/2 and p3/2 particles. 


III. ANALYSIS OF THE (d,p) RESULTS 


We begin by deriving expressions which will enable 
us to convert the (d,p) results into statements concern- 
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ing amplitudes. The procedure is identical with that of 
Auerbach and French! except that we use a /j picture. 
Then, considering only the case of all identical nucleons 
(and thus ignoring isotopic spin), we have, for an initial 
nucleus Jo and final J with a single / value, 


(27+1) 
—=a(6)= 


nomen SG {G), 1 
ra (et ani (1) 


where ¢; may be called the intrinsic Butler single- 
particle cross section and S the factor (previously 
called m>_.8,”) which measures the cooperative effect of 
all the nucleons; S is simply the reduced width for the 
reaction in units of the single-particle reduced width. 
We find easily that 


St=nt S (—1)/*t-SK,(n)Kg(n—1) 
a,B,in 
X Wal) |Ya(n—1)Xjn), (2) 


where »=number of nucleons considered in the final 
state; a, 8 are the various possible components of the 
final and initial wave functions (determined, of course, 
by the configurations we elect to consider) and Ka, Kg 
are the corresponding amplitudes; (Wa|~gXjn) is the 
spin and angular overlap integral between y. and the 
state formed by vector-coupling particle number n 
(with angular momentum j,) to ¥s. The symbol X 
signifies vector coupling. 

For the latter quantity there are two cases of interest 
to us: 


(a) The target and final state have only equivalent 
nucleons. Then (Wa|WsXjn)= coefficient of fractional 
parentage=[(2j+2—m)/(2j+1)n]!, where the last 
equality is true for the seniority-one states and” Jo=0 
(the only case we need). 

(b) The target has all equivalent nucleons and the 
final state has one nonequivalent nucleon. Then, pro- 
vided that the angular momenta are compatible, we 
have Wal¥eX jn)= n-, 


We now examine the experimental results using, to 
begin with, the configurations (f7/2)"o for Ca and Ca“, 
and for Ca the configurations (f7/2)°, (f7/2)*o ps2, 
(fr2)*o foy2, and (fsy2)*o fzy2, where the subscript 0 refers 
to the angular momentum of the coupled pair. We 
start with this restricted vector space but (as it is 
always logically necessary) we shall extend it to ex- 
amine the corrections. These will be quite negligible 
for the (d,p) results. We have now two allowed states 
each for J=3/2, 5/2, 7/2 and one for J=9/2, 11/2, 
15/2. 

By applying Eq. (1), we use the Ca“(d,p) results to 
compare ¢; and @3, assuming these reactions to be 
proper single-particle reactions. The /=3 reaction is 
intrinsically weaker than the /=1 by about a factor 13. 

These determinations are now used to give the ex- 


< Schwarts and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 
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perimental S values for the Ca®(d,p) and Ca“(d,p) 
reactions as recorded in Table I and these in turn, by 
Eq. (2), lead to the probability amplitudes of Table I. 
The Ca“(d,p) cross sections are not known relative to 
Ca“(d,p) but we assume (and the entire analysis 
would appear to make this a fair assumption) that the 
ground-state reaction is half as strong as the Ca“(d,p) 
ground-state reaction. In two cases for Ca“(d,p) we 
record two values of S, the J values being unknown. 

All the reactions observed in Ca* and Ca** are weak 
(small S value) except the ground-state reactions, the 
2.05-Mev level in Ca*, and the 1.89-Mev level in Ca*®, 
the last two of which have S~1 and are thereby demon- 
strated to be single-particle levels. Their major com- 
ponents would be (f7/2)o ps2 and (f7/2)*s ps2. It seems 
entirely clear that the Ca* ground-state level has 
J=7/2- and the 0.18-Mev level has J=5/2- (the 
opposite assignment has sometimes been given). As 
was mentioned before, for the 0.99-Mev level in Ca* 
our analysis favors an even-parity assignment. Finally, 
we point out that the relative size of the amplitudes 
demonstrates that in Ca“, the coupling is not as simple 
as in Ca*; this may be due to the increase in the number 
of nucleons or simply to the fact that the energy levels 
are higher. 

Our problem now is, by resort to the standard tech- 
niques of spectroscopy, to determine, if possible, the 
internucleon interaction. For reasons discussed later we 
do not consider, in the present paper, the analysis of 
the Ca* spectrum. We ignore all perturbations of the 
closed shell core and thus disregard the even-parity 
levels of Ca. As is customary, we consider a central 
two-nucleon interaction for identical particles" 


Ay= Hy +H =[B+e(1—B)oy-02 | (112), 3) 
e=+1, O0<6<1. ( 
The spin-orbit dependence is accounted for by a single- 
nucleon term whose parameters are then the p3/2— f7/2 
single-particle difference and the p and f doublet 
splittings. The first two parameters we take from Ca“; 
for the major calculations we take the f doublet split- 
ting as 4 Mev, though we find very similar results for a 
2-Mev value. For J(r) we have used a Gaussian form,” 
since we can then make good use of the results of 
Kurath® for the (/7/2)" configuration, i.e., we have 


J (r)=V exp(—r?/r,?). (4) 


We take a harmonic-oscillator dependence for the radial 
wave function and define \= 10/17; where the exponential 
factor in the wave function is exp(—r?/r;’). 

Ww e now construct the Hamiltonian matrices with the 


4 But note below that the results of this section are quite un- 
changed if we include in 2 both the tensor and vector interaction. 
This will come about because our direct analysis of the (d,p) re- 
sults will separate out the spin-independent central part of H12. 

2 Some results for a Yukawa radial dependence sl don by 
D. C. Choudhury) are given in Appendix IT. 

3D. Kurath, Phys. Rev. 91, 1430 (1953). 
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representation defined above. Diagonalization then 
produces for Ca* wave functions and energy values, 
two each for J= 3/2, 5/2, 7/2 and one for J=9/2, 11/2, 
and 15/2 (we consider Ca® later). We do this for vary- 
ing choices of 8 and V. We make the primary demand of 
the interaction that it predict the correct relative in- 
tensity of the Ca*(d,p) reaction to the 3/27 level at 
0.59 Mev; we place major emphasis on this because it 
appears to us that, since this reaction involves only a 
simple angular momentum coupling, this datum may 
be essentially simpler than, for example, a magnetic 
moment or energy level. 

Let us first see what approximate features of the inter- 
action we can deduce directly from the (d,p) reactions 
without considering the energy-level scheme in detail. 
One point of view here is that the (d,p) reactions roughly 
determine the wave functions so that we encounter a 
Hamiltonian problem with experimentally determined 
solution and eigenvalues (the latter are the energy 
levels). 

Consider the J=3/2 matrix for Ca; we label the 
(fx/2)® state as 1 and the (f7/2)*o ps2 as 2. Then from 
Table I the eigenfunction is (1,+0.22) and we have 


Dn D2 1 1 
OSE GEER ee OPN, 
Die Hoe \40.22 +0.22 


where $22 includes the 32—/7/2 single-particle differ- 


ence; E32") is the position of the J=3/2 “multi- 
particle” level; Z3;2, the other eigenvalue, gives the 
position of the J=3/2 “single-particle” level. Because 
we are rather close to jj coupling we can solve (5) by 
perturbation theory and can believe moreover that the 
results will not be seriously changed when the con- 
figuration is enlarged. We thus have roughly 


| (fry2)®| Hi] (f2/2)o pay2) |0.22[ E;2 — Ese J, (6) 


and we have now made an approximate determination 
of a single matrix element of the internucleon inter- 
action. Moreover, as discussed in Appendix I, spin- 
dependent interactions (of either 61-2, tensor or vector 
types) make no contribution to this matrix element and 
consequently Eq. (6) gives us a measure of the spin- 
independent central interaction Hi. =8J(ri2) of Eq. 
(3). More precisely, Eq. (6) gives, for any given type 
of radial dependence, an approximate depth-range 
relationship for the spin-independent interaction. The 
matrix element in (6) clearly vanishes in the long-range 
limit; it vanishes also in the short-range limit [for in 
this limit J (r12)= — 401-o2J (12), whose matrix elements 
do vanish ]. Taking the experimental energy separation 
to be 1.46 Mev we have, for the Gaussian interaction 
(4) with A=0, 0.16, 0.7, 1, 1.25, respectively, BV (in 
Mev)= ©, 3.910%, 35, 14, 11. 

Precisely the same technique can be applied to the 
Ca“(d,p) results, assuming that the 1.43-Mev level is 
the 3/2- multinucleon level. The essential off-diagonal 
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matrix element here is found, for any interaction, to 
be (2/3)! times the corresponding three-nucleon matrix 
element (see Appendix I). Then the Ca*(d,p) experi- 
ment, assuming the 1.43-Mev level is the multiparticle 
3/2- level, would demand a spin-independent inter- 
action weaker by a factor 1.9 than deduced above. This 
determination however is not trustworthy; for one 
thing, the perturbation technique is less accurate (the 
minor components are larger); more importantly, we 
do not have an experimental determination of the 
Ca“(d,p) normalization (see Table I, note (j)). 

Since the (d,p) reaction cross sections to the 5/2- 
first-excited states of Ca® are not distinguishable from 
the compound-nucleus background we can, from these 
results, give only a rough upper limit to BV for a given 
\. Even this is of doubtful value because of the un- 
known behavior of the fs/2 single-particle level, as dis- 
cussed above, and we therefore do not give numerical 
results. Instead we have verified that for the quite 
satisfactory range, \>0.7, the (d,p) stripping reaction 
to both first excited states will not be observable, in 
agreement with experiment. 

A final point about the (d,p) reaction results is worth 
mentioning. Presumably the small isotropic cross 
sections, for example, with the first excited states of 
Ca* and Ca*®, give a measure of the compound nucleus 
effect. We would expect that this be insensitive to 
small changes of the final-state spin and that we can 
confidently use the same value in separating out the 
compound-nucleus contribution to a reaction which 
shows a good stripping curve. A simple procedure here 
would be to assume an arbitrary phase difference 
between the two amplitudes"; the subtraction tech- 
nique would then replace the measured curve by a 
band in which the stripping curve proper should reside. 
Among the reactions considered here the single-particle 
l=1 cross sections have peak cross sections 300-400 
times the nonstripping cross sections; in these cases in 
particular we should gain valuable information about 
the stripping cross section itself. We are unable to 
carry out this step now because, as yet, large-angle 
cross sections are not available. 


IV. SPECTROSCOPY 


We now undertake a more formal treatment con- 
sidering the level spectrum of Ca®.!® We briefly con- 
sider also Ca® but shall not treat the spectroscopy of 
Ca‘, since beyond the (d,p) results there is scarcely 
sufficient experimental information to justify this at 
present. Since the spin-independent interaction has been 
largely determined above, our essential aim here is to 
fix the spin-dependent part; we therefore calculate the 


14 For a discussion of combined stripping and compound-nucleus 
effects see R. G. Thomas, Phys. Rev. 100, 25 (1955). 

15 The details of the theoretical spectroscopy are contained in 
Appendix I. The numerica! results are contained in J. B. French 
and B. J. Raz, U. S. Atomic Energy Commission Report NYO- 
7460 (unpublished). 





) @. 


FRENCH AND B. J. 


RAZ 


TaBLeE Il. The magnitude V of the effective potential tabulated against the exchange parameters « and #. 
For the range parameter, we have \=1. [See Eqs. (3) and (4). 











e=+1 





B= 
V (Mev)= 








spectrum of Ca as a function of 8, \, and ¢ [Eqs. (3) 
and (4) ]. We impose the primary condition that the 
wave functions produced should properly give the 
(d,p) cross section to the first 3/2- level (and also be 
consistent with the negative result for the first 5/2- 
level and with the large cross section to the second 3/2- 
level). 

We emphasize that potentials satisfying the range- 
depth relationship of Sec. III will give the relative 
cross section in question only if the Hamiltonian 
properly gives the experimental separation of the 
3/2- levels. There is, in fact, no guarantee that such a 
potential combined with the spin-dependent term Hy: 
and the assumed single-particle splittings will produce 
the desired separation and other features of the spec- 
trum. To examine this it is convenient to proceed 
differently ; for given A, €, 8 we calculate from Eq. (5) 
the potential depth V. Because of the sign ambiguity 
in the measured amplitude each parameter set deter- 
mines two values of V, but in each case one of these 
may be eliminated directly (e.g., it may give the lowest 
3/2- state to be the single-particle state). Table II 
shows the values of V thus obtained. Using the chosen 
V, we construct and diagonalize the matrices for each 
J value. The p3/2— 7/2 single-particle splitting we take 
as 1.95 Mev (from Ca“). 

Figure 2 shows the spectrum which results with \=1 
and A;= E(fs2)—E(fr2)=2 Mev. Figure 3 shows for 
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Fic. 2. Thecalculated spectra of Ca* versus the exchange param- 
eters 8, ¢ for a Gaussian potential, where H12.=[8+(1—8)o1-o2_] 











X V exp(—r*/r,?), assuming that the f splitting is 2 Mev and the 


range parameter ) is 1. 


one force mixture (e= — 1, 8=0.83) the variation of the 
level structure with range. A range parameter A-~1 
appears, in this case and in others, to give the most 
satisfactory fit and from now on we use only this value. 
This range is quite long. If we associate a nuclear radius 
(taken as 1.40A!X10-" cm) with the parameter r; by 
the method of Swiatecki,!* we find for \=1, ro=2.7 
X10-" cm. The same procedure applied to the nuclear 
1p shell and assuming as usual!’ L/K=6 would give 
ro~1.5X10-* cm. The analysis of Levinson and Ford! 
also favors a long range, \~ 1.2. This long-range assump- 
tion was first made by Kurath’* in his study of the j*con- 
figurations and for the f7/2 shell his results favor A~ 1.1. 

Figure 4 shows the spectrum which results with A= 1 
and Ay=4 Mev. In this case we have enlarged the con- 
figurations to include (s)2)*o fzy2, (fr2)2 foy2, and 
(fsy2)"2 fava. We exclude g particles because in this 
region of A no information is available about them and 
also p12 particles because they do not affect the results. 
Figure 5 shows a spectrum for Ca* and Table III shows 
the composition, for various interaction parameters, of 
some of the wave functions. 

In the Ca* plots we do not show results for small 6; 
since BVo is essentially constant, a small 8 implies 
large Vo and the energy levels then all become quite 
high. In particular, we exclude the Rosenfeld mixture 
(e=+1, B=0.3). 

The two calculated spectra for Ca® are about the 
same except for the position of the second 5/2- level. 
The levels between 1 and 2 Mev are not experimentally 


Fic. 3. The calcu- 
lated spectra of Ca* 
versus the range pa- 
rameter A, assuming 
that «= —1,8=0.83, 
and the f splitting is 
2 Mev. Ai is the 
same as in Fig. 2. 
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16 W. J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951). 
17 See, for example, D. R. Inglis, Revs. Modern Phys. 25, 390 
1953). 

18D. Kurath, Phys. Rev. 80, 98 (1950). 
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TABLE III. The wave-function composition for the lowest states of Ca*® and Ca. Tabulated against the exchange parameters ¢ and 8 
are the squares of the amplitude of the various components.* The f doublet splitting is 4 Mev and the range parameter A\=1. 











Coboh 


J=0 


Cat? 


+1 
0.8 


€ 
Comp. 





(7/2)%o 


(5/2)%o 


0.066 


0.981 
0.003 
0.001* 
0.015* 


(7/2)s 
(5/2,7/2)e 
(5/2) 





~'% 
Comp.\g 


—1 
0.5 


J =7/2 
—1 
0.8 


+1 
0.8 


a 
Comp.\8 





Ca#® 


J= 


—1 
0.6 


5/2 =3/2 
—1 
0.8 


+1 
0.8 


Se 1 
5 0.8 


Comp.* 


J 
€ - +1 
B 0. 0.8 





(7/2)¥ 112 

(3/2)%o 7/2 
(7/2)"2 5/2 
(5/2)?9 7/2 
(5/2)2 7/2 


“0.909 


0.019 


0.015* 


0.054 
0.004 


0.966 
0.011 
0.010* 
0.011 
0.001 


0.982 
0.003 
0.001* 
0.011* 
0.003 


(7/2512 


(7/2)%o 5/2 
(7/2)%2 5/2 
(5/2)*2 7/2 


0.938 
0.000 


0,023 


0.038* 


0.948 
0.039 
0.009* 
0.004* 


0.955 
0.042 
0.000 
0.003 


0.968 
0.008 
0.011 
0.013* 


0.982 
0.003 
0.008* 
0.006 


(7/2) (0.942 
(7/2)%93/2 0.034 
(7/2). 5/2 0.006 
(5/2)%7/2 0.018 








® The Asterisk indicates a negative amplitude. 


identified (though there is a tentative assignment by 
Lindqvist and Mitchell’ of positive parity) ; the figures 
predict levels J=9/2-, 11/2-, and possibly also 15/2- 
between these limits. Such high-spin levels would show 
no stripping and there is the possibility that the com- 
pound-nucleus contribution would be quite small. A 
preliminary report,’ however, suggests that no extra 
levels show up in the inelastic proton scattering. [ Note 
added in proof.—Recently, Braams (C. M. Braams, 
thesis, Utrecht, 1956 (unpublished)) has reported three 
other levels in Ca* below 2 Mev, at 1.904, 1.932, and 
1.985 Mev. He also reports that the 1.68-Mev level is 
seen very strongly in Ca“(p,p’) and suggests that it 
might be one of the high-spin levels from the con- 
figuration (7/2)*.] The analysis of Levinson and Ford 
also predicts these low-lying high spin levels. The best 
fit to the Ca spectrum seems to be at about e= —1, 
8=0.75 thus giving for the effective interaction be- 


'Sy0 
=I =4 MEV 


4 


Fic 4. The calcu- MEV 
lated spectra of Ca 
versus B,€ assuming 
that the f splitting is 
4 Mev. H12 and ) are 
the same as in Fig. 2. 











19 T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 1535 
(1954), 


tween identical nucleons Gaussian de- 


pendence) 


(assuming 


H,2(r)~— 3[3—o1-@2 | exp(—r?/r?) Mev, (7) 
with ro= 2.7 10-8 cm. 

The agreement with the Ca® spectrum is mediocre. 
It should be remembered however that in this case 
(and in Ca® also) the ground state, in particular, may 
be depressed by the inclusion of zero-coupled pairs from 
higher single-particle levels. Levinson and Ford! in fact 
make use of this by adding in (gg/2)"» pairs assuming a 
quite low go,2 single-particle level. For certain exchange 
mixtures and particularly when the f doublet splitting 
is taken as 2 Mev, the Ca® ground state wave function 
has an appreciable (fs/2)20 component and this may be 
expected to have an effect on the analysis of the 
Ca**(d,p) results.” We have verified that these effects 
are satisfactorily small. 


| ast Af-4MEV 72. 


Fic. 5. The calcu- 
lated spectra of Ca* 
versus B, €, assuming 
the same parameters 
as in Fig. 4. 
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2” We are indebted to Dr. C. Levinson for pointing this out. 
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We add here some final comments concerning the 
comparison of our work with that of Levinson and 
Ford.‘ These authors place primary emphasis on fitting 
the level structures and the Ca® magnetic moment; 
they use a long-range singlet interaction 


Ay(r)~— 1.2[3-— 30; 2 | exp(—r’ re), 


with ro~3.4X10-" cm. Assuming, as we have done, 
that the Butler analysis gives a satisfactory treatment 
for our relative reduced widths, we see that this inter- 
action has a spin-independent part too small by about 
a factor 2 to explain the Ca®(d,p) result for the 0.59- 
Mev level; it would predict a cross section small by a 
factor 4. With respect to the magnetic moment we add 
only that since we ignore states of high seniority 
[e.g., (fzr/2)"« fsv2] which are of little consequence for 
energy levels and (d,p) reactions but important for 
magnetic moments (as shown by Levinson and Ford‘) 
we are unable to make a meaningful calculation. There 
is, of course, no guarantee that, should we include the 
missing states, we would get an agreement with the 
measured moment. 


V. CONCLUSION 


As a result of our analysis it appears that in the 
lower Ca isotopes the angular-momentum coupling 
scheme, at least for the lower levels, may be classed as 
close to jj coupling. The effective nucleon-nucleon 
interaction has a long range and a relatively large spin- 
independent part; the corresponding determination of 
the spin-dependent interaction, in part because of ex- 
perimental ambiguities, has been quite rough. We have 
excluded higher states from consideration, but a cursory 
examination of the available data”! shows that for 
levels above, say, 2 Mev the situation is more compli- 
cated than is describable by our relatively simple 
configurations. 

It appears certain that a great deal of further experi- 
mental work can profitably be done. We may in fact 
distinguish two kinds of experimental projects. The 
first of these would devote itself to a study of the 
stripping process itself with an aim to improving em- 
pirically the technique of extracting relative reduced 
widths from experimental cross sections; uncertainties 
about this perhaps constitute the major weakness of 
the present type of analysis. Of particular value here 
would be measurements of the energy variation of 
stripping cross sections. Of great help too would be 
further calculations of corrections to the Butler theory 
as examined particularly by Tobocman and Kalos.! 
The second experimental project would involve further 


In particular see the Ca®(d,p) experiment by Holt and 
Marsham (reference 7) and by the M.I.T. group. The results have 
been discussed in detail by C. K. Bockelman, Bull. Am. Phys. 
Soc. Ser. II, 1, 223 (1956). It is important too that the magnitudes 
of the reduced widths be very small even for the low-lying single- 
particle levels, as emphasized by Fujimoto et al. [see Proceedings 
of the International Conference on Theoretical Physics, Kyoto and 
Tokyo, September, 1953 (Science Council of Japan, Tokyo, 1954). 
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measurements of the type considered here, preferably 
at the same time measuring absolute cross sections. If 
the nuclei involved in such reactions are susceptible to 
theoretical spectroscopic analysis such measurements 
will be of great value.”* Besides the nuclear p shell this 
applies in particular to the atomic number region 
A=30—55. 
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APPENDIX I. TWO- AND THREE-NUCLEON 
SPECTROSCOPY WITH jj WAVE FUNCTIONS 


Two-nucleon spectroscopy is of course completely 
well known; for three nucleons we may in many cases 
use the coefficient of fractional parentage (c.f.p.) tables 
of Flowers and Edmonds” if all three nucleons are 
equivalent, while otherwise we may proceed by a 
direct application of an antisymmetrizer to a wave 
function for three coupled particles. Despite this, and 
at the risk of belaboring a well-known subject, we give 


227. P. Schiffer, Phys. Rev. 97, 428 (1955) has measured the 
Ca**(d,p)Ca* reaction at 90°. He finds that the cross section to the 
first three levels is roughly 1/50 of the Ca‘°(d,p)Ca* ground state 
reaction at this angle. Unfortunately, Butler theory may not be 
valid at angles away from the first maximum so that our analysis 
cannot be applied to these data. If jj coupling were valid, one 
would expect the following ratios for omax(@) compared to the 
Ca“(d,p)Ca* ground state reaction: 


J= 0 2 4 6 
Omax (0): Ca8(d,p)Ca#y level =| 
Omax (0): Ca®(d,p)Ca" ground state — ee AS SE 


This problem has been discussed also by Endt and Braams.! 

8 A review of possible experiments in this region is given by 
J. B. French and S. P. Pandya, U. S. Atomic Energy Commission 
Report NYO-7671 (unpublished). 

* B. H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952); 
A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952); A. R. Edmonds and B. H. Flowers, Proc. Roy. 
Soc. (London) A215, 120 (1952). 
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a different formulation than one usually encounters. 
It will have the advantage that most of the matrix 
elements which we need will be given in simple explicit 
form. 


Two-Nucleon Spectroscopy 
For two nucleons we divide the central interaction 


into a spin-independent and a singlet part. The general 
matrix element for the first part may be written down 
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at sight, as done by Racah.”® For the second part we 
transform to the LS representation but note that, 
because of the singlet nature of the interaction, the LS 
sum reduces to a single term and the (97) symbols”® of 
the transformation reduce to simple Racah coefficients 
since they have one zero argument. Specifically, for 
matrix elements between states of definite isotopic spin 
T we write the general two-nucleon charge-independent 


central interaction as 





H.=(Ar+}Br(1—B) (ni), (A1) 


where B= }(1+ 1-02) is the spin-exchange operator and Ar, Br are constants. Then, carrying out the steps above, 
we have immediately 


(Ly ji’ sda! ja! | Hel lajrileje)rs=200'( Cj Lj Lie JL je’) (-1)/ 
XK {(— 1)?’ Ar De(dil RCC jose’kW (frjoja' jo! : TRF * (L/L! le) [RO 
$3 (—1) HV HW (Ly jileje: 3D) W (hy ji'le' je! SD) Br Sp DarurDiytorW (1y'le/ Lila: TR) F* (Lyle! :h)} 
+ (—1)?++2-J[{same with 11,j1=l2,j2] (A2) 


(short-range limit) 


ee a LAs Isa je LM(— ayer eeersapy ype 
X{(Arte(hilD) Br)CisosC arses (1) tte Fert Cy yaad Cy aia’ 


+(—1)?+2-J[ same with 11,7:—l2,j2]. (A3) 


Here we have 


LiJ= (2j+1), 
a=} if J, j2 are equivalent, =1/v2 if nonequivalent, 
Dure=Dre= CUI TAL C00!’ 
1 if a+b+c+---=even 


eabe--)=| 
o if a+b+c+---=odd, 
Cabe=Crac=Ccc** if aand bare integers, 


=C;,-,7%¢ if aand dare half integers, 


Poh be shls)= f ridn f redrof Mir’ (ri) Mie’ (re) Ra (ri) Mie(r2) Je (11,72), 
0 0 


where the $f; are the single-particle radial wave functions (the principal quantum number being always under- 
stood) and as usual?® J (ry2)= > .Jx (rire). C*(1)-C*(2) ]. 
In writing the formulas we have used 


Le JIE RC* 039") =(— 1) (IL TDW (1j0'7' : 3) 
= (=I) (GILG Te (UR) Csr, 


(AS) 


and we have finally written the short-range-limit expression using here a relationship between (Cy27)* and 
(C,, 3°27)? as given by de-Shalit.2” The above expressions (modified in the obvious way when we do not use the 
isotopic spin formulation) contain, as special cases, the formulas derived by de-Shalit”’ for his study of the two- 


28 G. Racah, Phys. Rev. 62, 438 (1942). 
26 FE, P. Wigner (unpublished manuscript, 1951). See also U. Fano, National Bureau of Standards Report 1214, 1951 (unpublished). 


27 A. de-Shalit, Phys. Rev. 91, 1479 (1953). 
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nucleon model of odd-odd nuclei and the formulas of Talmi?* for the corresponding model of the even-even nuclei. 
A table of Cj; given by de-Shalit®’ is particularly convenient. 


Three-Nucleon Spectroscopy 


We now give expressions for the central-force matrix elements for three nucleons, omitting however considera- 
tion of states where all three nucleons are inequivalent (this case is simple but of no interest to us). Consider the 
3-nucleon wave function Yr ((j*) 7070j’) which is formed by acting with the operator (1—P1s— P23) on the func- 
tion formed by vector-coupling nucleon No. 3 (j’) to the antisymmetric state VW ro0() of nucleons No. 1, 2, the 
resultant being then normalized without changing its phase. We have then 


Vrs((j?) 70707’ )= NAUWV ros0( 9?) X G4 (3) +a7'(— 1) PR SY (1) 1 (Gj 7’: J) 
TiJi 
XK U(T: TcT1)¥ ri (jj) X4;(3)}, (AO) 


where X signifies vector coupling to resultant T,/J. U is a normalized Racah coefficient and U(T: ToT)) 
=U(33T}: ToTi). The normalization N is given by 


N=3{1—2(—1)# HU (Jj Ij: JoJo)U(T: ToT) nv'b0853"}, (A7) 


and a=aj; [see Eq. (A4) ]. 
The general matrix element is now 


(WL (9?) rosoj JH YL (G2) rose’ fr |) rg =3(NN 1) 6s070°69'11'( 7? | He| j1*) ros0 
— by (—1) HTH (ay) AU (jij ji: Jc TQU(T: ToT) (7?| He| fiji’) r0s0 
—54y'9(— 1) FH TH (a) U (Gj 7’: SS) U(T: ToT 0’) 57’ | He| jx?) 0°30" 
fbyn(aay EUG js JIU GT's JOT) (Ts ToT) U(T: ToT) jj'|Hel jjv')ti1), (AB) 


TiJ1 


where we understand by H, appearing in an m-nucleon matrix element the interaction between all m nucleons. 
For the simple case j# j:, this result, combined with the two-nucleon result [Eq. (A2) ], supplies an explicit 
form for the matrix element. For the more interesting case j= 71, we shall perform the J;7; sum. Clearly for this 
purpose it is advantageous to isolate the J; dependence of the two-nucleon matrix element and for this the method 
used by de-Shalit,?” of working with tensor products of irreducible tensors, is most convenient. 
For this purpose we rewrite the central interaction as 


H.?=[Dr°+Dr'ey-e2]J (112) =D ,Dr"H.", (A9) 
where D7°= A7+3Br, Dr'= —1Br. Then 
(jr'ja'| He| jrja)rs=4oa' {Lilli pose) Le St aatbteacibaidansine nate 
‘k, pis Las 
X [a JDr"DinrDirer[r \(— 1-9 ji 
sar ken 
XW (ji' jo’ jijet In)FR(h Te! : hile) + (—1)7++2-4 [same with L1, jle, jo]. 
We now introduce the “constants” E"(T: ToTo’), G(T: ToT’) defined by 
E"(T: ToT ')=E*(T: T/T) =X U(T: ToT )U(T: To’T1)Dr1", 
1 


G(T: ToT’) =GX(T: THT) =X (—1) ™U(T: ToT) U(T: ToT) D1" 
T1 


= —E*(T: ToT’) +(—1)?*7’((To LT o JLT PD", 
% TJ. Talmi, Phys. Rev. 90, 1001 (1953). 
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and now we have for the last term in the bracket of (A8), which we temporarily label M, 


f 
M=45nC FIO ILA Wo Lo J) (— 1) ator sotd So DueDi' yy’ 2F (Wl: Uy’) 
n,k 


Se oe , j’ 
XinjJE(T: MTU] a ae bj! PW (jJoj Jol: jr)W (j’Jojr' Jo! :J9) 
kn nr 
+ (—1)%otso'tsti S$ Diy eDureF* (Ul: yD [n](—1)"G"(T: ToT 0’) 
nk : 
XLLr hh 
; * 
We record too the values of the quantities 2”. 
4E*(3:00)=Do"+3D,."; 4E£*(}:01)=—v3[Do"—D,"}; 
4E"(3:11)=3Do"+D,"; 4£"($:11)=4D,". me 


The G” are given in terms of E" by (A11) or by G*= E"(D,"—— D,"). 

The quantities represented by the r sums above belong to the class of higher (3n—j) symbols** and of course 
are not tabulated. (We stress the fact, however, that a good tabulation of the LS=jj transformation coefficients is 
available” so that in particular the first of the two foregoing symbols is simple to evaluate.) We are particularly 
interested, however, in special cases, the results for which we now give. 


Matrix Element ((j*):oj’| H.!j*)r,- 


((j®) r0j”| Hel (72) rorse'f) 0, =3(N NY 855+ P| Hel #2) roL8.r0".0+2(— 1) HHH O'L TPL ZTAU(T: Ty'1)] 


+ (=1)20"(a59) "LF PLATA EG | He | Py orzo (1) AU (Ts 1Te)Drver— (—1) G(T AT] 
ert oe ee 
+4(—1)*/H(7] Jo PS Ce DaeDueyl 3 7 Phl 4 gg PPR SUNE"(T:1T)p. (A14) 
a ae bn Te 


This formula combined with (A2) and the tabulated 97 symbols”® is completely explicit. It displays some im- 
portant selection rules. Its third term vanishes if m+-Jo’= odd (or n+ 7 o'=even), since 9j symbols with 2 identical 
rows vanish if the sum of the elements in the third row is odd. The second term vanishes when 


¥ a (—1)™4U (7: 14 o')Dre"— (—1)"*7'G"(T: 1) JH™-7"’ =0, (A15) 


one solution of which is afforded by H°=0, T=3/2. The first term vanishes if jj’. In particular we have then, 
for the T= 3/2, 7%’ case discussed in the text, that the m= 1 matrix element vanishes and thus, as we have stressed, 
the (d,p) reactions which we have considered effectively measure the spin-independent part of the interaction. 
The actual matrix element in this case is quite simple. Other selection rules which would be important in the 
analysis of reactions with T=1/2 are imbedded in (A15), but we do not write them out in detail. We point out 
later that by using the concept of seniority the selection rule found here may be extended to a much more general 
case. 


% J. M. Kennedy and M. J. Cliff, Atomic Energy of Canada Report CRT-609, 1955 (unpublished). 
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Diagonal Matrix Element for (j*)7; 


We write Eq. (A14) explicitly for this case with Jy>=Jo’=0. (This includes the important seniority-1 case.) Then 
we have for this special case: 
Ci] Ci] 
(a) wire (Ci}+9) Di +4D0}D (C oi iar Te 7 ($Do°+3D1°)F° 


Cj] 
—=— (Ci 5/2)Di EDIE (Con)*-2(Cm) EPP 


i+ 
i] A] 

= {(Ci]-9 DE (Cn PP+—— 0D. 

7; ell [j]-2 


Ci ID'd (Cijx)?—2(Cunx)*} (RF * 


The Diagonal Matrix Element for [ (j?):oj’ |r; with j+j’ 


This is the other case of particular interest to us; it measures (to first order) the coupling of an inequivalent 
nucleon to a zero-coupled pair. We find immediately from Eqs. (A8), (A12) 


((F)109”| Hel (7?)109’) 7.54647) = (P| He| P10 + 2E(T: 11) F(U' : W’) 
+2 E((G(T:11)—G(L: 11)](Cyjra)2e(W’R) +2GUT : 11) (Cure)? } (RJA FAW). (A17) 
k 


Matrix Elements in Terms of Coefficients of Fractional Parentage 


Finally we outline the connection of the above three-nucleon formulas with those based on the explicit use of 
coefficients of fractional parentage (c.f.p.) for the wave functions involving three equivalent nucleons. In this case 
we write (instead of A6) 


Wra(P)= Le (TI | Ti) risn(#?) X4;(3), (A18) 


TiJ1 


and then the formulas which replace (A8) when either or both wave functions have three equivalent nucleons are 
obvious. By comparing (A6) and (A18), it is clear that we have in fact been using for 7* c.f.p. given by 


(TI|T1J1)=N-Hbr,708 71 70—2(— DF HTH U (Fj 5: JI YU(T: ToT}, (A19) 


with N given by (A7). This explicit representation has been used by many authors.*” We may choose any set of 
ToJo values consistent with the nonvanishing of (7J| 7,J,) but we must remember that the wave functions for the 
same TJ but different T>Jo in general are not orthogonal and do not make a linearly independent set. (For example, 
if T=3/2 and 1/2<j <9/2, there is only one allowed wave function but more than one pair T/o.) However, if we 
are dealing with configurations which have more than one allowed state of given TJ, we may evaluate the matrix 
elements for a sufficient set of T)Jo values and then make the necessary corrections for lack of orthogonality. This 
procedure is not elegant but is quite simple. 

There is an additional point to be noted concerning the phases of the c.f.p. If, for example, we evaluate off- 
diagonal matrix elements between two states by using tabulated c.f.p. in some cases and the above formulas in 
others, it will be important to compensate for any phase difference between the c.f.p. tabulated and given by (A19). 


Seniority Considerations® 


The reader may suspect that the selection rule discussed above concerning a matrix element of the spin-dependent 
interaction is in fact a special case of a more general result. This is indeed so, as may be seen by considering the 
concept of seniority.** We sketch the derivation. 

Consider (j"|H| (j"~)oj’) for identical nucleons. We assume j# j’ and have easily 


a =2 (LTP =3 LT, (A20) 


*® See Schwartz and de-Shalit.” This type of representation was used also by one of the present authors (J.B.F.) (unpublished 
lectures, 1953) and by P. J. Redmond (referred to by Schwartz and de-Shalit™). 

3 The results and procedures of this = are due to S. P. Pandya. 

% G. Racah, Phys. Rev. 63, 367 (1943) 
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where 7” is a tensor operator of rank r involving particle 7. Then 
2¢5"| "| (9"")od’) = Les (Gv | T7195) (9) 5" | T"| (G7 )od’) 
HL 59") 5¢ | T"| G09") (G" 05” | T*| (G" oj’). 


The second term vanishes since (j"); does not have (j"~')o as a parent. In the first term we encounter a matrix 
element between only equivalent particles and thus can assert (see A10) that n++r=even, and thus for any spin 
dependence r must be odd for a nonvanishing matrix element. However, for this case, Racah’s theorem* that odd 
tensor operators are diagonal in seniority coupled with the fact that in the first matrix element the seniorities are 
necessarily different proves that for spin-dependent H the matrix element vanishes. 

The same type of argument using Racah’s* Eqs. (58b) and (67) serves to evaluate many of the matrix elements 


(A21) 


as functions of the number of particles. 


APPENDIX II. CA** SPECTROSCOPY WITH 
A YUKAWA POTENTIAL* 


The levels of Ca® have been calculated as above by 
using a Yukawa potential: 


J (r)=V(r/r0) exp(—r/ro). 


The ps2—fz2 and the fs;2—/f7/2 single-particle split- 
tings were both taken to be 2 Mev. As in the foregoing, 
the primary demand was made that the (d,p) reaction 
to the first 3/2- state should be properly given. Use was 
made of Talmi’s method for evaluating Slater integrals. 


eco’ ass | at-2MeEV | 
YUKAWA POTENTIAL 

% = 

4e.e 


Fic. 6. The 7/2, 
5/2, and 3/2 levels of 
Ca* versus B, e= —1, 
for a Yukawa po- 
tential, where Hy. 
=[8+ e(1—8)o1-02] 
X Ve!r0/(r/ro), as- 
suming that the f 
splitting is 2 Mev 
and J is 2/3. 

So 











"e 
1.0 .9 
B 
33 The calculations reported in Appendix II were made by D. C. 
Choudhury. 
*T. Talmi, Helv. Phys. Acta 25, 185 (1952). 





Ca v= 


YUKAWA 


At: 2 MEV 
POTENTIAL Jo. 


Fic. 7. The same 
as Fig. 6 except that 
=|. 





a 

vee | Ye, 

8 1.0.9 
B 


7 
’2) 





ae | 
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With A= (0/71) =F (ro~1.8K10-" cm) and A=1 
(roo~2.7X10-" cm), the results are given in Figs. 6, 7 
and these may be compared directly with Fig. 2 for the 
Gaussian potential. Agreement with experiment is not 
improved. 

The values obtained for V are given in Table IV. 


TaBLe IV. The magnitude V of the effective potential tabu- 
lated against the exchange parameter 8 («= —1) used in Appendix 
II for the Yukawa potential. 
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Fine Structure in the Nuclear Photoeffect* 


RICHARD WILSON 
Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 


(Received August 1, 1956) 


It is shown that the widths of the levels presumed to be composing the giant resonance for photon absorp- 
tion in carbon can be measured by self-absorption in carbon. Existing measurements suggest that the widths 
must be greater than 50 kev, in contradiction to other experiments. 


HE discovery’ of fine structure in the C”(y,2)C™ 
and other activation curves leads to the sugges- 
tion that for light nuclei the giant resonance of the 
nuclear photoeffect is broken up into individual levels. 
Unfortunately, the photon difference method employed 
in measuring cross sections using the activation method 
is not accurate enough to obtain reliable level widths to 
check this supposition in detail. Bunbury’ has used the 
17.6-Mev y ray from Li’(p,7)Be®, whose energy can be 
changed over a small interval, to show that for 
Cu®(y,n)Cu® there is fine structure but no complete 
breaking up into levels. Also in the reaction C(y,3a) 
the energy may be directly determined, and level 
structure has been suggested,’ again with poor resolution. 
Indirect approaches are possible. Thus Fuller and 
Hayward‘ have used dispersion relations to show that 
the nuclear photoeffect in heavy nuclei cannot proceed 
by well-separated resonances. Unfortunately, they have 
not studied the light elements for which fine structure 
has been observed. 

It is the purpose of this note to point out another 
method, and to discuss an early experiment which can 
be reinterpreted to throw light on this question. This is 
the method of self-absorption applied to neutron total 
cross sections by Darden.® If y rays are detected by 
means of a carbon detector in which the subsequent 
positron activity of C" is measured, and the absorption 
coefficient in carbon is measured, the contribution of the 
nuclear photoeffect to this absorption will be the cross 
section at the peaks of any resonances rather than the 
average cross section which would be the case for a 
more conventional detector with a wide energy band. 
Thus if the cross section is indeed composed of narrow 
resonances, the contribution is appreciable. Such a 
measurement has been done® for the purpose of verifying 
the y-ray absorption coefficients. The fine structure 
being unknown at the time, this interpretation passed 
unnoticed. 

The relevant levels found in C” from reference 1 are 


* Supported by the Office of Naval Research. 
1 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954). 
2—. St. P. Bunbury, Proc. Phys. Soc. (London) A67, 1106 
1954). 
' 3 E.g., F. K. Goward and J. J. Wilkins, Proc. Roy. Soc. (London) 
A66, 689 (1953). 
4E. G. Fuller and E. Hayward, Phys. Rev. 101, 692 (1956). 
5S. E. Darden, Phys. Rev. 99, 748 (1955). 
6 A. I. Berman, Phys. Rev. 90, 210 (1953). 


shown in Table I, corrected for a better threshold 
determination according to the measurements of 
Spicer.’ Tabulated also are the assigned values of {odE. 
The value of {odE/fodE is the value of the cross 
section attributable to an absorption measurement, 
which equals /odE/nxT, where I is the width of the 
resonance and a Breit-Wigner shape is assumed. This 
is calculated for two values of I’, 20 kev and 100 kev. 
The measured absorption coefficient will also include 
effects due to C'%y,p) and C%(y,3a) which, in the absence 
of selection rules, may reasonably be attributed to the 
same levels. The values of /o°dE/fodE must be 
multiplied by a factor of the order of 2 to allow for this. 

Now we consider the measurement of Berman, and 
subtract from it a theoretical absorption coefficient. 
We make use of Votruba’s® results on pair production 
in the field of an electron for a better estimate than 
Berman’s of the triplet production. Then the photo- 
nuclear absorption cross section becomes —2-+4 mb at 
a stated average energy of 19.5 Mev. If we also bear 
in mind that in deducing this energy Berman was 
probably slightly in error in his threshold assignment? 
and the change of cross section with energy, it seems 
probable that his effective energy was 19.8, not 19.5 Mev 
and that the main resonances responsible for the 
absorption are those at 19.55, 20.00, and 20.35 Mev. 
Taking a simple average over these, we find a prediction 
of an 4.6 mb absorption cross section for T=100 kev, 
and 23 mb for '=20 kev. Penfold® has suggested that 
these levels must have a width of about 25 kev; this 
was based upon the photon difference method using a 
theoretical thick target bremsstrahlung spectrum. Thus 
there seems to be a discrepancy. Part of this may be due 


TABLE I. Energy levels in C”, corrected for 
better threshold determination. 








SodE/ fodE(mb)* 
I =20 kev lr =100 kev 


Energy level JSodE for level 
fev) Mev-millibarns 


19.10 

19.55 .23 
20.00 .66 
20.35 2 











* These figures should be multiplied by 2 to allow for (y,p) and (y,3a) 
processes. 


7B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1955). 
8 V. Votruba, Phys. Rev. 73, 1468 (1948). 
® A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 
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FINE STRUCTURE 
to the fact now known” that the thin-target brems- 
strahlung cross section comes to a finite value at the 
upper limit and not to zero as suggested by the Bethe- 


IN NUCLEAR 
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It is noteworthy that the parameter determined by 
this experiment—fo*dE/ fodE—is similar to that— 
JS o*dE—determined by y-ray scattering.‘ 


Heitler formula; this affects the thick-target formulas. 
It is clear, however, that these absorption coefficient 
measurements should be repeated and extended. 
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Slow-Neutron Resonance Scattering in Ag, Au, and Taj* 


R. E. Woopt 
Brookhaven National Laboratory, Upton, New York 


(Received June 19, 1956) 


Slow-neutron resonance scattering measurements by the “bright-line” technique have been used as a 
supplement to and a check on total cross section measurements. It has thus been possible to obtain a com 
plete and consistent set of resonance parameters for the lowest energy resonances in Ag, Au, and Ta. It 
was determined that the one-level formula is very well obeyed over wide energy ranges for both the scat- 
tering and total cross section data. These resonance parameters are reported in the text with the values 
for the statistical weight factor, g, of 3/4, 5/8, and 9/16 for Ag, Au'®’, and Ta'*!, respectively. 

In addition it was determined that the nuclear radii are the same within experimental errors for the 
nonresonant and resonant spin states for Au and Ta. The results indicate that either the nuclear radii 
differ by 45% for the two spin states of Ag™ or the potential scattering of Ag™ is 55% larger than for Ag. 


INTRODUCTION 


ETERMINATION of resonance parameters that 

fit the Breit-Wigner single-level formulism has 
been of prime interest both from a theoretical and a 
practical point of view. Among other things, it is of 
theoretical interest to determine the region over which 
the Breit-Wigner single-level formula is valid, and to 
compare level spacings and parameters with specific 
nuclear models. It is of practical interest to know the 
nuclear properties (cross sections in particular) of all 
elements for the design of reactors and other nuclear 
devices. 

The main emphasis of cross-section measurements in 
the past has been to determine the total cross section 
of an element by means of a transmission measurement. 
This gives the combined effects of radiative capture 
plus elastic scattering, but does not allow one to 
separate the two components of the total cross section. 
The parameters obtained from transmission measure- 
ments are therefore composite parameters and not the 
complete parameters. In order to determine a complete 
set of resonance parameters, it is necessary to make a 
measurement, such as scattering, in addition to the 
total cross section measurements. 

Few scattering measurements have been made for 

t Research performed under contract with the U. S. Atomic 
Energy Commission at Brookhaven National Laboratory. 


* Submitted to the faculty of the University of Utah in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy. 

t Present address: General Electric Company, Post Office Box 
535, Idaho Falls, Idaho. 


slow neutrons because the scattered intensity is very 
low, since scattering is only a small fraction of the 
slow-neutron resonance cross section. The first scatter- 
ing measurements were determinations of the scattering 
integral by methods such as resonance scattering de- 
tectors.! Subsequently, the ratios of the scattering to 
the total cross section,? o,/o:, and the ratios of the 
scattering to the capture cross section,’ ¢,/o., have 
been observed as a function of energy for a few cases. 

Early in 1951, Borst devised a new method for direct 
observation of the scattering cross section as a function 
of energy.‘ It is felt that this experimental method and 
method of analysis have now been developed to the 
point where reliable results can be obtained.®® It is 
therefore of interest to compare results obtained by 
this method with results obtained by other methods, 
and also to see if scattering results can be obtained 
that are consistent with total cross-section data. 

1 Harris, Langsdorf, and Seidl, Phys. Rev. 72, 866 (1947); F. 
G. P. Seidl, Phys. Rev. 75, 1508 (1949); C. T. Hibdon and C. O. 
Muehlhause, Phys. Rev. 76, 100 (1949); Hibdon, Muehlhause, 
Selove, and Woolf, Phys. Rev. 77, 730 (1950); M. Hammermesh 
and C. O. Muehlhause, Phys. Rev. 78, 175 (1950); Harris, 
Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 

2 Tittman, Sheer, Rainwater, and Havens, Phys. Rev. 77, 748 
(A) (1950); 80, 903 (1950); 82, 344 (A) (1951), J. Tittman and 
C. Sheer, Phys. Rev. 83, 747 (1950); Sheer, Moore, and Heindl, 
Phys. Rev. 91, 449 (A) (1953); C. Sheer and J. Moore, Phys. 
Rev. 98, 565 (1955). 

3B. N. Brockhouse, Can. J. Phys. 31, 432 (1953) ; B. N. Brock- 
house and D. G. Hurst, Phys. Rev. 83, 841 (1951) ; $8, 542 (1952) ; 
Brockhouse, Hurst, and Bloom, Phys. Rev. 83, 840 (1951). 

‘L. B. Borst, Phys. Rev. 90, 354 (A) (1953); 90, 859 (1953). 

5H. L. Foote, Jr. (to be published). 

®R. E. Wood, Phys. Rev. 95, 644 (A) (1954). 
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The purpose of this study was, therefore, to check 
further the accuracy and reliability of the method and 
the analysis, to see if consistency could be obtained 
with total cross-section data (i.e., that the Breit-Wigner 
formulism is obeyed), to obtain accurate parameters 
for gold since it is often used as a standard, and to 
explore the useful range of this method. The primary 
purpose of any resonance scattering experiment is to 
determine the spin of the compound nucleus (total 
angular momentum for the excited state of the com- 
pound nucleus). If the experiment is not sensitive 
enough to determine the spin of the compound nucleus 
(or the statistical weight factor g), it can add virtually 
nothing to the total cross-section data. 

The elements studied for this report were chosen for 
various reasons. ‘Thin foils of a very high purity were 
readily available for each element, which simplified the 
problem of sample preparation. Two elements (silver 
and gold) had been studied previously by a different 
method,’ but consistency with total cross-section data 
was not obtained in this earlier work. It is therefore 
possible to compare these results with other scattering 
observations as well as with total cross-section data. 
Two of the elements (gold and tantalum) are mono- 
isotopic, which makes it possible to determine nuclear 
radii for the nonresonant spin state as well as for the 
resonant spin state. The spins of the target nuclei 
(total angular momentum for the ground state of the 


target nuclei) for Ag, Au, and Ta are, respectively, 1/2, 
3/2, and 7/2. The difficulty in determining the spin of 
the compound nucleus increases as the spin of the target 
nucleus increases; thus, tantalum allows a possibility 
of testing the sensitivity of the experiment with respect 
to the spin (or the statistical weight factor, g). 


DESCRIPTION OF APPARATUS AND EXPERIMENT 
Total Cross Section 


Total neutron cross sections were determined by 
means of transmission measurements using the BNL 
crystal spectrometer.’ Collimators of very small angular 
divergence were installed before and after the crystal 
monochromator giving the spectrometer a very high 
resolution.* The 1231 planes of Be were used as the 
neutron monochromator for all measurements of this 
report. These crystal planes gave a resolution width of 
AE=0.00474E! ev or 0.17 usec/m. 


Scattering Cross Section 


The scattering measurements were made by using the 
“bright line” technique of Borst.*® A sample under 
study was placed in the center of the Brookhaven 
reactor im an evacuated pipe which passed completely 
through the reactor. A collimating system was installed 
such that the only neutrons incident on the crystal 

7L. B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 (1953). 


8 Sailor, Foote, Landon, and Wood, Rev. Sci. Instr. 27, 26 
(1956). 
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monochromator were those that were scattered from 
the sample. This was checked experimentally and it 
was found that the neutron intensity at 1.2 ev was 
0.030.08 count per minute when the scattering pipe 
was empty. 

A crystal spectrometer of special design was used to 
determine the energy distribution of the scattered 
neutrons.® With special shielding it was possible to 
reduce the background intensity to the order of 2 
counts per minute. The 1231 planes of Be were used 
as the neutron monochromator for all scattering meas- 
urements giving a resolution width of AE=0.0273E! ev. 

Since the scattered neutron intensity was assumed to 
be proportional to the scattering cross section, it was 
necessary to determine the proportionality constant 
for the experiment. The proportionality constant was 
determined by observing the neutron intensity scattered 
from a thin graphite sample whose scattering cross 
section was well known.’ The calibration was also 
checked with lead as a standard and was found to agree 
very well with the graphite calibration. 


ANALYSIS OF DATA 


Total Cross-Section Analysis 


The methods used in analyzing the transmission data 
have been described in detail elsewhere.” The notation 
used in the following equations has been defined in 
reference 11. The assumption is made throughout the 
analysis that the resonances under study obey the 
Breit-Wigner single-level formulism. The transmission 
data in the wings of a resonance were fitted to the 
Breit-Wigner single-level formula by the method of 
least squares. From this analysis it is possible to obtain 
the resonance strength, ool”, the potential scattering, 
o», and the coefficient of the interference term, 9. The 
transmission data in the region of the resonant peak 
were analyzed by the method developed by Sailor.’ 
A modification to this method was made in that a trial 
and error approach was used instead of a least-squares 
solution. This method gives an accurate inclusion of 
the resolution and Doppler corrections and allows a 
determination of oo and I. In the analysis of the 
resonant peak the value of oof obtained from the 
resonance wings was imposed on the trial parameters 
for oo and I’. This guarantees that the parameters thus 
obtained will fit both the wings and peak of the reso- 
nance under study. 


Scattering Cross-Section Analysis 

The principle of the scattering experiment can be 
illustrated as follows: 

I ,(E2) N ,0s,(E2)K,(E2) 


I,(E:) Nyos,(E2)K,(Es) 


®V. L. Sailor (unpublished). 
0 V. L. Sailor, Phys. Rev. 91, 53 (1953). 
1 Wood, Sailor, and Landon, Phys. Rev. 98, 639 (1955). 
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SLOW-NEUTRON RESONANCE 


The neutron intensity, 7, scattered from a sample, x, 
of unknown scattering cross section, ¢,, was compared 
with the intensity from a sample, y, whose scattering 
cross section vs energy was known; where N represents 
the sample thickness and K a correction for the effect 
of self-absorption and energy loss on collision. 

The correction, K, is a very important part of the 
scattering analysis. The derivation of K is not given 
but follows the method of Tittman and Sheer,’ with 
the following result : 


K(E2) 


a/2 
J Ex"[o(E1)/o (Es) Je-***? [(1—e-*) /a ]singdgy 
9 


w/2 
f Ey" singdg 
0 


f Ex"(o.(E1)/o.(E2) |[(1—e-8)/8 ] singdg, 





/2 


rT 
f Ey" singdg 
/2 


a=No.(E;)|secy| —No.(E2), 


where 


(3) 
B= No.(F))|sece| +No:(F2). 


All cross sections are modified by Doppler broadening 
calculated for the temperature of the sample (185°C). 
The energy, £;, before collision was determined from 
the conservation of energy and momentum and ¢ is 
the scattering angle. An approximation was made in 
computing £; in that the energy loss was computed 
for a neutron striking a stationary nucleus; whereas 
the nuclei were actually moving with a Maxwellian 
energy distribution due to their thermal motion. The 
inclusion of the thermal motion of the nuclei in the 
derivation of the sample thickness correction, K, was 
investigated and found to be a negligible effect. 

Equation (1) was correct where the resolution cor- 
rection was negligible, which was true for the wings of 
a scattering resonance. It was therefore possible to 
apply the sample thickness correction to the intensity 
observed at each energy in the wings of a resonance and 
compute a true cross section. The cross section in the 
wings could then be fitted by the method of least 
squares to the following equation, 


9(E— Eg) 
+ -— . (4) 
4(E—E,?+T? 4(E-—E,)?+T? 


osol 


Ts=Op 


It was thus possible to obtain a comparison between 
total cross section and scattering cross section measure- 
ments, since J and a, were determined by both meas- 
urements. Furthermore, it was possible to determine g 
if co were known, since oo gI’,/T and o,1?/ool?=T,/T. 

The scattering analysis near exact resonance must 
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include the effect of instrument resolution which is not 
included in Eq. (1). Thus the intensity from a sample, 
x, should be computed as follows: 


f R(E2—E,))N zose(E2)K (E2)dE2 
Ei ceccncitanini daly Mies pd, £8) 


f R(E2,—E,)dE2 
0 


Once again trial parameters must be chosen and the 
experimental points compared with the theoretical cross 
section operated upon by Doppler broadening, sample 
thickness correction, and resolution. Fortunately all 
parameters should be known at this point and Eq. (5) 
need be computed only as a final check on the analysis 
and choice of spin, since the scattering peak should be 
most sensitive to the choice of spin. The complete 
solution of Eq. (5) requires a triple numerical inte- 
gration when the effect of the energy distribution of 
the target nuclei is included. 

There is also the possibility of using an area analysis 
on the resonant scattering peak.’ This method is 
applicable only if the resolution-correction is small, or 
if a method is found for applying the sample thickness 
correction directly to the observed intensity. Since the 
resolution correction was not small for the cases con- 
sidered, no analysis was performed using this technique. 


RESULTS AND DISCUSSION 
Standard Scatterers 


Graphite was used as the standard scatterer for the 
calibration of the experiment. The calibration and 
analysis were also checked by measuring the scattering 
from lead. The agreement with the graphite calibration 
was excellent. Since these two elements were to be used 
as standards, it was necessary to determine their 
scattering cross sections from total cross section meas- 


and graphite are very small; therefore, it was assumed 
that the total cross section is the same as the scattering 
cross section. This assumption is certainly valid in the 
region of interest. The total cross section of graphite 
had been determined previously as 4.74+0.03 barns.° 
A determination of the total cross section of lead in the 
region, 1 to 10 ev, was 11.3+-0.3 barns. 

The observed intensities for graphite and lead are 
shown in Fig. 1. The curves are the least-squares fit of 
the equation J=AE~*, where A and 6 are constants. 
The resulting energy dependency for the two curves 
was the same within experimental error and agreed 
very well with the results of Borst and Sailor?’ for an 
infinitely thick graphite scatterer. 

Some very useful and interesting information can be 
obtained from these results. Substituting the cross 
sections intensities, and sample thicknesses into Eq. 
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Fic. 1. The observed intensities for the two standard scatterers, 
lead and graphite. Curve A is the least-squares fit of the experi- 
mental points for the lead sample (V=94.8X10” atoms/cm’). 
Curve B is the least-squares fit of the experimental points for the 
graphite sample (V=103.9X10” atoms/cm?). The counting 
statistics were smaller than the plotted points except in the 
regions indicated. 





(1) gave the result Kc/Kpp=1.031. The calculated 
sample thickness correction gave the result Kc/Kp» 
=1.028, which is in excellent agreement with the 
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Fic. 2. The observed total cross section of silver as a function 
of energy. Curve A is the theoretical curve calculated from the 
Breit-Wigner single-level parameters for the 5.19-ev resonance 
plus potential scattering. Curve B is a smooth curve drawn 
through the experimental points. The deviation of the observed 
points from the theoretical curve at low energies is due to the 
contributions of all other resonances (primarily a negative-energy 
resonance). The counting statistics were smaller than the plotted 


points. 
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observed results and indicates the reliability of the 
experiment. If, however, the total cross section was 
used instead of the absorption cross section in com- 
puting the neutron attenuation before scattering, the 
ratio Kc/Kp, would be 1.097, which clearly does not 
agree with the observed result. The use of the absorption 
cross section rather than the total cross section is a 
correct treatment of multiple scattering for a pure 
scatterer and is felt to be a good approximation for the 
effect of multiple scattering from a scattering sample 
with absorption. This is certainly true in the limit as 
o-—01(o;—0). 


Silver 


The total cross section of Ag as observed by the 
improved BNL crystal spectrometer is shown in Fig. 2. 
The heavy curve, A, is the theoretical curve for the 
5.19-ev resonance in Ag™ plus the potential scattering 
cross section. The light curve, B, is a smooth curve 
drawn through the observed points. The agreement 
between the theoretical curve and the observed points 
is excellent, except at the peak of the resonance where 
Doppler broadening and resolution are important, and 
in the low-energy region. 

The reason for the discrepancy in the low-energy 
region is the resulting slope from all other resonances. 
It can be shown that the contribution to this residual 
slope from the know high-energy resonances is small 
(about 12%). Furthermore, it is known that Ag’ has 
a large thermal capture cross section, 30 barns,” which 
cannot be accouted for by known positive energy 
resonances. A negative energy resonance was therefore 
postulated and attempts made to prove its existence. 
These attempts were unsuccessful because the sample 
of enriched Ag!” was too thin.” 

In the process of analyzing the total cross-section 
data and the scattering cross-section data the effects 
of the 16-ev resonance and the negative energy reso- 
nance were taken into account. In order to obtain the 
same potential scattering from both sets of data it was 
necessary to postulate a resonance at a negative energy 
of 1.0 to 10 ev. The strength of this resonance was 
determined from the thermal capture cross section. 
The effect of this resonance was negligible in the 
determination of oI”. 

The result of the total cross-section peak analysis is 
shown in Fig. 3. Various combinations of parameters 
were tried until a best fit was obtained at the peak 
with the condition that ooI'= 366 barns-ev?, which was 
necessary to fit the wings. The following parameters 
were obtained, oo= 16 500+500 barns, [=0.149-+0.005 
ev. The resolution correction was only 3.6% at the 
resonance peak and any error in the resolution would 
cause a negligible error in the result. 


12H. Pomerance, Phys. Rev. 83, 641 (1951) ; 88, 412 (1952). 
8 The sample of enriched Ag"? was obtained from the Stable 
Isotope Division of the Oak Ridge National Laboratory. 





SLOW-NEUTRON RESONANCE 


The scattered intensity observed for one Ag sample 
‘is shown in Fig. 4. The sample is “thin” in the wings 
and “thick” at the peak of the 5.19-ev resonance. It 
is interesting to notice the “line reversal” common to 
optical spectroscopy. It can be shown by means of the 
sample thickness correction that such a line reversal is 
expected. This reversal is due to the competition be- 
tween scattering and absorption and the extent of the 
line reversal is a function of the sample thickness. The 
asymmetry of the line reversal is due to the loss of 
energy by the neutron during the scattering process. 

It is also worthy of note that there is no observable 
resonance at 16.4 ev. This indicates that the resolution 
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Fic. 3. The total cross section of silver in the region of the 
resonant peak. Curve A is the theoretical Breit-Wigner curve. 
Curve B was obtained by operating upon the theoretical curve 
with instrument resolution and Doppler broadening. Curve C is 
the resolution function plotted on an arbitrary vertical scale. 
The counting statistics were as shown. 


and counting statistics were too poor at that energy to 
observe the resonance. This is therefore one indication 
of the limitations of this particular scattering experi- 
ment. 

The points in the wings of the 5.19-ev resonance 
shown in Fig. 4 were corrected for sample thickness 
and fitted by the method of least squares to Eq. (4). 
The results obtained were osIl*=30.8 barns-ev’, 9 
= 30.0 barns-ev, ¢,=6.31 barns. These parameters 
agree well with those obtained from the total cross 
section-analysis. The spin of the compound nucleus is 
obvious from these measurements since gsol?/ool™ 
=T,,/T=0.0842, and for each choice of g there is a 
value for oo that will fit both the scattering and total 
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Fic. 4. The net scattered intensity for one silver sample (N 
= 23.710” atoms/cm?). Note the strong line reversal for the 
5.19-ev resonance. It can be shown that such a line reversal is 
predicted by the theory. The 16.4-ev resonance does not appear 
at all. Typical counting statistics are shown. 


cross-section wings; thus, o»=5170 barns for g=1/4, 
oo= 15 500 barns for g=3/4. The directly observed peak 
cross section was 12500 barns, which when corrected 
for Doppler broadening and resolution is in excellent 
agreement with the value for g=3/4. 

The complete theoretical scattering curve for o» 
= 15 500 barns is shown in Fig. 5. The points shown 
are those used for the scattering wing analysis and have 
been corrected for the effect of sample thickness. The 
errors shown are those due to counting statistics only. 
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Fic. 5. The theoretical scattering cross section of the 5.19-ev 
silver resonance. The points shown have been corrected for the 
effect of sample thickness, and these corrected points were used 
for the scattering wing analysis. The complete theoretical scat- 
tering cross section was obtained by supplementing the results 
from the scattering wing analysis with oI and ao from total 
cross-section analyses. The counting statistics were as shown. 
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Fic. 6. The comparison of the observed silver scattering cross 
section with the computed curve for >= 15 500 barns and g=3/4. 
The spin assignment (J=1) is verified by this curve since the 
other spin (J=0) would give an expected cross section approxi- 
mately three times as large as that shown. The counting statistics 
were as indicated. 


Scattering data was taken with two samples in the 
region of the resonant peak. The results of one sample 
are shown in Fig. 6. The solid curve is the theoretical 
curve operated upon for Doppler broadening, instru- 
ment resolution, and sample thickness (o)=15 500 
barns, g=3/4). The agreement with the data and the 
derived curve was just as good for the other sample 
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Fic. 7. The theoretical scattering cross section for the 4.91-ev 
gold resonance. The points shown have been corrected for the 
effect of sample thickness and were used in the scattering wing 
analysis. The complete theoretical scattering cross section was 
obtained by supplementing the results from the scattering wing 
analysis with ool and o» from total cross-section analyses. The 
counting statistics were as indicated. 
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which was only 1/3 as thick as the sample used for the 
data of Fig. 6. 

If it is assumed that the nuclear radius is the same 
for the nonresonant spin state as for the resonant spin 
state, the potential scattering cross section for Ag™ is 
4.7 barns. This requires a potential scattering cross 
section for Ag" of 7.3 barns to give a total potential 
scattering cross section for Ag of 6.0 barns. These 
results are essentially in agreement with the results of 
Hibdon and Muehlhause™ who determined o, for both 
isotopes by observing scattering from samples of 
enriched isotopes. They obtained the results: o,(107) 
=7.91 barns, o,(109)=4.64 barns. The measurements 
of Sheer et al. also indicate a similar result. They 
obtained the results: o,(107)=7.80 barns, o,(109) 
=4.53 barns. All of these measurements are within 
experimental errors and indicate that the potential 
scattering cross section can differ by as much as 50% 
between two isotopes. 

The final parameters as quoted in Table I do not 
agree well with the results of Sheer e¢ a/.2 who obtained 
a value for oo of 20 200 barns, but the spin assignment 
is the same (g=3/4). The value of oI is the same as 
that obtained by Seidl et a/.,!° although they obtained 
a value for oo(isotopic) of 27 300+1000 barns and a 
value for T of 0.168+0.008 ev. The value of oo as 
reported by Draper and Baker’® is identical with that 
reported in Table I. 


Gold 


The results of the total cross-section analysis of Au 
have been presented elsewhere." These results are 
included in Table II and will be used throughout the 
analyses of this section. 

The scattering wing data were corrected for sample 
thickness and analyzed by the method of least squares. 
The results were as follows: osI”=78.1 barns-ev’, 
§=91 barns-ev, ¢,=11.2 barns. The agreement with 
the total cross-section parameters is certainly within 
experimental error. The value of T/T from the wing 
analyses was 0.106. This required the following peak 
cross sections to fit both the scattering and total cross- 
section wings: o9>=21000 barns for g=3/8, and ao 
=35000 barns for g=5/8. The peak cross section 
directly observed was 30000 barns and the corrected 
peak cross section was 37 000 barns. The agreement 
with the choice of spin J = 2 (g=5/8) is extremely good. 

The theoretical scattering cross section is shown in 
Fig. 7 for g=5/8, oo=35 000 barns, and 9=91 barns-ev. 
The points shown are those used in the scattering wing 
analysis and are the observed points corrected for the 
effect of sample thickness. The large asymmetry due 


4 C. T. Hibdon and C. O. Muehlhause [see note in Columbia 
— Physics Laboratory Report CU-116, 1952 (unpublished), 
1 


15 Seidl, ee Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (19 54). 
% J. E. Draper and C. P. Baker, Phys. Rev. 95, 644 (A) (1954). 
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to the interference between the resonant and potential 
scattering is clearly shown in Fig. 7. 

The scattering peak was analyzed for two different 
sets of parameters and the results are shown in Fig. 8. 
Both curves are for g=5/8 and oo!=725. Curve A was 
computed for oo=35000 barns and curve B for oo 
= 31000 barns, which, at the time of analysis, was the 
most recent value reported in the literature.'’!> Since 
these curves required a trial and error process of 
computation no further variations were tried. The 
choice of spin J/=2 is confirmed since the other choice 
of spin would give a scattering cross section 67% larger 
than that shown. The peak cross section necessary to 
fit the scattering is about 10% smaller than that 
obtained from the total cross section analysis. This 
discrepancy is small compared with the total corrections 
of 3.5. Taking account of the thermal motion of the 
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Fic. 8. Comparison of the observed scattering cross section 
with derived curves for the 4.91-ev gold resonance. Curve A is 
the derived curve for the parameters obtained from the wing 
analysis (o9=35 000 barns, g=5/8). Curve B was computed for 
oo=31 000 barns, g=5/8. The choice of spin (J =2) is confirmed 
because the experimental points agree with the final parameters 
within 10% for g=5/8, and the other choice of spin would give 
about a 75% discrepancy. The counting statistics were as shown. 


traget nucleus accounts for about 1/4 of this discrep- 
ancy. 

The final parameters for Au are listed in Table II. 
The nuclear radii for the two spin states are equal within 
experimental error. This was expected and any true 
difference between the radii would be expected to be 
small. The value of the incoherent scattering cross 
section at thermal energy was measured by Brock- 
house!’ as 0.50+0.26 barn. The incoherent scattering 
cross section from the parameters in Table II is 0.33 
barn if the nuclear radii for the two spin states are 
equal or 0.50 barn if the nuclear radii for the non- 
resonant spin state is 10% larger than that for the 


17H. H. Landon and V. L. Sailor, Phys. Rev. 93, 1030 (1954). 
18 B. N. Brockhouse [see note in Carter, Palevsky, Myers, and 
Hughes, Phys. Rev. 92, 716 (1954) ]. 
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TABLE I. Final parameters for the 5.19-ev resonance in Ag! 
(elemental parameters unless indicated otherwise). 








Eo = 5.194+0.010 ev 

ool? = 366+10 barns-ev? 

g = 30+3 barns-ev 

op 6.0+0.5 barns 

oo 16 500+500 barns 
¢o(isotope) = 34 000+ 1000 barns 

| 0.149+0.005 ev 
3/4(J =1) 
0.0134+-0.0006 ev 
0.136+0.006 ev 
(0.61+0.07) K 10- cm 
4.7+0.8 barns 
7.3+1.0 barns 


g 

rn 
ry 
Ry 
o,(109) 
o»(107) 
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resonant spin state. These results still indicate that the 
radii are equal within experimental error. 

The value of oI? is consistent with the values 
obtained by other experimenters, but the value of oo 
and I do not agree with those of Seidl e¢ a/.!* who quote 
oo as 30 600+1500 barns and TY as 0.163+0.015 ev. 
The scattering results of Tittman and Sheer? indicated 
that g=3/8 for the total cross section parameters 
available at that time; however, with the improved 
total cross-section measurements, their results agree 
with the choice of spin J=2 (g=5/8). 


Tantalum 


The total cross section of Ta as observed by the 
improved BNL crystal spectrometer” is shown in Fig. 
9. The heavy curve A is the theoretical cross section 
for the 4.28-ev resonance plus potential scattering. The 
light curve B is a smooth curve drawn through the 
experimental points. The residual slope in the low- 
energy region is approximately equal to that predicted 
by the parameters of Melkonian et al.” for the high- 
energy resonances. The observed resonance peak cross 
sections are higher than those measured by previous 
investigators. This is indicative of the high resolution 
of the spectrometer. 

The total cross-section wing analysis gave the follow- 
ing results: oo!’=72+5 barns-ev?, J=18+4 barns-ev, 


Ey = 4.906+0.010 ev 

ool? 725+15 barns-ev? 

g 96+12 barns-ev 

o» 11.1+0.8 barns 

oo 37 000+500 barns 

r 0.140+0.003 ev 

5/8(J =2) 
0.0156+0.0004 ev 
0.124+0.003 ev 
(0.95+0.12) X 107 cm 
(0.92+0.15) X10-" cm 


lr, 
Ty 
Rg 
Ra») 


ee 








19 The data in the Ta total cross section wings were from R. L. 
Christensen, Phys. Rev. 92, 1509 (1953). 

2” Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 
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op,=7.3+1.0 barns. The results of the total cross-section 
peak analysis are shown in Fig. 10. The following 
parameters were obtained: op=25 000+3000 barns, 
T'=0.053+0.005 ev. The resolution correction is again 
quite small (about 7%) but the Doppler correction is 
very large due to the small line width. The Doppler 
modified cross section at the peak is 54% of the theo- 
retical peak cross section. Large Doppler corrections 
impose large errors on any results obtained by shape 
analysis. It is thus questionable if shape analysis can 
be used at higher energies. The elevated temperature 
of the scattering sample also aggravates the situation 
for the scattering determinations. 

The scattering cross sections observed for four 
different Ta samples are shown in Fig. 11. The effect of 
sample thickness is clearly shown. The observed cross 
section for the 4.28-ev resonance is only about 1/10 of 
the theoretical cross section, but it is doubtful if any- 
thing of significance is observed for the 13.9-ev reso- 
nance. 

Preliminary sample thickness corrections were made 
on the 4.28-ev scattering wing data. The analysis of 
this corrected data gave the following results: oI 
=5.4 barns-ev’, $=15 barns-ev, ¢,=6.3 barns. These 
results tentatively indicated that g=9/16, but more 
comprehensive data are needed to make this assignment 
conclusive. 

The final parameters from this study are shown in 
Table III. All derived parameters are tentative upon 
the correct choice of the spin. 
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Fic. 9, The observed total cross section for Ta as a function 
of energy.” Curve A is the theoretical curve for the 4.28-ev 
resonance plus potential scattering. Curve B is a smooth curve 
drawn through the experimental points. The agreement of the 
experimental points with the theoretical curve is excellent where 
the corrections for Doppler broadening, resolution, and other 
resonances are small. The counting statistics were smaller than 
the plotted points except in the regions specifically indicated. 


CONCLUSIONS 


The accuracy and reliability of the method and the 
analysis have been checked to a high degree of accuracy 
by using two standard scatterers. The method and the 
analysis have also been checked for a resonance scat- 
terer by means of two silver samples. All parameters 
obtained from scattering measurements were within 
10% of the parameters obtained from total cross-section 
measurements when a complete analysis of the scatter- 
ing data was made. It was therefore concluded that 
reliable results can be obtained from this type of 
scattering measurement to an accuracy of 10%. 

One set of resonance parameters was found to agree 
with both the total cross-section data and the scattering 
cross-section data over wide energy limits. The agree- 
ment was within the estimated errors of the experi- 
ments. It is thus possible to say that the Breit-Wigner 
formula has been checked to an accuracy of approxi- 
mately 3% for total cross-section measurements and 
10% for scattering cross-section measurements. 

The results on resonances in general cannot be trusted 
until several independent experimenters derive con- 
sistent parameters for the same resonances. It was for 
this purpose that the gold parameters were determined 
since it is an ideal standard. It is felt that the con- 
sistency between the various measurements of this 
study indicates the accuracy of the results. If consistent 
parameters are obtained for some standard resonance, 
it would be very useful in checking resolution, new 
experiments, etc. 
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Fic. 10. The Ta total cross section in the region of the 4.28-ev 
resonant peak. Curve A is the theoretical Breit-Wigner curve. 
Curve B is the derived curve after correcting for the Doppler 
broadening and resolution. Curve C is the resolution function 
plotted on an arbitrary vertical scale. The counting statistics 
were smaller than the{plotted points. 
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Fic. 11. The observed scattering cross section for four different 
Ta samples. The following samples were used: Curve A, V =0.684 
X 10” atoms/cm?; Curve B, N = 1.670X 10” atoms/cm?; Curve C, 
N=4.67X 10” atoms/cm?; Curve D, N=19.88 10” atoms/cm?: 
the effect of sample thickness is clearly shown. The observed 
peak scattering cross section is about 1/10 of the theoretical value. 


The scattering measurements as made for this study 
suffered from three disadvantages. First, the neutron 
flux had to be normalized to the pile power and this 
gave all scattering measurements an uncertainty of 
about 5% which would be a consistent error for any 
one sample. Second, the resolution and intensity were 
too poor to use this particular arrangement above 10 ev. 
Third, a great deal of computing is necessary and all 
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TABLE III. Final parameters for the 4.28-ev resonance in Ta!*!, 





4.282+0.008 ev 
72+5 barns-ev? 
18+4 barns-ev 
7.0+1.0 barns 
25 000+3000 barns 
0.053+0.005 ev 
9/16(J =4) 
0.0039+0.0006 ev 
0.049+0.006 ev 
(0.74+0.20) X 10-2 cm 
(0.75+0.20) K 1072 cm 
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results are dependent upon the accuracy of large cor- 
rections. The primary advantages of this method are: 
first, low background intensity; second, perfect scat- 
tering geometry; third, excellent detector geometry. 
With everything considered, it was concluded that a 
more practical method for observing scattering should 
be developed. One such method is the measurement of 
o,/o, by thin samples placed on the spectrometer arm 
at a very small angle with respect to the neutron beam. 
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Targets of 38.7% carbon 14, deposited from a glow discharge in 
acetylene, were used for the determination of the following thresh- 
old energies: C“(p,n)N™, 671.5+0.5 kev; C¥(p,n)N™", 3149.6 
+1.1 kev; C“(a,n)O", 2340+-3 kev. Corresponding reaction ener- 
gies are —626.4+0.5, —2938.341.0, and —1820+2 kev. The 
latter two thresholds were detected by the counter-ratio technique. 
The C*(p,n)N™ excitation curve was extended to 3.4 Mev, 
covering a resonance at 2908+4 kev with a natural width of 71+:5 
kev. Resonance energies agree with previous experimental results 
but the widths are larger, perhaps due to target thickness errors. 


Absolute cross sections are compared with those of N“(n,p)C™. 
Compound nucleus spins and partial widths are calculated. 
C'(a,n)O! resonances with energies and natural widths of 
255344, 1.6241; 264243, 102-1; (2798+11, 22+10)?; 3335415, 
100+20; and 3508+4, 54+3 kev were observed. The 0° differ- 
ential cross section at 2642 kev is 31 mb/sterad +60%. An angular 
distribution taken at this resonance leads to a total cross section 
of 300 mb and a compound-nucleus spin of either 1~ or 3-. A 
method is presented for evaluating resonance width, height, and 
area to find target thickness and natural width. 





INTRODUCTION 


HE recent availability of carbon 14 in large con- 
centrations has made possible the precision de- 
termination of the weak (p,m) and (a,n) thresholds in 
solid targets of that isotope, thus providing new links in 
the chain of reactions upon whose energies are based 
tables of atomic masses. The present work also in- 
cludes a check on previous observations of the excitation 
curve for the C“(p,n)N™ reaction by the Massachusetts 
Institute of Technology group® and the Chalk River 
group,® and a comparison of absolute cross sections with 
those of the inverse reaction.’ An excitation curve for 
the C(a,n)O" reaction provides information on five 
levels in the compound nucleus oxygen 18, in an energy 
range previously unexplored. 


APPARATUS AND METHODS 
Beam 


The energy of protons or alpha particles from the 
Wisconsin electrostatic generator* was determined by an 
electrostatic analyzer® with a resolution of 0.04 to 
0.16%, which was calibrated with the Li’(p,2)Be’ 
threshold, 1881.1-+0.5 kev." First-order relativistic cor- 
rections" were applied to obtain the particle energy. 
The calibration constant was observed to shift system- 


* Work supported in part by the U. S. Atomic Energy Commis- 
sion and the Wisconsin Alumni Research Foundation. 

t Now at Remington Rand Univac, St. Paul, Minnesota. 
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atically during the course of a day’s operation by an 
amount of the order of 0.1%. This type of shift, pre- 
sumably due to temperature change, has been observed 
before by Taschek et a/.'* It has been taken into account 
in computing errors on the thresholds reported here. 


Targets 


Targets of C' were prepared according to the tech- 
niques of Douglas® by running a high-frequency dis- 
charge in acetylene at a pressure of about 0.7 mm Hg 
between electrodes containing the 10-mil tungsten tar- 
get backings spaced 1 cm apart. The acetylene was 
converted, by the method of Monat e¢ a/., from barium 
carbonate enriched to 38.7% C™ supplied by Oak Ridge 
National Laboratory. Targets thus prepared consisted 
of a greenish-brown deposit of unknown composition 
which turned dark brown upon heating in air to 400°C 
and black upon bombardment. The black residue was 
assumed to be carbon of the same isotopic constitution 
as the barium carbonate. 

In order to avoid errors in energy measurement due 
to the accumulation of a C” layer on the C™ targets, 
three precautions were taken. First, the target chamber 
was constructed free of organic materials and isolated 
from the rest of the vacuum system by means of a cold 
trap of the type described by Miller.!® Second, the 
target was held at 100°-200°C by a jet of hot air during 


TABLE I. Thresholds and reaction energies. 





Q, kev 


6264405 — 
~ 2038. 341.0 
~1820 +2 


Reaction 
C¥(p,n)N¥ 


C¥(p,n) Nu 
C¥(a,n)O" 





671.5405 
3149.64.11 
2340 +3 





12 Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 
325 (1949). 

13 Douglas, Gasten, and Mukerji, Can. J. Phys. (to be pub- 
lished). 

44 Monat, Robbins, and Ronzio, U. S. Atomic Energy Commis- 
sion Report AECU-672 (unpublished). 

18 G. H. Miller, Rev. Sci. Instr. 24, 549 (1953). 
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C!4(p,n)N!4 AND 
bombardment. Third, a fresh target, or a fresh spot on 
the target, was used for each of the final threshold runs. 
No correction for target contamination was applied to 
any of the thresholds. 


Detectors 


For the C(a,n)O" excitation curve, the neutron 
detector was a National Radiac Company Type NBS-1 
boron-loaded ZnS(Ag) scintillator on a 6467 photo- 
multiplier tube. The moderator was a 3{-in. diameter 
paraffin cylinder 6} in. long with a central 1}-in. 
diameter hole 2} in. deep in one end for the phototube- 
scintillator assembly. The dependence of its efficiency 
upon neutron energy was not known. The detector for 
the C(p,n)N™ excitation curve and ground-state 
threshold and the C'“(a,z)O" angular distribution was 
the “long counter,”!* located 23 in. from the target for 
the former and 1 meter from the target for the latter. 
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Fic. 1. C'(p,n)N™ 
ground-state thresh- 
old. The triangle rep- 
resents beam energy 
distribution, the en- 
ergy interval be- 
neath it the uncer- 
tainty in the energy 
scale calibration, and 
the shaded area the 
background observed 
below threshold. 
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For the C'(p,n)N™ excited-state and C'(a,n)O" 
ground-state thresholds, the ratio-counter technique’ 
was used. This technique employs two BF; proportional 
counters: one the standard long counter located a foot 
or so from the target ; the other a shorter counter with a 
small moderator (the “slow counter’) which has en- 
hanced sensitivity to the low-energy threshold neutrons 
and is located as close to the target as possible. A rise in 
the ratio of counts in the slow counter to counts in the 
long counter indicates an excited-state threshold. This 
arrangement was modified by the insertion of paraffin 
plugs in the holes in the face of the long-counter 
moderator to reduce its sensitivity to slow neutrons and 
the addition of a 1}-in. wall of borax in front of the long 
counter to prevent fast neutrons from being moderated 
in the long counter and diffusing back into the slow 
counter. These modifications result in a greater change 


16 A. OQ. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

17K. I. Greisen, U. S. Atomic Energy Commission Report 
MDDC-1545, 1945 (unpublished), and T. W. Bonner and C. F. 
Cook, Phys. Rev. 96, 122 (1954). 
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Fic. 2. C4(p,m)N“ 
excited-state thresh- 
old. See Fig. 1 for 
meaning of symbols. 
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in the ratio at a threshold. The ratio technique was 
used for the C'(a,2)O"" ground-state threshold because 
of the weak yield, which was not much stronger than the 
background from the C(a,m)O"'* reaction in the target. 


RESULTS AND DISCUSSION 
Thresholds 


Table I contains the results for the three threshold 
measurements. Reaction energies are calculated from 
the measured thresholds and atomic masses. Figures 1, 
2, and 3 show the experimental data. In these figures, 
the triangle represents beam energy distribution, the 
energy interval beneath it the uncertainty in the energy 
scale due to the Li(p,m) threshold calibration and 
analyzer shifts, and the shaded area the background 
below threshold. The threshold is taken as the inter- 
section of the background with the smooth curve, which 
is drawn below, not through, the experimental points 
near threshold so that the points will form a fillet in the 
intersection of approximately the dimensions one would 
expect from the beam energy resolution. 

Negative counts in Fig. 1 are due to the manner of 
correcting for background. Six counts at each of 14 
energies between 661 kev and 679 kev are totaled to 
obtain 14 datum points. The 8 points below 672 kev 
have about the same counting rate as the background 
observed with no beam, so the total neutron count at 
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Fic. 3. C(a,n)O" 
ground-state thresh- 
old. See Fig. 1 for 
meaning of symbols. 
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TABLE IT. Reactions closing cycles with N“(a,p)O"”. 








Reaction QO, kev Reaction 


Q, kev Reaction Q, kev 





—626.4+0.5 
—1820 +2 


1193.6+2.1 


C¥(p,n)N¥ 
C¥(a,n)O" 


Difference: 


08 (dja) N¥ 
0% (d,p)0" 


9807+12> 
8614+ 7* 


1193414 


$1152-2.5* 
1919+4* 


1196+5 


O" (d,a)N¥8 
N¥ (d,p) Ni 








* See reference 19. 
> Pauli, Ahnlund, and Mileikowsky, Arkiv Fysik 8, 213- (1954). 


each energy is corrected individually for a background 
consisting of the average counting rate of these 8 points. 

The thresholds in Figs. 2 and 3 were run with the 
ratio counters. The ratio is computed for each count, 
then all the ratios at the same energy are averaged. 
Points of Fig. 2 represent the average of 2 ratios, points 
of Fig. 3, 8. An attempt was made with the ratio 
counters to observe the 3.45-Mev threshold due to the 
C(a,n)O" reaction going to the first excited state 
(870 kev) in O", but no statistically significant change 
in the ratio was detected from 3.4 to 3.6 Mev in a single 
run, and generator trouble prevented a second run at 
this energy. 

Shoupp ef al.'* found a C'(p,n)N™ threshold which, 
when adjusted to the current Li(p,m) threshold, be- 
comes 663+9 kev. The present result, 671.5+0.5 kev, 
corresponding to a Q of —626.4+0.5 kev, is in better 
agreement with Van Patter and Whaling’s average” of 
experimental Q values for the inverse reaction, 624+4 
kev. No previous measurements of the C'(a,n)O" 
threshold have been reported. The difference between 
ground and excited state Q values in C4(p,n)N"™, 2311.9 
+1.2 kev, agrees well with the excitation energy of 
231345 kev in N“ found by Bockelman ef al.” in 
inelastic proton scattering on N™. 

The reaction N“(a,p)O" closes a cycle with the two 
ground-state thresholds of the present work; unfortu- 
nately no precise measurement has been reported of the 
Q value of this reaction or its inverse. It also closes 
cycles with two other pairs of reactions, whose energies 
are given in Table II as a check on the present results. 
Another check is to compute the reaction energies from 
a compilation of atomic masses based on a least-squares 
evaluation of nuclear reaction energies (including beta 
decay) and mass-spectroscopic doublets. The results, 
using three such compilations, are given in Table III. 


TABLE III. Reaction energies in kev calculated from mass tables. 








Reaction Present data Drummond®* Li ef al. Wapstra® 





—626.443.3 
—1810 +6 


—627+15 
—1825+18 


—628+45 


CH(p,n)N 
—182527 


C#(a,n)OU 


—626.42+0.5 
—1820 +2 








® See reference 1. 
> See reference 2. 
© See reference 4. 
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402 (1954). 

* Bockelman, Browne, Buechner, and Sperduto, Phys. Rev. 92, 
665 (1953). 


An independent calculation of the neutron-proton 
mass difference is possible using the C'*(p,n)N"™ Q value 
and the C™ beta end point. The latter has been variously 
reported at 155+1 kev,”!:?* 156.341.0 kev,* 157.545 
kev,*4 and 158.0+0.5 kev,” yielding, with the present 
result, n-p mass differences from 781.4 to 784.4 kev. 
This approach to the m-p mass difference apparently 
remains inferior to that using the T*(p,~)He* reaction 
energy’ and the T* beta end point.”® The latter is only 
18 kev and subject to smaller absolute errors than the 
C™ end point. The ”-p mass difference computed thus is 
782+1 kev. 


C'4(p,n)N'* Excitation Curve 


The excitation curve for the C'(p,n)N™ reaction 
(Fig. 4) was investigated from 0.67 to 3.4 Mev with a 
target about 12 kev thick at 1.16 Mev. From the data 
plotted in Fig. 4 and from two additional runs on the 
1.16-Mev resonance are derived the first 9 columns of 
Table IV. Results of other investigators are presented 
for comparison. 

Target thickness and the natural width given in 
Table IV for the 1.16-Mev resonance are the results of a 
method of treating the measurements of height, width, 
and area of a resonance peak in the excitation curve (see 
Appendix). The method neglects the effect of finite beam 
energy resolution and is most useful when target thick- 
ness and natural width are of the same order of magni- 
tude. It applies to the treatment of data with a single 
target, and proves internally consistent when results 
with targets of different thickness are compared. The 
target thickness so determined is then adjusted for 
change of stopping power with energy. The natural 
widths of the other resonances, whose areas are not 
measured, are inferred from target thickness and ob- 
served width. Because of the asymmetry of the 1.16- 
Mev resonance, attributed to target nonuniformity, the 
width and area of the low-energy side only are measured, 
and the corresponding quantities for the full resonance 
are taken as twice these values. The same asymmetry is 
evident in the 2.55- and 2.64-Mev resonances in the 
C'*(a,n)O" excitation curve, discussed below. When the 


21S. D. Warshaw, Phys. Rev. 80, 111 (1950). 

2H. H. Forster and A. Oswald, Phys. Rev. 96, 1030 (1954). 

28 Cook, Langer, and Price, Phys. Rev. 74, 548 (1948). 

* Angus, Cockcroft, and Curran, Phil. Mag. 40, 522 (1949). 

25 Pohm, Waddell, Powers, and Jensen, Phys. Rev. 97, 432 
(1956), and A. V. Pohm (private communication). 

26 R. W. King, Revs. Modern Phys. 26, 327 (1954). 
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Fic. 4. C*(p,n)N™ exci- 
tation curve. Arrows indi- 
cate neutron thresholds. 
Approximately half of the 
off-resonance datum points 
have been omitted to avoid 
congestion. 
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same method is applied to these resonances for the 
determination of target thickness and natural width, the 
same target appears significantly thinner at the narrow 
resonance than at the wide one. This is taken as an 
indication that the effect of target nonuniformity is not 
entirely suppressed by restricting attention to the low- 
energy side of a resonance, and that there is a tendency 
for the method to give too low a result for the thickness 
of a nonuniform target if it is of the order of or greater 
than natural width. If the result for target thickness is 
too low, then the natural widths of the remaining 
C(p,n)N"™ resonances are subject to an error due to the 
manner in which their determination depends on target 


— F ae 
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thickness. This error is not included in the uncertainties 
in I given in Table IV, but is in the right direction to 
explain the fact that the natural widths in the present 
work are predominantly larger than the MIT values. 
The absolute differential cross sections are based on a 
comparison with the long counter of a Ra-Be standard 
neutron source with the 1.16-Mev yield. The Chalk 
River angular distributions® are used to convert differ- 
ential to total cross sections. Target density was de- 
termined by microbalance weighing to an accuracy of 
15%. Other uncertainties are: long-counter efficiency, 
15%’; natural width at 1.16 Mev, 20%; statistics, 5%; 
Ra-Be source, 5%. The over-all uncertainty in absolute 


TABLE IV. Comparison of data on C(p,n)N™ resonances. E,=excitation energy in compound nucleus; Eo=resonance energy in 
laboratory system; !'=natural width in laboratory system; doo/dw=resonant differential cross section at 0° in the center-of-mass 
system ; ¢o=resonant total cross section; ',, !'p, and 'g=neutron, proton, and alpha widths, respectively, in the laboratory system. 
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1170+ 5 
1311+ 7 
1664 +12 





641 32 

$423 25 315 
56423 3.6 45 
2242 1.7 21 
1822 3.8 48 
2725 35 330 = S 
58+8 59 650 ; 
2323 8.7 73 
3444 4.1 

7145 9.7 


11.291 
11.433 
11.765 
11.875 
11.965 
12.097 
12.146 
12.326 
12,493 
12.920 


1162+2 
131443 
1670+3 
1788+3 
1884+3 
202644 
2079 +4 
227144 
2450+4 
2908 +4 
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2086 +15 





® Reference 7. 
> Reference 5. 
© Reference 6. 
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1.6 
32.8 
36.5 
24.5 
21.2 
17.2 
38.0 


8+ 1 42% 1.165 22 
4345 25 1.31 25 
38+10 23 146 : 4.5 
18+ 5 2 1.79 s. 2.5 
15+ § 1.88 t “| 
18+ 5§ 2.02 35 
55410 5: 2.08 5: 61 
22+ 5 2.27 
45+20 
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4 The atomic-mass tables of reference 2 are used in computing excitation energies. 


e Eo of reference 7 + 671 kev. 
! Scaled from Fig. 3 of reference 7. 


& See reference 5 for the method of calculating oo by detailed balancing from the cross sections of reference 7. 


b Based on a Li(f,m) threshold of 1882.2 kev. 

i (25/17) times the ‘‘¥ max ' column of Table II of reference 5. 
i Normalized at 1.31 Mev. 

k Corrected for target thickness, assuming I =7 kev. 

! Based on onp =10 mb, estimated from reference 7. 


27 W, D. Allen, U. S. Atomic Energy Research Establishment Report NP/R 1667, 1955 (unpublished). 
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cross sections at 1.16 Mev is the rms total of these or 
about 30%. At the other resonances, cross sections are 
determined by a comparison of yields with the 1.16-Mev 
yield, and they may be subject to an additional error 
due to energy dependence of the long counter sensitivity 
to a neutron source (target) only a few inches from the 
counter. 

Spins of the various compound-nucleus levels are 
found as follows: The Breit-Wigner one-level formula 
specialized for the N“(m,n)N™ reaction at resonance is 


Onn= $rh.2(2J+1)0 2/7. 


However, I’,,/T’ is equal to gnn/o+ (co; is the total reso- 
nant cross section of nitrogen 14 for neutrons of 
wavelength X,,). Hence, we have 


2I4+1=36 2/29K,20 nn. 


Values of o, are taken from the paper of Hinchey et al.”* 
(where they are called S,). Values of on, are the ot 
minus the o,» converted according to the principle of 
detailed balance from the values of ¢,, of the present 
work, minus the ¢na of Johnson and Barschall’ increased 
by 10% to correct for their large neutron energy spread. 
The nearest half-integer to the solution for J is given in 
Table IV. The accuracy of these values depends pri- 


TABLE V. Resonances in C(a,n)O"". See Table IV for definitions 
of symbols. 








Eo, kev 


2553+ 4 
2642+ 3 
2798+11* 
3335415 
35084 4 


lr, kev 


1.6+ 1 
10+ 1 
22+10 
100+ 20 
544+ 3 


Ez(O"8), Mev 


8.223 
8.293 
8.414 
8.832 
8.966 











® The 2798-kev resonance must be regarded as doubtful because of its 
absence in later data (to be published) on alpha scattering on C', 


~ 98 Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952). 
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Fic. 5. C4(a,n)O" ex- 
citation curve. Arrows 
indicate neutron thresh- 
olds. The threshold at 
3.45 Mev was not ob- 
served. Background be- 
low 2.34 Mev threshold 
is from C¥(a,n)O". 








marily upon the accuracy of the o;, which is difficult to 
estimate. While we are not prepared to rule out any of 
the possibilities for J given in the Chalk River paper, we 
can indicate preferred values for all the levels. 

Partial widths T,, I’, and’, are the fractions onn/o1, 
Tnp/Tt, ANd Ona/ot, respectively, of the total width T. It 
appears that I’, cannot be neglected at the 2.08-Mev 
resonance, as was done in the Chalk River paper.® 


C'*(a,n)O"’ Excitation Curve 


Figure 5 is the excitation curve for the C“(a,n)O" 
reaction between 2.3 and 3.6 Mev. Additional data were 
taken on most of the resonances, yielding the results 
presented in Table V. 

The differential cross section at the 2.64-Mev reso- 
nance is 31 mb/sterad at 0° and the total cross section, 
based on the angular distribution discussed below, 300 
mb. The value of the target surface density used in 
finding the absolute cross section is not, in this case, the 
result of weighing but depends on the thickness of the 
same target estimated at 20 kev from both sides of the 
1.16-Mev C'4(p,n)N"™ resonance data. Both sides of the 
resonance are measured because we are concerned here 
with the total amount of material on the target rather 
than its effect in widening a resonance or spoiling 
symmetry. These cross sections are subject to an 
uncertainty of 50% in target density plus the uncer- 
tainties in the C'*(p,n)N™ cross sections, or about 60% 
overall. 


Angular Distribution of the 2.64-Mev Resonance 
in C'4(a,n)O'” 


The angular distribution of neutrons from the 2.64- 
Mev resonance in C'(a,2)O" is shown in Fig. 6. The 
smooth curves are semitheoretical distributions dis- 
cussed below. The plotted points are the differences, at 





Ci4(p,n)N'4 


resonance, between smooth curves drawn through two 
observed yields in the vicinity of 2.64 Mev at each 
angle, one with and one without a 14-in.-long borax- 
paraffin cone between the target and the long counter 1 
meter away, to provide an experimental correction for 
neutrons scattered into the counter from the floor and 
walls. These observed yields are transformed into the 
center-ofymass system and corrected for the slight 
variation of counter sensitivity with neutron energy. No 
correction is made for the scattering of neutrons by the 
target backing and the walls of the target chamber. 
Neutrons detected in the angular distribution had to 
pass at various angles through 35 in. of steel plus 0.010 
in. of tungsten if emitted in the forward hemisphere or 
ze in. of inconel in the back hemisphere. 

The absolute cross-section scale is taken from an 
independent measurement at 0° and contains an un- 
certainty of 60%. The errors shown on the experimental 
points are statistical only. 

The Wigner limit?’ 3h?/2Ma on the reduced neutron 
width y,2 of this level is 1.3% 10~-® kev-cm. When com- 
pared with reduced widths for various assumed values of 
neutron angular momentum /,, this limit implies that 
1,<2 unless the neutron width I’, is of the order of or 
less than 2% of the observed total width. Moreover, the 
anisotropic character of the angular distribution cannot 
arise from a compound nucleus level with a spin J of 0 
or if /,=0. Under these restrictions and the conservation 
of angular momentum and parity, the remaining possi- 
bilities for alpha-particle angular momentum /,, spin J, 
parity 7, 7,, and outgoing-channel spin s, are listed in 
Table VI. 

The column headed W(@) contains the theoretical 
angular distributions for each spin possibility calculated 
with the help of the Chalk River compilation® of coeffi- 
cients of Legendre polynomials in the expansion of W (@) 
given by Blatt and Biedenharn.* Since W(6) depends 
upon s,, only the J/=1~ assignment leads to a unique 
W (8). It is W (@) < (3+-cos’@), which makes an acceptable 
fit with the experimental data. For the other three 
possibilities, one can choose arbitrary s,-mixing ratios in 


TABLE VI. Possible spin and parity assignments, 
2.64-Mev C(a,n)O"" resonance. 











W (0) 


2 (9/10) (3+-cos’@) 
f2 (25/14) (4—9 cos’0+9 cos*#) 
\3 (75/56) (S—2 cos*®—3 cos*#) 
f2 (21/5) (1+2 cos’) 
\3 
2 
} 


J. tn Sn 
rE 1 
’ i 2 





x 1 (21/2) (1—cos%) 
i , (27/56) (13—10 cos*#+-45 cos‘) 


(135/28) (1+8 cos’#—9 cos‘) 








2 T. Teichman and E. P. Wigner, Phys. Rev. 87, 123 (1952). 

% Sharp, Kennedy, Sears, and Hoyle, Atomic Energy of Canada 
Limited Report AECL-97, Chalk River, Ontario, 1953 (un- 
published). 

31 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
(1952). 
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Fic. 6. Odd-parity an- 
gular distributions for 
the 2.64-Mev resonance 
in C(a,n)O'". Curves 
are theoretical distribu- 
tions for given values of 
the compound-nucleus 
spin J and the outgoing 
channel-spin mixing ra- 
tio ¢. 
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an attempt to find a W(@) in reasonable agreement with 
the data. The J=3- assignment conforms readily if ¢, 
the ratio of (s,=3):(s,=2), is anywhere from 1:2 to 
1:5, the former extreme giving a distribution pro- 
portional to 3+-cos’é and the latter to 1+cos’@. These 
are the smooth curves in Fig. 6. 

In Fig. 7 the points are weighted averages of the 
experimental data at supplementary angles and the 
curves are the unnormalized distributions W(@) for the 
four even-parity cases in Table VI. In the case of J=2t, 
it is impossible to get a combination of s,=2 and s,=3 
with a minimum at cos*@=0 regardless of the curvature 
one wishes to accept. In the case of /=4*, one can fit 
the data at cos*@=0 and 1 but only with a combination 
having a curvature much larger than what the data 
appear to allow. Evidently the even-parity assignments 
are excluded by the angular distribution. 

The final assignment is the alternate one, J=1~ or 3-. 
In the case of 1-, the measured total cross section, 300 





w(@), ARBITRARY UNITS 











04 2 
Cos 8 


Fic. 7. Even-parity angular distributions for ‘the 2.64-Mev 
resonance in C(a,n)O'7. Curves are theoretical distributions for 
given values of the compound-nucleus spin J and the outgoing 
channel-spin s,. Experimental points are weighted averages of 
data at supplementary angles. 





1440 RICHARD 
mb, is the maximum 7A,?(2/,+1) allowed by the Breit- 
Wigner formula. 
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APPENDIX 


We shall derive here a method for obtaining target 
thickness T from the yield curve for a nuclear reaction 
described by the Breit-Wigner one-level formula for the 
cross section ¢ as a function of bombarding energy E in 
the vicinity of a resonance at energy XZ» with a natural 
width T: 

o=C[(E—- Eo? +40", (1) 


where C is a constant of proportionality depending on 
nuclear parameters. The yield N (£) of product particles 
per incident particle from such a reaction is the integral 
through successive target layers de: 


nde 





T 
N(E)=C , 2 
(E) f aero (2) 


where » is the number of target nuclei per cm? per 
energy unit of thickness. (We neglect any spread in 
beam-energy distribution.) If m is reasonably constant 
over the target, the result of integration is 


[——~--_] 
3 
(E—Ey—T)(E—E») +11" 


2Cn 
N(£)=—— tan 
T 





and is maximum when £ has the value £o+4T. The 
maximum value N is given by 


N=(4Cn/T) tan“(7/T), (4) 


and the half-maximum points, i.e., N(Z)=3N, occur 
where 
E-—Eo=}3(T+ (7?+I")!]. (5) 


M. SANDERS 


Thus we find that the observed width W at half- 
maximum is given by 


W*=T?+I". (6) 


We define the area A under a resonance in the yield 
curve by the following limiting process: 


A= lim [AED N(E,)) ]= f N(E)dE, (7) 
A4E-0 i 


where AE is the constant energy interval between 
points E; of observation of the yield N(;). To find 
another expression for A, we observe that A depends 
only upon the total quantity of reacting matter in the 
target and not upon its stopping power, provided that 
the target is not thick enough to stop the beam, i.e., not 
a “thick target” in the usual sense. Hence we can inte- 
grate the yield from a very thin target (7<T), 


N(E)=CnT[(E— Eo)? +41", (8) 
to arrive at an expression valid for any 7, 
A=2nCnT/I. (9) 


We can now eliminate C from Eqs. (4) and (9) to 

show that 
T/tan7(T/T)=2A/xN=S. 

From Egs. (6) and (10) we deduce the relation 

T/W=sin(T/S), (11) 

into which we can substitute values of W and S from the 

yield curve and solve for T. Then we can find T from 

Eq. (6) and C from either Eq. (4) or (9), and express the 


resonant cross section oo entirely in terms of measurable 
quantities in either of two ways: 


oo= N/[n¥ tan(T/T)]=24/(nTT). 


(10) 


(12) 


(The product nT is the target surface density in nuclei/ 
cm?, obtainable directly from weighing.) 

This method, while derived generally, is most accurate 
and useful when T and TL are of the same order of 
magnitude. It supplements the method of Bernet, Herb, 
and Parkinson,” for the treatment of thick- and thin- 
target data. 


® Bernet, Herb, and Parkinson, Phys. Rev. 54, 398 (1938). 
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Neutron Polarization in (p,n) Reactions and Nuclear Optical Model 
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The polarization of the neutron produced in a (p,m) reaction is calculated under the assumption of a 
direct mechanism for the reaction. The ‘“‘cloudy crystal ball’? potential modified by the spin-orbit coupling 
term is assumed to be the neutron-nucleus interaction. The model is applied to the reaction Si*(p,m)P® for 
E,=6 and 6.5 Mev. The maximum negative polarizations ~—75% come in for the center-of-mass scat- 


tering angle @~75°. 


I. INTRODUCTION 


HE theory of (p,) reactions as proposed by 

Austern ef al.! has been successul in the inter- 
pretation of the differential cross sections for (p,m) 
reactions measured off the pronounced resonances of 
the excitation function in the medium energy range. 
In this energy range, for most nuclei, the direct reaction 
mechanism should be the primary mechanism operative 
rather than compound nucleus formation. 

It is well known that the neutron produced as a 
product in the (p,2) reaction is polarized. The polariza- 
tion of neutrons from the Li’(p,2)Be’ reaction for a 
rather low energy on and near resonance was inves- 
tigated?* under the assumption of compound nucleus 
formation. 

On the other hand, it seems interesting to calculate 
the polarization for the direct-reaction mechanism in a 
manner similar to that used for deuteron stripping 
reactions. 

The “cloudy crystal ball” potential of Feshbach et al.,* 
modified by an additional spin-orbit term, has been 
successful in the description of the elastic scattering of 
polarized neutrons.® This model was applied by Cheston® 
to (d,p) reactions, for which a stripping mechanism was 
assumed at deuteron energies ~3 Mev. The same 
model is applied here.’ Since the direct-reaction 
mechanism for the (p,2) reaction is used throughout 
the present paper, the extent of disagreement between 
the predictions and eventually forthcoming experiments 
will indicate the extent to which the direct mechanism 
is not suitable at the proton energies considered below, 
i.e., ~6 Mev. 


II. CALCULATION 


Following Austern et al.,1 we assume that the neutron 
which is initially the most loosely bound (with a spin- 
zero core) and which is in a state of orbital angular 
momentum /; and z-component m,, is knocked out from 


1 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
2R. Adair, Phys. Rev. 96, 709 (1954). 

3 A. Okazaki, Phys. Rev. 99, 55 (1955). 

4 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
5 Adair, Darden, and Fields, Phys. Rev. 96, 503 (1954). 

® W. B. Cheston, Phys. Rev. 96, 1590 (1954). 

7Most of the general considerations presented herein were 
reported in a preliminary note: J. Sawicki, Nuovo cimento 2, 
1322 (1955). 


the surface of the nucleus by the incoming proton 
which is then captured into a state of orbital angular 
momentum /y and z-component my. In the free-wave 
(Born) approximation, the matrix element for the 
collision in the “outside’’ region (72 71) is: 


Ma [ douto, { dtdrade pl *Lo/] 


Xexp(—ikn: tn)xun* (on) Vapi pi | 
Xexp(ikp: rp)xup(op), (fa, 1p 2To) (1) 


where 


V{pil= , a } Cria( fits; Mistn’ (Limi) Xun’ (on)bo(E) ; 


min 


Yee J= X Coral isms; mye W(Ly,my)xup’(o p)bo(€) ; 


mf Mp’ 


where (l,m) = single-particle orbital, ¢o(¢)=core wave 
function; x,(0)=nucleon spin function; Cy’s are the 
vector addition coefficients. Similarly, as given by 
Demeur® and Satchler,’ we employ the zero range n-p 
interaction: V »»=Vo6(r,n—Frp). 

On assuming that the outgoing neutron will scatter 
in a spin-orbit potential, exp(ik,-rn)xun(on) in (1) 
must be replaced by: 


V,Lu.]= > } a*(L,M1)C14(J,My; M 1,pn) 
L,ML J,Ms 
XV(J,L,M z) (2) 
in the notation of reference 6. The expression 
exp (ik: fp)xup(op) 


is replaced in the notation of references 6 and 7 by: 


V [up ]= p i b*(Ly,M p)®(Ly,M »)xup(o p). (3) 


Lats 


The incident proton wave is now assumed to be 
distorted by a nonspin-dependent potential. There are 
indications that, for the numerical examples considered 
below, the influence of an eventual spin-orbit coupling 
for the proton is rather small and results in smaller 
absolute values of the neutron polarization. The 


5H. Demeur, J. phys. radium 16, 73 (1955). 
°G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 
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j i ! 1 

30° 60° 90° 120° 
c.m.s, SCATTERING ANGLE § 
Fic. 1. Angular distribution of neutrons from Si*(p,n)P® for 

E,=6 Mev. (A) No proton and no neutron scattering; (B) no 


proton scattering; (C) scattering of neutrons and absorption of 
proton partial waves L,=0.1. 





Coulomb distortion of the incident proton wave is 
neglected. The rather small polarization due to Coulomb 
interactions in (d,p) reactions obtained by Grant” 
encourages to use the latter simplification for the 














i i i r 4 4 i 


wil, i 
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cm.$, 


Fic. 2. Polarization P of neutrons from Si®(p,n)P*® for E,=6 
Mev. (B) No proton scattering; (C) absorption of proton partial 
waves L,=0.1. 


TJ, P. Grant, Proc. Phys. Soc. (London) A68, 244 (1955). 


proton energies considered here. The infiuence of the 
nuclear distortion of the incident proton on the neutron 
angular distribution and the polarization is shown 
below to be very small. (This was stated for only the 
angular distribution first in reference 1.) 

If };=0, the polarization is due to the spin-orbit 
coupling of the neutron scattering potential only (see 
below). On the other hand, if /;#0, the polarization 
effect enters, even if one introduces a central inter- 
action. It seems, therefore, interesting to investigate 
the /;=0 case for the case of LS coupling. After all, the 
1;=l;=0 case considered below is the simplest one. 

The reaction matrix elements for this case are easily 
obtained in a manner similar to that used in reference 7. 
With arbitrary normalization, they may be written in 
the form: 

M (un; — +3) 
=D Lfa(L,M1)b*(L,M1)Ciye(J, Mi+4; M1,3) 
L,M, J 
XCoy(3,mi3 mi— 3, 2) ta(L,M1)b*(L, Mt+1) 
XC1y(J, Mi +2; Mz, 2)Ciy(J, Mi+3;Mi+1, —3) 
XCox(3, Mis Mit}; —})} Rx, (4a) 
1 


M (ui pn=—}3) 


=> YLf{a(L,M1)b*(L, Mi—1) 


LM, J 

XCiuy(J, Mr—3; M1, —3) 

XCi4(J, Mt—3; Mi—1, 3) 

XC 04(3, wi; Mi — 3, 4) +a(L,M 1)b*(L,M 1) 
XCiye(J, Mr—3; M1, —3 


XC o4(3, wis wit}, —}$)}Rx, (4b) 


where 


Riz= f drr*ko (tir) fo(trr) ji (Rar) 


r0 


—B(L,J)hi™ (kar) Wir (ker)—B(L)hi™ (ker); (5) 


fo(tgr) and ko(tr)=ho™ (itr) are the bound-state radial 
wave functions; B(L,J)= (1—41,7)/2, B(L) = (1—4z)/2, 
where #1,7(#1) are the average reflection factors defined 
as, e.g., reference 4 [if the neutron (proton) potential 
equals zero, then f#zy=1(7,=1) and B(L,/J)=0 
(8(L)=0), i.e., we have no neutron (proton) scattering ]. 
All other symbols have their usual meaning. 

If we now define the axis of quantization by the 
vector k,Xk,, the off-diagonal terms in (4a)-(4b) 
vanish. Then the components of the polarization vector 
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in the reaction plane are: P,=P,=0 and the polari- 
zation P is: 
P= P,={|Moo(+4)|?— | Moo(—4)|7}/ 

{| Moo(+3) |? +| Mw(— —})| 7, (6) 


where: 


M wo(+3) => } Yum,* 


L ML 


(50) ran(>a) 
«| (rar DR wee Jae i oe 
rape rae)? 


L+1-M: L+Mz 
6 IN dk OEY al 
2L+1 2L+1 


Moo(— 


where R,t=R_, J=L+4) Ri-=Rrz, sat-33 Yim_,(8,¢) are 
spherical harmonics as defined by Blatt and Weisskapf," 
@ being the center-of-mass (c.m.) scattering angle. If 
the LS coupling equals zero, then Ri+=R,~=Rz and 
P=O. It is easily seen that P(@=0°)= P(6= 180°) =0. 


III. NUMERICAL RESULTS AND DISCUSSION 


For the numerical computations the Si®(p,n)P” 
reaction (ground state, /;=/;=0, Q=—5.503 Mev) 
was employed, the incident proton energies being 6 
and 6.5 Mev. The final state neutron scattering poten- 
tial was taken to be: 


V,, (in Mev) = —40(1+70.05)— 
r< Ro= 


2L-S, 
1.45A'/® 10-8 cm 


=0 r2> Ro. (8) 


, 


The “Butler radius” ro was arbitrarily chosen to be 
the “nuclear radius” Ro. To take into account the 
initial-state proton scattering, the waves with L,=0 
and 1 are assumed to be absorbed by the nucleus 
[6(0)=B(1)=3], all other partial waves L, being 
unaffected (similarly to the procedure in reference 1). 
This should overestimate the effects of proton nuclear 
scattering. 

The Coulomb effect of the final-state (bound) proton 
was taken into account in a similar fashion, as was done 
J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


by Yoccoz.” For r>r0: fo(tjr)=W_n»,(2tyr)/r, where 
W_n3(2tsr) is the Whittaker function and n=ZeM ,*/ 
(A*ty), all the remaining symbols having their usual 
meaning. In the important region of r, fo(gr) is fairly 
well approximated by some “equivalent” Aho (it;’r). 
The integrals Rr, are nse mg numerical methods. 

Three cases are discussed: B(L,J)=0, B(L)=0 
(no neutron and no proton arial (b) B(L,J) 
corresponding to (8), 8(L)=0 (no proton scattering) ; 
(c) B(L,J) corresponding to (8), 68(0)=8(1)=4, all 
other 6(L)=0. 

The angular distributions for E,=6 Mev are pre- 
sented in Fig. 1. The only important effects of the scat- 
tering terms are: the zeros of the angular distributions 
disappear, the first minimum for (0) and (c) is displaced 
with respect to (a) towards smaller angles, and the first 
minimum for (c) is very slightly shifted with respect 
to (6) towards smaller angles. The curves for E,=6.5 
Mev have been found very similar in shape but steeper. 

The neutron polarizations for E,=6 Mev are pre- 
sented in Fig. 2. The main features of the curves are: 
(1) P is negative up to 6~90°; (2) the first maximum 
of |P| is rather large (~75%) and comes in near 
0~75°; (3) for @280°, P decreases very rapidly and 
changes sign, and then increases in positive values up 
to the second maximum of | P|. 

Cheston’s P for the C"(d,p)C™ reaction and for 
Ei=3.29 Mev® is also negative for smaller angles 
(contrary to the values of P obtained by Horowitz 
and Messiah"® and Newns"‘). This feature of P, dis- 
cussed in terms of (8), is due to the LS coupling model 
used. 

The neutron polarizations for E,=6.5 Mev are 
presented in Table I. All the main features of P for 
E,=6 Mev remain preserved save that the rather high 
positive values of P appear at large angles. This is 
mainly due to the fact that the differential cross 


TABLE II. P (in %) i in belie n)P® for E,=6 Mev. 





C.M.S. angle 6° 20 40 60 80 100 





P (no Coulnaly eflett) ~11.1 —25.0 —45.7 -71.5 243 
P (Coulomb effect included) — 7.0 —15.2 —26.5 —39.3 —63.0 





2 J. Yoccoz, Proc. Phys. Soc. (London) A67, 813 (1954). 

13 J, Horowitz and A. M. L. Messiah, J. phys. radium 14, 695 
(1953). 

4H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 
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sections decrease much more rapidly for large angles 
than for small angles with an increase of E,. 

Note added in proof.—Coulomb effect of the incident 
proton wave was taken into account in the computa- 
tions for E,=6 Mev and case (b) i.e., no proton nuclear 
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scattering. The angular distribution is considerably 
flattened, its deep minimum being shifted towards 
larger angles. The corresponding maximum of negative 
polarization is also shifted in this direction P (in %) in 
Si**(p,n)P*® is given in Table II. 
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Neutrons from the Proton Bombardment of P*'+ 


A. G. Rusin* anv G. D. Jounson, Boston University, Boston, Massachusetts 


AND 


J. B. ReyNotps, Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received August 30, 1956) 


The reaction P*(,n)S*' has been studied at E,=17.2 Mev. The energy spectrum of the neutrons was 
determined by means of proton recoil measurements in nuclear emulsions. The mass excess, M—4A, of S# 
was calculated to be — 10.04+0.20 Mev. Excited states of S* have been located at 1.15+0.15, 2.28+0.20, 
3.3540.20, 4.51+0.15, 5.94+0.30, and 6.41+0.20 Mev. 


HE level structure of the A= 31 isobars is poorly 
known. In P*!, the excited states at 1.26- and 
2.23-Mev excitation are well verified, and levels have 
also been reported at 0.4, 0.9 and 3.4 Mev.‘ In the 
mirror nucleus, S*, the mass of the ground state is 
known to within 200 kev from 8-decay work,‘ but no 


p*! (p,n) Ss?! 

Ep =17.2 Mev 

842 TRACKS 
30° 





7 
E, (Mev) 


o—E€, 


Fic. 1. Data at 30°. N is the corrected number of neutrons per 
200-kev interval; EZ, is the neutron energy; E, is the excitation 
energy in S*. 


t Supported in part by the United States Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command, and in part by the U. S. Atomic Energy 
Commission. 

* Temporarily at Brookhaven National Laboratory, Upton, 
New York. 
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excited states had been observed. The reason for this 
lack of information about S* is that all reactions 
leading to it are either neutron-emitting reactions or 
very endoergic, or both, with the exception of the 
reaction S**(He*,a)S*, which has never been studied. 
It was decided to investigate S*! by means of the reaction 
P*!(p,n)S*". The difficulty in accurately measuring 
neutron energies coupled with the beam spread of 
cyclotron protons, necessary because of the endoergic 
character of the P*(p,n)S* reaction, precluded the 
possibility of obtaining very accurate information on 
the states of S*. However, because of the difficulty in 
reaching this nucleus, it was felt than any information 
on S*! would be of value. 

A target of P* was prepared by dissolving red 
phosphorus in absolute ethyl alcohol, and painting it 
onto a thin polystyrene film. The thickness of the 
target corresponded to an energy loss of 100 kev for 
17.5-Mev protons. Unfortunately, the target was 
reversed prior to the exposure, so that the proton 
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Fic. 2. The 90° data. (See caption of Fig. 1.) 
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TABLE I. States of S*!. The energies are given in Mev. The weighting factor at each angle is indicated 
in parentheses after the Q value at that angle. 








Q values at 
30° 90° 


120° 


150° Weighted Q E; in S* 





— 6.06(2) — 6.07(1) 
— 7.26(3) 
— 8.31(3) 
— 9.25(3) 
— 10.65 (1) 


— 12.37 (2) 


— 8.25(1) 
— 10.60(2) 


— 8.35(1) 
— 9.36(2) 
— 10.57 (3) 
— 12.00 

—12.74(1) 


— 12.43 (2) 





beam hit the polystyrene backing first. This degraded 
the energy of the incoming beam from 17.50.15 Mev 
to an average energy, E,, of 17.2 Mev in the target. 
The exposure was of 400 microcoulombs. Neutrons were 
detected by means of recoil protons in Ilford C-2 
emulsions, 400 microns thick, placed at 5 angles to the 
incoming beam, at 30° intervals. The experimental 
arrangement has been described previously,® as have 
the development procedure, scanning method, and data 
analysis.* It was found after preliminary scanning that 
the low-energy neutrons formed a continuous spectrum, 
showing that the higher excited states of S*! were not 
resolved. Therefore only long tracks were measured, 
corresponding to neutron energies greater than ~3.5 
Mev and to excitation energies, E,, less than ~7 Mev. 
A total of 3372 tracks were scanned at the five angles. 

Figures 1 and 2 show the data at 30° and 90°. The 
plates at 60°, 120°, and 150° were also scanned, but at 
these angles only a few of the levels were resolved.’ 
For this reason, we could not obtain meaningful 
angular distributions of the neutron groups. Table I 
gives a summary of the Q values obtained and of the 
excitation energies in S*. The ground-state Q value 
derived from results at 30° and 90° is —6.06+0.20 Mev, 
corresponding to an atomic mass excess, M—A, of 


5 F, Ajzenberg and W. Franzen, Phys. Rev. 94, 409 (1954). 

6 Rubin, Ajzenberg-Selove, and Mark, Phys. Rev. 104, 727 
(1956). 

7 The data at these angles are exhibited in Progress Report No. 
12, Boston University, September 30, 1956 (unpublished). 


— 8.52(2) 
— 9.60(3) 
— 10.49(2) 


— 6.06+0.20 0 
—7.06(1) — 7.21+0.20 1.15+0.15 
—8.14(1) — 8.34+0.20 2.28+0.20 
— 9.41+0.20 3.35+0.20 
—10.57+0.20 4.51+0.15 
— 12.00+0.30 5.94+0.30 
—12.47+0.20 6.41+0.20 





— 10,04+0.20 Mev and to a mass of 30.98922+0.00022 
amu for S*, 

We may not have resolved all of the levels in S** with 
E.S7 Mev because of the large widths of the neutron 
groups. There is no way of checking this because the 
corresponding region in P*! is poorly known. In addition 
to the levels listed in Table I, there is some evidence for 
another state at about 3.6-Mev excitation (O~—9.6 
Mev), but the evidence is not conclusive. The neutron 
group corresponding to the 4.51-Mev state has a width 
which is too large for a group corresponding to a single 
level: the data at 30° suggest unresolved levels at 4.4 
and 5.0 Mev but here again the evidence is too poor to 
draw a firm conclusion. There is some possibility of 
neutrons from N" and Na* contamination of the target. 
It is not possible to check this because of the large 
neutron group width which obscures variations with 
angle. The target, however, is believed to have been 
sufficiently pure so that these possibilities are quite 
unlikely. 

We are grateful to Professor F. Ajzenberg-Selove for 
continued advice during this work, and to Professor 
M. G. White for his interest and support. We are 
indebted to A. Emann, C. P. Cheeseman, and Dr. F. 
Selove for assistance in the plate exposure and to the 
Brookhaven National Laboratory, where one of us 
(A. G. R.) was a guest at the final stages of this work, 
for its hospitality. 
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The differential cross sections for four highest energy proton groups from the Be*(He’,p)B™ reaction have 
been measured at a bombarding energy of 2.00 Mev over the angular region extending from 5° to 170°. In 
order to fit these data with Legendre polynomial expansions, it was necessary to include polynomials up to 
the sixth degree. The coefficients in these expansions are tabulated for each proton group. These results by 
themselves are not inconsistent with the compound nucleus model of nuclear reactions, but when viewed in 
connection with other results, they indicate the possibility that direct interactions may play an important 


part in He*-induced reactions. 





INTRODUCTION 


HE results of early investigations of deuteron- 
induced reactions in the region of intermediate 
bombarding energies were interpreted by Butler’ as 
taking place by a direct process rather than through 
the formation of a compound nucleus. By taking into 
account the Coulomb interactions and the interactions 
of the incoming and outgoing particles with the target 
and residual nucleus in the theory of direct processes 
(stripping theory),?>~* it was possible to obtain better 
agreement between the theory and the experimentally 
observed differential cross sections in the region from 
1 to 5 Mev of bombarding energy. However, recent 
investigations** of the yields of reaction products at 
several angles as functions of the bombarding energy 
for deuteron reactions have revealed the presence of 
resonances in these reactions. In order to account for 
the existence of these resonances, it may be necessary 
to include in the theory a small contribution from the 
compound nucleus process. On the other hand, an in- 
crease in the forward peak usually accounts for most of 
the change in yield at these resonances, thus it seems 
that the direct process may play the predominant part 
in deuteron-induced reactions in which protons are 
emitted. 

The direct-process theory also has been able to ac- 
count for the angular distributions observed from 
pickup reactions such as (n,d), (p,d), and (d,t) reac- 
tions.*-”” The results of (d,/) reactions"! are particularly 
interesting, since they indicate the possibility that 
reactions in which tritons are involved may also proceed 


1S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 

2 J. Horowitz and A. M. L. Massiah, Phys. Rev. 92, 1326 (1953). 
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by a direct process. If triton reactions do take place by 
a direct process, then the same may be the case for some 
He’ reactions. 

The reactions in which protons are emitted from the 
bombardment of light nuclei by low-energy (2 Mev)He'* 
particles present a rather severe test of the direct- 
process assumption, since they would require either the 
simultaneous capture of two particles by the target 
nucleus or a two-step process in which first one particle 
is captured by the target nucleus, followed by the 
capture of the second particle by the nucleus thus 
formed. If the direct process is at all responsible for 
these reactions through either of the above mechanisms, 
its contribution to the reaction relative to that of the 
compound nucleus may vary considerably for different 
reactions depending upon the structure of the target 
and residual nuclei. For this reason it is of interest to 
investigate a series of these reactions for a number of 
different types of target nuclei and for as many energy 
levels as possible in the residual nuclei. It was believed 
that the most profitable approach for detecting the pres- 
ence of contributions from direct processes would be to 
study the angular distributions of the reaction products 
from He*-induced reactions and the yields of these 
reaction products as a function of the bombarding 
energy. 

Preliminary studies of the yield curve for the 
Be*(He’,p)B" reaction indicated that the yield of the 
reaction increases rapidly with bombarding energy up 
to the maximum energy attainable, 2.0 Mev. Thus, in 
order to minimize the data-taking time, the angular 
distributions of the protons which leave B" in the first 
four states were studied at 2.0 Mev. Preliminary angular 
distributions of the ground state and first excited state 
proton groups have been reported.” 


PROCEDURE 


The 2.0-Mev He’ particles were obtained by using the 
singly ionized beam of He’ particles from one of the 
Naval Research Laboratory’s 2-Mv Van de Graaff 
accelerators. The He* beam was magnetically analyzed 
by a 90-degree deflecting magnet. 


” Holmgren, Bullock, and Kunz, Phys. Rev. 100, 436 (1955). 
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DIFFERENTIAL CROSS SECTIONS FOR Be*(He?,p)B!! 


Fic. 1. Reaction chamber. 


The reaction chamber which was employed to in- 
vestigate these angular distributions is illustrated 
schematically in Fig. 1. The incoming beam was defined 
by the collimating slit at the right to an angular diver- 
gence of less than 0.2 degree. The surface of the target 
was held at an angle of 135° to the axis of the beam. 
Since the targets were prepared by evaporating a thin 
layer of beryllium onto a 10-microinch nickel foil, this 
position of the target allowed the reaction products 
emitted in the angular region from 0 to 90 degrees to the 
axis of the beam to be investigated in the lower-left 
quadrant of the chamber, and those emitted between 
90 and 170 degrees in the upper-right quadrant. The 
target and backing were sufficiently thin so that the 
root-mean-square scattering angle for 2.0-Mev He’ 
particles was less than 1.5 degrees, thus more than 99% 
of the He’ particles passed through the target and were 
stopped in the Faraday cup at the left of the chamber. 
The charge collected in this cup was measured by a 
current integrator (the He’ particles were assumed to be 
doubly charged after passing through the target). 

Nuclear emulsions were placed at 5-degree intervals 
in the lower-left and upper-right quadrants of the 
chamber in order to record the reaction products 
emitted from the target. Each 1-inch by #-inch nuclear 
emulsion was placed in a separate camera which held 
the surface of the emulsion at an angle of 30 degrees to 
the path of the reaction particles. Each camera con- 
tained a slit which was positioned between the target 
and the emulsion in order to define the solid angle 
accurately. The distances from the target to the slits 
and the alignment of the cameras were determined by 
dowel pins and slots milled in the bottom of the 
chamber. The distances from the point on the surface 
of the target which intersected the beam axis to each 
slit, as well as the area of each slit, were measured. The 
half-angles subtended by the slits at the target were 
about 0.35 degree. 

Before being placed in the cameras, the emulsions 
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were first wrapped with 0.001-inch polyethylene and 
then with sufficient aluminum foil to allow the groups 
of protons of interest to stop in the 200-micron Ilford C2 
nuclear emulsions. It was impossible to stop protons 
from the ground state and the third excited state of B" 
in the same 200-micron emulsion when it was oriented 
at an angle of 30 degrees to the path of the reaction 
particles; thus it was necessary to wrap alternate 
5-degree emulsions in such a manner that the protons 
from the ground state and first excited state of B'' were 
stopped in one emulsion and the protons from the 
second and third excited states of B' were stopped in 
the adjacent emulsions. 

In determining the yields at each angle, it was neces- 
sary first to observe the spectrum of the proton tracks in 
the emulsion in order to identify the different proton 
groups. Then the total numbers of tracks in the emulsion 
with ranges corresponding to those of the different 
groups were counted. 

In order to determine the absolute differential cross 
section it was necessary to measure the number of target 
nuclei per square centimeter. This measurement was 
made by performing a microquantitative chemical 
analysis on a measured area of the target, thus deter- 
mining the amount of beryllium present. 


RESULTS 


The range spectra of the protons which were stopped 
in the nuclear emulsions placed at the 90- and 95-degree 
positions are illustrated in Fig. 2 and Fig. 3. In order 
for the protons to reach the emulsion in the 90-degree 
position they had to pass through the equivalent of 
0.015 inch aluminum; thus only the two longest range 
groups of protons could reach this emulsion. An 
absorber equivalent to 0.0076 inch of aluminum placed 
in front of the emulsion at 95 degrees allowed the four 


18 The authors are indebted to Dr. Eva Hartzler of the Naval 
Research Laboratory for performing the microquantitative chemi- 
cal analysis. 
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Fic. 2. Proton range spectrum for ground state and first 
excited state groups. 


longest-range groups of protons to enter this emulsion; 
however, the protons leaving B" in the ground state and 
first excited state did not stop in the emulsion. It is 
clear from these spectra that there was no difficulty in 
identifying the proton tracks corresponding to the 
ground state and first excited state of B"'; however, in 
order to separate the next two groups it was necessary 
to determine the shape of the range spectrum for each 
emulsion. Owing to the uncertainty introduced in deter- 
mining these spectra, the data obtained for these groups 
are not as reliable as those for the first two groups. 
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Fic. 3. Proton range spectrum for second and third 
excited state groups. 
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The differential cross sections obtained at a bombard- 
ing energy of 2.00 Mev for the Be®(He*,p)B" reaction 
leaving B" in the ground state and first excited state are 
shown in Fig. 4. The differential cross sections corre- 
sponding to the second and third excited states of B" 
are shown in Fig. 5 and Fig. 6. 

The solid lines shown in the above figures are calcu- 
lated from expansions in Legendre polynomials, which 
have been fitted to these data by the method of least 
squares. Since the curves are not symmetrical about 90 
degrees, it was necessary to include both even and odd 
degree polynomials in the expansions; however the 
degree of the last polynomial was always chosen to be 
even. In order to obtain a reasonable fit to these data 
with this type of expansion, it was necessary to include 
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Fic. 4. Center-of-mass differential cross sections for the ground 
state and first excited state proton groups. 


polynomials up to the sixth degree in all cases except for 
the second excited state proton group where an expan- 
sion including the fourth degree seemed to produce a 
reasonable representation of the data. The coefficients 
in these expansions and the integrated cross sections are 
tabulated in Table I. 

The uncertainties indicated in the above figures 
include a one-percent uncertainty in the determination 
of the solid angle, an estimated one-percent uncertainty 
in the counting of the tracks, and the statistical un- 
certainty due to the number of tracks counted. In the 
case of the data for the second and third excited proton 
groups, no uncertainty has been included for the 
determination of the shape of the spectra, however, 
it is estimated that these uncertainties are of the 
order of 5%. 

The uncertainties in determining the absolute cross 
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sections arise almost entirely from the uncertainties in 
the determination of the number of target nuclei per 
square centimeter. These uncertainties are due mainly 
to the uncertainties in the chemical analysis of the 
target and the nonuniformity of the Be layers. 
It is estimated that these uncertainties amount to 
about 20%. 


DISCUSSION 


It is not obvious from an examination of the observed 
angular distributions at 2.00 Mev of the four longest- 
range proton groups from the Be*(He*,p)B" reaction 
whether compound nucleus or direct process is the 
predominant mechanism by which this reaction takes 
place. These angular distributions do not exhibit the 
characteristic features of either type of reaction; they 
are neither strongly peaked in the forward direction, 
nor are they symmetrical about 90 degrees. 

It may be possible to account for these angular dis- 
tributions without including any contribution to the 
reaction from a direct process. The lack of symmetry 
about 90 degrees may be explained in the compound 
nucleus model by assuming that levels of opposite parity 
participate in the reaction. Levels of opposite parity are 


TABLE I. Legendre polynomial expansions. 
o (0) = (00/4) [ Po+ai1P1 (cos#) +a2P2(cosé) +--+]. 





Proton 
group oo(mb) a a2 a5 a6 


15.1 -—0.16 +0.39 
7.1. —0.42 +0.17 
99 +014 +0.04 
7.1 +0.09 —0.25 





+0.17 +011 +0.02 +0.05 
—0.42 —0.05 +0.21 +0.01 
+0.20 +004 --- see 

—0.39 +0.10 +0.22 +0.10 








expected to contribute to reactions if the energy of 
excitation of the compound nucleus is sufficiently high 
so that the levels are closely spaced and overlap. This 
may be the case in this reaction, since if the compound 
nucleus C” is formed, it would exist at an energy of 
27.8 Mev above the ground state. It has been shown" 
that the angular distributions of the outgoing particles 
can be represented by an expansion in Legendre 
polynomials of degree no higher than twice the maxi- 
mum angular momentum of the incoming particle. 
Thus the He’ particles must carry in sufficient angular 
momentum to account for the observed angular dis- 
tributions of the protons. An examination of Table I 
indicates that the incoming He’ particle waves must 
consist of at least a few percent of L=3 wave in order 
to explain the existence of the coefficients of Ps and Pz. 
This is not unreasonable since the ratio of (22-+1) times 
the barrier penetrability factors for L=3 to L=0 is 
about 0.15 for this reaction ; however, the ratio decreases 
rapidly for higher values of L. In addition, the reaction 
protons have sufficient energy to carry off the required 
angular momentum in order to account for the observed 


4 C, N. Yang, Phys. Rev. 74, 764 (1948). 
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Fic. 5. Center-of-mass differential cross sections for 
the second excited proton group. 


angular distributions, since even those which leave B" 
in the third excited state have an energy of 6.2 Mev in 
the center-of-mass system. 

Early investigations of the yields at 90 degrees of the 
two highest energy proton groups indicated that these 
yields increase rapidly with bombarding energy over the 
interval from 1.0 to 2.0 Mev. (This is substantially in 
agreement with the work of Almqvist ef al.!®) Very 
recent work at the Naval Research Laboratory has 
confirmed!* the results of Almqvist that the yield at 
90 degrees ceases to rise in the region of 2.0 Mev and has 
extended the region of almost constant yield up to 4.0 
Mev. The yields at 30, 60, 120, and 150 degrees were 
found to change slowly with energy over the same 
interval; however, the yield of the first excited state 
group at 7 degrees was observed to continue increasing 
over this energy interval. 

The angular distributions of the two highest energy 
proton groups have been measured'*® at a bombarding 
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Fic. 6. Center-of-mass differential cross sections for 
the third excited state proton group. 


18 Almqvist, Bromley, Gove, Litherland, and Paul, Bull. Am. 
Phys. Soc. Ser. II, 1, 195 (1956). 
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energy of 4.6 Mev. At this energy both angular distribu- 
tions are peaked in the forward direction and exhibit 
pronounced structure at smal] angles. 

In order to account for the fact that the experimental 
angular distributions change’®.'* slowly with energy over 
almost the entire energy interval from 1 to 4 Mev on the 
basis of the compound nucleus model, it is necessary to 
assume that in this region of excitation of the compound 
nucleus there are a large number of overlapping energy 
levels present with many different spins and both 
parities, and that the contributions of the various levels 
to the reactions depend on the probability that He’ 
particles with the required angular momenta interact 
with the target nucleus. The yields and angular dis- 
tributions then would depend on the barrier penetra- 
bility of the various angular momenta rather than on 
the parameters of particular levels. On the basis of this 
model, the yield is expected to remain fairly constant 
above the Coulomb barrier, which is about 2.5 Mev for 
this reaction. Whether this concept of a compound 
nucleus, such as C”, at an excitation of 27.8 Mev is valid 
is certainly questionable in view of the wide separation 
of the lower levels. If this is the case, then the energy 
of excitation is approaching that for which the statistical 
model of compound nucleus reactions is expected to hold 
and the angular distributions should become more 
symmetrical] with increasing energy. The angular dis- 
tributions are actually observed to become less sym- 
metrical and more complex as the bombarding energy 
increases. It is difficult to see how the increased, peaking 
in the forward direction and the complexity at small 
angles could be accounted for even by assuming that 
this region of excitation is some sort of intermediate 
region in which the number of energy levels has not 
quite become large enough to smooth out statistically 
the angular distributions. 

Although it is not apparent from the 2.0-Mev angular 
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distributions, it appears that the increased complexity 
of the angular distributions at higher energy will 
require the inclusion of a substantial amount of direct 
interaction in order to account for the observations. At 
a bombarding energy of 2.0 Mev, the effects of the 
Coulomb interactions may be sufficiently large to 
obscure the characteristics of a direct process. At higher 
bombarding energies these effects become less important 
and the features of direct interactions may become more 
noticeable. Recent studies'’!* of the yield curves as 
functions of the bombarding energy for the C”(He*,p) 
reaction have indicated the possibility that some com- 
pound nucleus interaction may be necessary in order to 
account for the observed resonances in this reaction. 
It thus appears that the final picture will be one in 
which both compound nucleus and direct processes 
participate and the relative contribution of each process 
will probably depend upon the particular reaction and 
the bombarding energy at which it is being studied. 
These relative contributions can only be determined 
when the theory of these reactions has been developed. 
Since present theoretical approaches to this problem 
appear to be very difficult, it is hoped that a thorough 
experimental investigation of these reactions will lead 
to a better understanding of the mechanism by which 
they take place. 

The authors wish to express their sincere gratitude to 
Dr. J. W. Butler for his many helpful suggestions 
throughout the course of the experiment, to Dr. R. 
Gossett for his help in the operation of the Van de 
Graaff accelerator, and to Lt. Opitz for his help in 
reading the plates. We also wish to thank Dr. E. Geer, 
Dr. R. Jastrow, Dr. G. Snow, and Dr. E. Wolicki for 
many helpful discussions. 
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It is explained why the usual analysis of the angular distribution of charged pion photoproduction with 
the help of a quadratic expression of cos@ (@ being the meson emission angle) is physically meaningless. A 
substitute scheme is proposed in which the angular distribution in the center-of-mass system, multiplied by 
(1—8 cos@)? (8 being the meson velocity), is analyzed by a quartic expression in cos@. Such an analysis is 


given for several theories commonly in use. 


T has been customary! to analyze the angular dis- 

tribution of charged pion photoproduction in terms 

of a quadratic expression in cos#, where @ is the meson 
emission angle: 


do /dQ= A+B cosd+C cos*6. (1) 
This expression is usually justified by the assertion 
that at low photon energies (Ria» <350 Mev) it is reason- 
able to assume that only S and P waves will contribute 
substantially. If we accept this assumption, the highest 
power of cos@ which will appear in the angular dis- 
tribution is the square of the highest power in the first 
Legendre polynomials, that is, two. 

This philosophy is supported by the theory in the 
case of pion-nucleon scattering and neutral-pion photo- 
production. In the case of charged pion production, 
however, the theoretical predictions strongly discourage 
such analysis. All meson theories predicting charged 
pion photoproduction have in common the term which 
arises from the interaction of the meson current with 
the incident photon. This term is of the form 


e-qo-(k—q) 


(2) 
gok—q-k 


where k and e are the photon momentum and polariza- 
tion, respectively ; and q and go are the momentum and 
energy, respectively, of the meson. @ is the nucleon 
spin. (We take h=c=yu=1, where yu is the pion mass.) 
It is easy to see that this term contains all angular 
momenta. Even if the denominator did not contain 
q:k, it would contain S, P;, P;, and D, terms in 
approximately equal strength, and the denominator 
mixes in all higher angular momentum states, again 
in comparable strength whenever B~1. Since at 200- 
Mev laboratory photon energy we already have 6=0.7, 
it is clear that the appearance of the term given by 
Eq. (2) invalidates the argument leading to the form 


* Work carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 E.g., Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 
1159 (1956). 


given by Eq. (1). For neutral production and pion- 
nucleon scattering, however, Eq. (1) can be used, since 
the photon does not interact directly with the neutral 
meson, and since pion-pion interaction can be neglected 
in pion-nucleon scattering. Thus the term of Eq. (2) 
appears neither in neutral pion production, nor in 
pion-nucleon scattering. 

The fact that the analysis of charged-pion photo- 
production in terms of Eq. (1) could be pursued at all 
up to now can be easily understood. Firstly, the present 
experimental errors in the angular distribution are 
considerable, especially when measurements from dif- 
ferent laboratories are compared. Furthermore, satis- 
factory measurements have been carried out so far 
only in a limited angular range, from about 30° to 
150°. Now, however, several measurements are in 
progress in the 0°-30° range?* and a general increase of 
precision at all angles can be expected. In order to 
provide a meaningful interpretation of these measure- 
ments, and in order to facilitate the comparison with 
theory, this note suggests a new method of analysis of 
charged pion photoproduction data. 

We will base our analysis on the assumption that the 
matrix element for charged photoproduction is of the 
form 

o-(k—q)e-q 
M=ae-e+b—— — 
gok—q:k 


+cLiq: (kX e)—(o-kq-e—o- eq-k) | 
+d[2iq: (kX e)+ (o- kq:e—o- eq-k) | 


+elo-kq-e+o-eq-k], (3) 
where a, 6, c, d, and e are, in general, complex scalars 
depending on g and k. The interpretation of the various 
terms in Eq. (3) is well known and need not be repeated. 
If we work in the center-of-mass system, the density of 
final states contains no angular factor, so that |M/? 
gives the entire angular dependence. 

Calculating |M\|? and averaging over e and o, we 


2L. S. Osborne (private communication). 
3A. S. Lazarus (private communication). 
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get the following expression : 


se fi +8°y?— 287 cos? ](1—cos*?) 


(1—8 cos)? 
+4(|u|?+ | v|?)B*y*k*(1—cos*?) + | w|*6*y7k* cos*d 


M\?=|a|?+4}| 


1—cos*d 
—Re( *)%(———) — Re(a*w)2Byk? cosd 
1—£8 cos? 


1—y cosd 


+ Re(b*v)k°6"y (—— cs -) (1—cos*#) 
1—8 cosd 


1—cos*d 
+ Re(b*w)B*y"k? coso( -) , (4) 
1—£8 cos? 
B=q/qo, Y=40/k, 
u=c+2d, v=d+e-—c, 


(5) 


w=d—e—c. 


For a rough estimate we can use y=1, but for a more 
accurate calculation, 


go= k+0.4327[k+(k?-+45.226)! 7. (6) 


All quantities are to be taken in the center-of-mass 
system. 

Equation (4) as it stands is in an awkward form for 
analysis. However, multiplying through by (1—8 cos6),? 
we obtain an expression which is a fourth-order poly- 
nomial in cosé. We have, in fact, 


(1—8 cos6)?| M |* 
=A+B cos+C cos*@+D cos*#+ E cos#, (7) 
and the coefficients are given by 
A= |al?-+9°(1-+755")|b|°+ 67H" (| |? [0]? 
— B’y(Rea*b—k? Reb*v), (8) 
B=6{—2 a 2— By | b|?— B*y*k*( u|?+ |v ey 
[+~y[6? Rea*b— 2k? Rea*w 
— B*(y+1)k Reb*y +k Reb*w]}, (9) 
C=B'{ |a|*—3(1+6"7*) | b|?—37°*(1—B") (| w|?+ | 0|*) 
+~7*k*| w|?+7[Rea*b+4k? Rea*w 
—p’yk? Reb*w—k?(1—+6*) Reb*v }}, 
D=B*y{ | b|?+-yk*(| w|?+ | 0|?—2| w|?) 
—[Rea*b+ 2k? Rea*w+yk? Reb*w 
— (y+1)F Rebd*y }}, 
E=phy(—H(|u|*+|2|*-2| 0) 
+Reb*w—Reb*r}. 


(10) 


(11) 


(12) 


The form given by Eq. (3) should be an excellent 
approximation for positive pion production. For nega- 
tive production there is an additional term from the 
nucleon charge interaction, which contains S and D 


MICHAEL J. 


MORAVCSIK 


waves. This term, however, is of the order of (u/M) 
and hence the analysis presented here should also be 
quite good for negative pion production. Formally, the 
method can also be applied to neutral production, 
although in that case nothing is gained compared to the 
usual quadratic analysis. In fact, in this latter case only 
three of the five coefficients in Eq. (7) are independent, 
since one can factor out (1—£6 cos@)? on both sides. 
Nevertheless, if one wants to use isotopic spin for- 
malism, and therefore maintain a symmetry among the 
charge states, one can also analyze neutral photo- 
production in this manner. 

Undoubtedly Eqs. (8)-(12) are more complicated 
than those arising from the quadratic analysis. They 
have the advantage, however, of promising a really 
good fit at all angles. As in the case of the quadratic 
analysis, these relations cannot be used to determine 
the theoretical coefficients a,---,e from the experi- 
mental values of A,---,#. If, however, we know a,: - -,e, 
we can calculate A,---,£ and can compare them with 
experiments. The form given by Eq. (7), therefore, can 
serve as a common meeting place for all theories and 
all experiments. 

Let us now summarize the practical scheme of 
analysis proposed above : 


1. Tabulate experimental data on the angular dis- 
tribution of charged pion production in the center-of- 
mass system. 

2. Multiply this table by (1—8 cos@)?. 

3. Plot the result against cosé. 

4. Fit the resulting curve with the best fourth-order 
polynomial. In applying the least-squares fit principle, 
one should weight the deviations by the inverse of 
the experimental error multiplied by (1—8 cos#)?, thus 
giving a weight to each point in the original angular 
distribution which is inversely proportional to its error. 

5. The resulting curve is of the form given by Eq. 
(7). The coefficients A,---,£ thus obtained can be 
compared with the coefficients predicted by the theory 
through Egs. (8)-(12). 


Since the absolute values given by the measurements 
and by the theories are more uncertain than the relative 
angular distributions, one can normalize the coeffi- 
cients A,---,E by requiring unity for the integral over 
cos@ (i.e., a total cross section of 27), that is, 


(13) 


f | M (8) |? sinddd = 1. 
0 


Finally we will calculate the coefficients A,---,E for 
positive-pion production from a few theories currently 
in use. These examples are given at ko.m.=1.5, that is, 
at Rig» = 260 Mev, where numerous data are available 
and where some new experiments*® are planned. 

We shall give the coefficients for four theories: 

I. Born approximation including Dirac moments, 
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that is, first-order covariant perturbation theory. Here 


1 0.0743 


v=w=1u= ———. 


a=1, b= , 
1—0.0743k 


II. Cut-off theory in its initial form.‘ Here 


e=)=1, u= 1.16h33, v=0.76h33, w=0.40h33, (15) 


where 1833 sj 
h33= (e*83 sinds3)/q°. 


(16) 
IIT. Low’s theory.®:® Here 
a=b=1, 
0.350 0.156 /0.75k 
eee | bss siniy~1), 
k(1+0.0743k) qo \ fg? 
0.0654 


7=w= ———_ 


k(1-+0.0743h) 
0.0778 /0.75k 
$a -e'°83 sinds33— 1 ). 
qo Fie as 


IV. Theory derived from the general dispersion rela- 
tions.’ In this case 


(17) 


1 iF 's 
ee —0.065g0+- : —(265:+6s3), 
1+0.149qo 3 


1 


b= 
1+0.149g0 


0.175 
“>= - h*+—+0.222F ye'>33 sind33, 
P 
0.175 i(Fe+}F mu) 
-h : 3 a 


Tiassa 


0.065 
v + e'8 sindss, 


qo 3 
0.065 1(Fe- 1F y) 
w= ge tt AT 
f? qo 3 
4G. F. Chew, Phys. Rev. 96, 1669 (1954). 
5G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 


6M. J. Moravesik, Phys. Rev. (to be published). 
7G. F. Chew et al. (to be published). 


fp 
0.175 


e'933 sindss, 
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TABLE I. Predictions of the coefficients A,---,£ for the angular 
distribution of positive pion photoproduction from various the- 
ories, which are explained in the text. The coefficients are nor- 
malized to give a total cross section of 27. kigp = 260 Mev. 


Coefficient III IV 


0.5795 
—1.1128 
0.4576 
0.1581 
—0.0762 


0.5626 
— 1.0302 
0.3861 
0.1813 
— 0.0830 


0.5532 
— 1.0345 
0.4366 
0.1261 
— 0.0643 


a 
i+e/ ] 
@ iB 

P(') 

: 1+, 
i-s 1-6 
(i 
28 1+, 


Ac =4(hy,—h3:+2h3—2h33) 


h' = (yy —My3—Ngi +hy;) 


hij= (e4 sind;;)/q°. (21) 

The resulting coefficients, normalized to give unit 
total cross section, are given in Table I. The phase 
shifts used in the numerical evaluation were 


533= 24°, bu= —2°, §31=513= —2°, bs1=9°, 5s3= —8°, 


and the coupling constant was taken to be f?=0.072. 

Finally, we might add that, if the experiments ever 
reach the precision of being able to detect very small 
corrections to Eq. (3) [such as terms of the order 
(u/M)*], the foregoing analysis can be extended easily 
to include higher powers of cos@. At the present time, 
however, the scheme described above suffices and will 
continue to do so for some time to come. 

I want to thank Dr. K. W. McVoy for stimulating 
discussions. Help in the numerical calculations by Miss 
Regina Buckley was appreciated. 
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The multiple scattering of 2.39+0.09 Mev electrons in Ilford G-5 emulsion has been measured for cell 
lengths of 10, 20, and 40 microns. The independent data of three observers were combined to obtain the 
best value of the mean scattering angles with and without experimental cutoff. The associated scattering 
factors for cell lengths between 10 and 40 microns are: K.o=24.9+1.2 Mev degrees/(100 microns)®-® (for 
a cutoff at 4 times the mean deviation) and Ko=25.1+0.8 Mev degrees/(100 microns)°-*8. The corresponding 
values from the Moliére theory are 23.5 and 25.7, respectively. 


I. INTRODUCTION 


HE multiple scattering of charged particles has 

been investigated from both the theoretical and 
experimental viewpoints by a number of authors.' For 
the most part, satisfactory agreement between theory 
and experiment has been reported. The exact theories 
of Moliére,? Snyder and Scott,* Goudsmit and Saun- 
derson,® and Lewis® are in essential agreement where 
their respective regions of validity overlap. The earlier 
and less rigorous theory of Williams’:* as adapted by 
Goldschmidt-Clermont® and Voyvodic and Pickup” 
agrees with the later theories’ within a few percent. 
In recent years, experimental results have usually been 
compared with the Moliére theory. This custom will be 
followed in the present work. 

In the case of nuclear emulsion as a scattering 
material, the results of many investigations" covering 
a wide range of particle velocity and cell lengths show 
satisfactory agreement with theory to within 5-10%. 
The multiple-scattering technique has accordingly 
become a valuable tool in the analysis of events in 
nuclear emulsion. 

Hisdal” has reported what appears to be a significant 
departure between experiment and theory. In this work 
the multiple scattering of 0.59-Mev electrons in Ilford 
G-5 emulsion was measured by a “center-of-gravity 
method.” The measured mean scattering angle (without 
experimental cutoff) was smaller than the theoretical 
value by 61% or about 6 standard deviations. The 
author suggests that this discrepancy may be due to 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 For a review of multiple-scattering theories and experiments 
see, e.g., references 10 and 32. 

2G. Moliére, Z. Naturforsch. 3a, 78 (1948). 

3H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949). 

4W. T. Scott, Phys. Rev. 85, 245 (1952). 

5S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940); 

, 36 (1940). 

8H. W. Lewis, Phys. Rev. 78, 526 (1950). 

7E. J. Williams, Proc. Roy. Soc. (London) A169, 531 (1939). 

8 E. J. Williams, Phys. Rev. 58, 292 (1940). 

®Y. Goldschmidt-Clermont, Nuovo cimento 7, 331 (1950). 

 L. Voyvodic and E. Pickup, Phys. Rev. 85, 91 (1952). 

4 For a summary of several experiments on the multiple scat- 
tering of charged particles in nuclear emulsion, see M. J. Berger, 
Phys. Rev. 88, 59 (1952). : 

2, Hisdal, Phil. Mag. 43, 790 (1952); see also H. Overis, 
Phil. Mag. 45, 158 (1954). 


the failure of the theory for low-energy electrons or to 
the use of a small cell length (17.6 microns). 

Multiple-scattering measurements of Husain" on 
6.6-Mev electrons in nuclear emulsion are in agreement 
with theory for cell lengths as small as 38 microns. At 
higher electron energies the results of many inves- 
tigations’’:'*~"8 are generally in agreement with theory. 
However, for 10-Mev electrons and cell lengths between 
25 and 100 microns Bosley and Hughes'® report scat- 
tering factors greater than the Moliére theoretical 
values by about 6 standard deviations or more. 

In the light of Hisdal’s results the present work was 
undertaken to determine the validity of the theory for 
electrons in the region of 2 Mev for small cell lengths 
in nuclear emulsion. 

While this work was in progress, a study of electron 
and positron multiple scattering in nuclear emulsion 
at energies of 1, 1.5, and 2.5 Mev was published by 
Heymann and Williams.” These authors measured 
chord angles directly with an ocular protractor using 
50-micron chord lengths. For 2.5-Mev electrons the 
measured scattering factors were about 3 to 4 standard 
deviations greater than predicted by the Moliére 
theory. Better agreement with theory could be obtained 
if inelastic collisions were taken into account. Their 
scattering factors at 1 and 1.5 Mev appear to be sig- 
nificantly lower than theory, which tend to confirm 
Hisdal’s observations. 


II. EXPERIMENTAL METHOD 
A. Exposure of Emulsions 


A number of 1-in.X3-in.X200-micron Ilford G-5 
emulsions were exposed to a magnetically analyzed 
electron beam produced from an electron traveling- 
wave linear accelerator, a prototype of a proposed 
3-Mev injector for the Berkeley synchrotron. An air- 


13 A. Husain, Proc. Roy. Soc. (London) A68, 45 (1955). 

4D. R. Corson, Phys. Rev. 84, 605 (1951). 

18 W. Bosley and H. Muirhead, Phil. Mag. 43, 63 (1952). 

16 W. Bosley and I. S. Hughes, Phil. Mag. 46, 1281 (1955). 

17 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 

18, V. Spencer and C. H. Blanchard, Phys. Rev. 93, 114 
(1954). 

19H. A. Bethe, Phys. Rev. 89, 1256 (1953). 

2” F. F. Heymann and W. F. Williams, Phil. Mag. 1, 212 (1956). 
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free path was provided for the analyzed beam by means 
of a vacuum chamber that was a physical extension of 
the accelerator and part of its vacuum system. The 
analyzed beam traveled down an evacuated pipe 2 ft 
long with a }-in. slit system at the end and emerged 
into the air through a 1-mil aluminum exit foil. The 
emulsions were contained in a light-tight dural box 
adjacent to the exit foil, one face of which was a 1-mil 
aluminum foil. The analyzed beam passed through this 
foil at normal incidence and entered the emulsions 
making an angle of ~ 10° with the emulsion surface. 

The Harvard model cyclotron magnet with a pole 
diameter of 5} in. was used. The field was uniform to 
within one percent up to a radius of 2} in. Field measure- 
ments were made by the rotating coil method at the 
exposure current setting and a value of 978 gauss was 
obtained in the homogeneous region. The radius of 
curvature was 10 cm. 

The emulsions were developed horizontally by a 
modified temperature cycle process using Amidol 
developer. The resulting tracks had a mean grain 
density of 35 grains/100 microns and a mean grain 
diameter of 0.7 micron. The track density was approxi- 
mately 10‘ entering tracks per cm’. 


B. Scanning Procedure 


All of the various multiple-scattering theories’~* 
except that of Goudsmit and Saunderson’ are expressed, 
at least in their final form, in terms of the small-angle 
approximation (sina=a). To compare the present 
results with theory, cell lengths were chosen so that 
this approximation was valid. A convenient method of 
measuring the multiple scattering in this approximation 
is that proposed by Fowler.”! In this method the coor- 
dinates, y,, are measured relative to a base line whose 
direction closely approximates that of the projected 
track. The projected scattering angle is then defined 
as the difference between successive projected chord 
angles, 


On=Wn4i—Wny 


or, in terms of the first and second differences of the 
y-coordinates, d,, and D,, respectively, 


(Yut2—Ynt1)— (Yari— Yn) dnti—dn Da 


an= = — ’ 


l l l 


(1) 





where / is the cell length. In the usual application of 
this method on tracks of high-energy particles, ‘the 
approximation implicit in Eq. (1) is usually of no 
concern. In the present case, however, y, can become 
appreciable and a proper allowance for this effect 
must be made. This problem was met here by limiting 
the a,’s accepted to those corresponding to y, less than 
10°. To prevent biasing the data no restriction was 
placed on Wn41. It can be shown from the probability 


21 P, H. Fowler, Phil. Mag. 41, 169 (1950). 
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functions of Scott™ that, although successive deflections 
are correlated, the width of the distribution of second 
differences is independent of this restriction. Measure- 
ments of the y coordinates were made for cell lengths 
of 10, 20, and 40 microns as determined by the stage 
coordinates under the following criteria: 

1. For a track to be acceptable the projected and 
dip angles at the surface had to be within 5° of the 
beam direction. Only the central region of the beam 
was scanned. 

2. Successive y-coordinate measurements were made 
along the track until one of the following occurred: 
(a) yY, became greater than 10° (no restriction being 
placed on Wn41); (b) the dip angle became greater than 
20°; (c) the track scattered out of the emulsion; (d) a 
total range of 400 microns was covered. 

The measurements were made independently by 
three observers using a Bausch and Lomb eyepiece 
scale. Observers 1 and 3 used Bausch and Lomb 
binocular microscopes and Observer 2 used a similar 
Leitz microscope. The eyepiece calibration factors 
under the magnification used (~2000) were 1.062, 
1.055, and 0.8642 microns/scale division, respectively. 
All three microscopes were equipped with Brower 
stages. The error in range measurements for these 
stages is cyclic with an amplitude ~5 microns and a 
period of 1 mm. Measurements of y, were read to the 
nearest half-scale division and the particle was assumed 
to have traveled in a straight line between centers of 
successive grains. 


III. ANALYSIS OF DATA 


For singly charged particles the mean absolute 
projected scattering angle, (!ao!), for a cell length of ¢ 
microns is given by 


(| ao|)= Ko/pBc(t/100)4, (2) 
where p=particle momentum (Mev/c); 8=particle 
velocity in units of the velocity of light, c; and Ko=scat- 
tering factor for chord angles (customarily expressed in 
units of Mev degrees for ¢ in microns). 

Theory predicts, and it has been experimentaily con- 
firmed,“ that the distribution of scattering angles is 
nearly Gaussian. If a cut-off procedure is used to elimi- 
nate the single scattering tail a better approximation to 
a normal distribution results. In this case a new mean 
deviation (|a,o|) is obtained and is related to the cor- 
responding scattering factor, K.o, by an equation 
formally the same as Eq. (2). The cut-off angle is 
usually taken at four times the mean deviation. This 
cutoff criterion is used in the following analysis. K .o 
and Ko» are characteristic of the scattering medium and 


2 W. T. Scott, Phys. Rev. 76, 212 (1949). 

23 Manufactured by W. Brower, 1 Vista del Moraga, Orinda, 
California. 

4 See, e.g., the sampling distributions of C. O’Ceallaigh and O. 
Rochat, Phil. Mag. 42, 1050 (1951). 
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Fic. 1. Plot of {|Do’|)* as a function of (#-6/100!*), The 
straight line has been obtained from a least-square analysis of 
the data of each observer. 








are slowly varying functions of particle “energy,” p8c, 
and ¢. 

Because of the presence of reading errors, grain noise, 
and stage noise, the observed width of the distribution 
of a, will in general be greater than that due to mul- 
tiple scattering alone. If the total noise, «, is also 
assumed to be normally distributed and independent 
of (\aco|) and (|ao|), the following relationships are 
valid: 


(| a20, 0” | P= | ato, 0] P+] |, (3) 


where (| ap, .o’|) and (|ao,.o/) are the observed and true 
mean scattering angles, respectively (with or without 
cutoff). In the small-angle approximation, 


(|Dn|)=(lan|)(#/180)t, (4) 


and the quantities in Eq. (3) can be written in terms of 
their corresponding mean coordinate second differences 
as follows 

(| Do, co’ |)?= {| Do, co| )?+(|5])*. (5) 


In this experiment (|5|), K.o, and Ko were determined 
by using the method of Menon ef al.” and Corson." 
This method makes use of Eq. (5) where the dependence 
of {| Do!) and (| Do|) on cell length is explicitly given 
from theory. The further assumption is made that 
({6|) is independent of cell length.” 

In the region, 10 microns </<40 microns, the 
theoretical (Moliére) dependence of K.o and Ky on / 


6 Menon, O’Ceallaigh, and Rochat, Phil. Mag. 42, 932 (1951). 

6 The general validity of these assumptions regarding € or 6 
is discussed by Menon ef al.* and by Goldschmidt-Clermont.® 
Menon ef al, have observed an increase in (|6|) with increasing 
cell lengths due to the contribution of the stage noise component. 
The stages used in this experiment were checked for this effect 
against a Bausch and Lomb straight line. In all cases the stage 
noise was found to be ~0.2 micron. No significant dependence 
on cell lengths between 10 and 40 microns was found over the 
region of stage coordinates used in this experiment. 


can be represented by a power law: 
K .o(pBc,t) = k.o(t/100)°-™, 
Ko(p8c,t) = ko(t/100)°, 


where k,o and ko are constants for monoenergetic par- 
ticles. Ko values were obtained by numerically inte- 
grating the Moliére distribution function. The usual 
+/3 factor relating the chord method with the tangent 
method has been used. Using Eqs. (2)—(6b), we have 


(6a) 
(6b) 


(7a) 


Reo Tv 2 f-18 
(\Dati =| | mpeiitls 
100! 18 


pBc 180 


ko 2 f3-16 
(|Do'| P= & | —+ (|6 (7b) 

pBc 180} 100! 
where ko and k» are in units of Mev degrees for ¢ in 
microns. Thus, a plot of (| Dzo’|)? and (| Do!) against 
&-18/100''8 and #-1®/100'-'6, respectively, should be 
consistent with a straight line through the experimental 
points. 

The experimental values (|D,'|)?, as obtained by 
the three observers, for cell lengths of 10, 20, and 40 
microns, are plotted against @-!*/100'-® in Fig. 1. A 
similar plot of (|D.o'|)? vs #'8/100'-8 is qualitatively 
the same as that in Fig. 1 and is not shown. Both sets 
of data are consistent with a straight line. In calculating 
{| Deo’ |) and (| Do’|), zero values of D, have been given 
a weight of a/4,2” where a (=} scale division) is the 
smallest unit of measurement of the y displacement. 
The errors are standard deviations and have been 
calculated on the bases of both external and internal 
consistency.”* The assigned error is the larger of the 
two. The two types of errors never differed by more 
than 24% and were always consistent within statistical 
accuracy. 

The best straight line through the experimental points 
for each of the three observers was obtained by the 
method of least squares. The results of this analysis 
appear in Table I. Figure 1 includes the curve corre- 
sponding to the appropriate weighted mean-square 


TABLE I. Least-squares analysis of the multiple- 
scattering measurements.* 








Weighted root- 
mean-square 


Ob- (slope)? 
slope (radians) 


server (radians) 


1 0.164+0.011 
2 0.142+0.032 
3 -0.1580.024 


1 = 0.165+0.011 
2  0.145+0.011 
3: 0.161+0.011 


(|8]) 
(microns) 


0.341+0.099 
0.447+0.043} 0.155=0.006 





Cut-off data 
0.335+0.055 


0458:40.064) 
0.444+0.045} 0.156+0.002 
0.377+0.061} 


Non-cut-off 








* Errors are standard deviations. 


27 W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579, 1954 (unpublished). 
*8R. T. Birge, Phys. Rev. 40, 207 (1932). 





MULTIPLE SCATTERING 


TABLE II. Comparison of the observed scattering 
distribution with the Moliére theory. 








Percent deflections greater than 4({ aco!) 
Experimental 
(+ standard 


Cell length 
deviation) 


(microns) 
10 2.4+0.7 2.4 


20 OE aa 2.3 
OB 5:6°°* 2.1 


Theoretical 








slope and intercept.” The weighted root-mean-square 
slopes of Table I correspond to the best determinations 
of the mean scattering angles with an without cutoff 
for 100-micron cells, uncorrected for systematic errors. 


IV. SYSTEMATIC AND RANDOM ERRORS 


The systematic errors due to (1) the approximation 
tana,=a,, (2) the apparent change in cell length and 
angle due to the inclination of the incident plane with 
the plane of measurement (~10°), (3) the variation 
of y, between +10°, (4) emulsion distortion, and (5) 
tracks escaping from the surface (flat chamber effect)? 
have been considered. With the exception of (5), all of 
these effects cause an apparent increase in the mean 
scattering angle. For the small angles measured here, 
the correction due to (1) is less than one percent and is 
neglected. The correction factor for (2) is cos! 10°. 
Since this is less than one percent it is also neglected. 
The correction factor due to (3) is given to a sufficient 
approximation by 


away / (14 i )). 


From an inspection of the y, distribution, (y,”)! is 
nearly 7° for all cell lengths and observers. The appro- 
priate correction for both K,o and K is calculated to 


be 2%. Emulsion distortion is believed to be negligible 
for the following reasons: (a) the algebraic mean values 
of the distributions of D, with and without cutoff were 
consistent with zero; (b) the mean deviations of the 
third difference distributions are consistent with the 
expected values of (3)!({Do,.o’|)®; and (c) there is no 
tendency for can of Fig. 1 to exhibit a pronounced 
positive curvature.*' The correction due to (5) would 
be difficult to calculate directly. Since escaping tracks 
may be correlated with large deflections, the observed 
distributions: could be biased. If this correlation were 
present, an increasing amount of the single scattering 
tail should be missing with increasing cell lengths. A 
test of this effect can be made by an examination of the 
observed second difference distributions in the single- 


29 The intercepts are characteristic of the noise level for each 
of the three sets of data and need not be in agreement. Since they 
are in fairly good agreement here, they are combined in order to 
plot an average curve. 

%® This can be shown from the probability functions of Scott 
(reference 22). 

3K, Gottstein and J. H. Mulvey, Phil. Mag. 42, 1089 (1951). 
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scattering region. These were tested by calculating the 
relative number of deflections greater than 4(|a,o|) for 
each cell length. This was done for each observer using 
the (|4|)’s from Table I and Eqs. (4) and (5). From the 
combined data, the experimental ratios of deflections 
greater than 4(|a.o|) for each cell length have been 
obtained and are given in Table II along with the 
expected ratios from the Moliére theory. Also included 
in Table II is the Moliére parameter Q,, a measure of 
the average number of collisions. These values of 
were obtained from the published curve of Gottstein 
et al.” The region of validity of the Moliére theory 
corresponds to values of Q, greater than ~20. The 
agreement between the experimental and theoretical 
ratios of Table II is seen to be satisfactory. One con- 
cludes that the outscattering effects are probably small 
relative to the statistical errors. 

Another check of outscattering effects was made by 
plotting Ko as a function of cell length. The (|6|)’s of 
Table I, obtained from fitting a straight line to the 
cut-off mean deviations, are independent of the non- 
cut-off mean deviations, (| Do’ |) and (| Do|). Thus, three 
independent determinations of Ky» can be made. Using 
Eqs. (2), (4), and (5), the appropriate (4 )’s of Table I, 
and the p@c given in section V, Ko has been calculated 
from the weighted mean (| Dy’|) at each cell length. 
These values of Ko are compared with the theoretical 
curve of Ko in Fig. 2. The curve Aa ig pp to K.o 
is also shown for comparison. From Fig. 2 it appears 
that the effects of outscattering are small relative to 
the statistical errors. 

From this discussion we conclude that 
correction greater than 1% to be applied to the mean 
scattering angles of Table I is a 2% correction arising 
from (2). 

The random errors arise from statistics and mo- 
The standard deviation of the mean 


the only 


mentum definition. 














Cel! Length (microns) 


Fic. 2. Experimental values of the scattering factor without 
cutoff (Ke) plotted as a function of cell length and compared with 
Moliére any. 

® Gottstein, Menon, Mulvey, O’Ceallaigh, and Rochat, Phil. 
Mag. 42, 708 (1951 ua 
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TABLE III. Experimental and theoretical scattering factors for ¢ 
between 10 and 40 microns. 








Keo Mev deg/ (100 microns)®-# Ko Mev deg/(100 microns)®-58 





Experimental 
(+ standard 
deviation) 


25.1+0.8 


Experimental 
(+ standard 
deviation) 


24.941. 


Theoretical 
(Moliére) 


25.7 


Theoretical 
(Moliére) 














deviation for a sample of n events is” 
[ (w—2)/2n}*| Do, co’! ). 


The momentum uncertainty corresponding to the slit 
width of } in. is 3%. These errors have been added 
root-mean-square-wise in the calculations of the internal 
errors. 


V. DETERMINATION OF K, AND K.» 


Knowledge of the corrected mean scattering angles 
of Table I permits the calculation of Ko and Ko if pBc 
is known. The Hp of the analyzed beam, 9.78X 10° 
gauss cm, corresponds to a kinetic energy of 2.46 Mev. 
The distribution in range intervals over which the 
measurements were taken is approximately symmetric 
with a mean at 200 microns. The energy loss in the 
two 1-mil Al foils and in 100 (=200/2) microns of 
emulsion are 0.02 Mev and 0.05 Mev, respectively. 
Therefore, the mean kinetic energy appropriate to these 
measurements is 2.39+0.09 Mev. The associated p8c 
is 2.85+0.09 Mev. From this value and the corrected 
weighted root-mean-square slopes of Table I, ky and 
k.o are readily calculated. These values of ky and k,o 


E. VIOLET 


are numerically equal to Ky and K,o when referred to 
100-micron cell lengths. Ko and K.o are given accord- 
ingly in Table III along with the expected values from 
the Moliére theory. The agreement between the experi- 
mental and theoretical scattering factors is satisfactory. 
The effect of inelastic electronic scattering can be 
taken into account by increasing the theoretical values 
of Table III by 2-3%."-*.% If such a correction is 
made, good agreement would still exist between the 
experimental and theoretical scattering factors. 


VI. CONCLUSIONS 


From Table III it is evident that the results obtained 
here for 2.39+0.09 Mev electrons and cell lengths of 
10-40 microns are in agreement with the Moliére 
theory. The observed dependence of Ko with cell length 
(Fig. 2) in the region 10-40 microns is consistent with 
that predicted by the Moliére theory. The experimental 
ratios of events greater than 4(|a,0|) (Table II) are 
consistent with those obtained from the Moliére dis- 
tribution function. 
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Effects of a Ring Current on Cosmic Radiation. Impact Zones* 


ERNEsT C. RAy 
Department of Physics, State University of Iowa, Iowa City, Iowa 
(Received August 2, 1956) 


An investigation of the effects of a ring current on the “0900” (geomagnetic local time) impact zone of 
flare-associated cosmic-ray intensity increases has been carried out using 55 trajectories calculated on an 
automatic computer. The particles considered have rigidities of 2 Bv, 6 Bv, and 10 Bv, and arrive at the 
earth from the vertical direction. Reasonable ring currents shift the longitude of impact by as much as half 
an hour from that predicted by the dipole theory. The shift may be in either direction, depending on the 
exact ring parameters chosen. Experimental data so far published are not sufficiently accurate to test the 
theory. Because of the finite width of observed impact zones together with the rather small shift predicted 


here, the experimental test is inherently difficult. 


INTRODUCTION AND SUMMARY 


N a previous paper! the author reported the results 
of a study of the effect of a ring current such as that 

postulated by Stérmer,? Chapman and Ferraro,’ and 
Schmidt* on the latitude variation of cosmic radiation. 
The study was undertaken in an effort to develop 
cosmic radiation as a tool for exploring the nature of 
electromagnetic systems in the earth’s vicinity. Toward 
the same end, the present work discusses the effects of 
such a ring current on the zones of impact on the earth 
of charged particles leaving the vicinity of the sun. 

The impact zones for the case of a dipole magnetic 
field alone were first investigated by Stérmer in con- 
nection with his auroral theory. Firor® has applied the 
same considerations to cosmic radiation. Using indi- 
vidual trajectories previously measured in model ex- 
periments and calculated by several workers,® he con- 
structed curves showing the latitude and longitude of 
arrival of solar particles at the earth as a function of 
their rigidity and of the time of the year. He then used 
these curves together with data from four occasions of 
large cosmic-ray intensity increases to conclude that 
the particles responsible for the increases had originated 
in the vicinity of the sun. Three of the cases were ac- 
companied by large visual solar flares. The fourth was 
associated with the radio fadeout characteristic of a 
flare, although the flare itself was not seen. 

The present discussion is based on the numerical 
integration of 55 trajectories. 

The cases considered were particles arriving vertically 
with rigidities of 2 Bv, 6 Bv, and 10 Bv. As one might 


* Assisted by a joint research program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 E. C. Ray, Phys. Rev. 101, 1142 (1956) ; 102, 1689 (1956). The 
function designating the dashed curve in Fig. 7 should be 
j=0.29E%9, 

2C. Stérmer, The Polar Aurora (Clarendon Press, Oxford, 
1955), p. 340. 

3§. Chapman and V. C. A. Ferraro, Terrestrial Magnetism and 
Atm. Elec. 38, 79 (1933). 

4A. Schmidt, Z. Geophys. 1, 1 (1924). 

5 F. Firor, Phys. Rev. 94, 1017 (1954). 

6 C. Stérmer, Astrophys. Norv. 1, 1 (1934); K. Dwight, Phys. 
Rev. 78, 40 (1950); A. Schluter, Z. Naturforsch. 6a, 613 (1951); 
K. G. Malmfors, Arkiv Mat. Astron. Fysik A32, No. 8 (1945); 
E, Brunberg, J. Geophys. Research 58, 272 (1953). 


expect from the first paper,’ the impacts occur at lower 
latitudes than they would if no ring were present. In 
general, the longitude effect is small. The difference in 
local time of impact between the pure dipole case and 
the case of dipole plus ring current amounts to as much 
as half an hour and may be in either direction, depend- 
ing on the ring current parameters. 

It is not possible, using present data, to either show 
or disprove the existence of these effects. More data 
on Firor’s small-flare effect might resolve the question, 
although for two reasons it will be difficult to obtain the 
accuracy required. In the first place, very long counting 
periods will be necessary in order to obtain adequate 
statistics. In the second place, the lines of impact 
discussed here become rather broad impact bands when 
one takes account of trajectories arriving from non- 
vertical directions and of possible interplanetary electro- 
magnetic systems which would have the effect of mak- 
ing the sun seem to be a finite-sized source. 


CALCULATION AND TRAJECTORIES 


In order to discover the effect of a ring current on 
the impact zones, it is necessary to find a number of 
individual particle trajectories in the combined mag- 
netic field due to the earth’s dipole and an assumed ring 
current. The similar problem in the field of the dipole 
alone is thoroughly discussed by Stérmer.? The vector 
potential of a filamentary ring current is rather un- 
wieldy, depending on complete elliptic integrals. In 
order to simplify the equations to a manageable set, a 
suggestion of Chapman’ was adopted. The ¢ com- 
ponent of the vector potential due to the external cur- 
rent system is taken to be 


M,r cos\/a®, r<a 


M,cos\/r, r><a. 


Here ) is the geomagnetic latitude, M, is a parameter 
playing the role of a dipole moment in fixing the strength 
of the magnetic field (it is measured in units of the 
earth’s dipole moment), and r is the distance in Stérmer 
units from the earth’s dipole to the point of interest. 


7§. Chapman, Nature 140, 423 (1937). 
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The current flows from east to west parallel to the 
geomagnetic equator along the surface of a sphere of 
radius a (Stérmer units) centered on the dipole. The 
current density is proportional to cosA. The r and d 
components of the vector potential are zero. 

It may well be that the exact locations of the impact 
zones depend significantly on the model (spherical cur- 
rent sheet, filamentary ring, etc.) adopted for the 
external current system. The model adopted here is as 
likely as any other to approximate an actual “ring” 
current the very existence of which is not established. 
On the other hand, the qualitative nature of the results 
as well as their general magnitudes ought not to be 
affected. 

Using this model of the ring current, one obtains the 
following equations of motion: 


@R dgf4y 3dR? de 
ast ee at 
dz 
dst 


R, g, and z are the coordinates in Stérmer units of a 
point on the trajectory'; r?= R?+-2?; y is the same as 
Stérmer’s 71; s is the path length in Stérmer units along 
the trajectory, and } and D are given by 
b=1, D=M,/a 
b=M,+1, D=0 when r>a., 


when r<a. 


1 
co 70 


i 
80 30 40 50 


LATITUDE (¢ °) 


Fifty-five trajectories were integrated numerically on 
an IBM 650 computer. The method used has been 
described by Milne.*® 

The numerical integrations were carried out from 
the earth’s surface to r=5. The solutions were con- 
tinued to infinity by the following approximate analytic 
integrations. As first shown by Stormer’ for the dipole 
case, the equations of motion can be put in the form 


@x 10P ay 10P 


de® 2ax° de® 2an’ 


(2) 


where \ is the geomagnetic latitude, r’do=2yds, and 
e*=2yr. In the present case, for r >a, 


P= (2y)~e?*—sec?A+ 2(M,+1)e-* 
— (M,+1)e-** cos?A. 


The first step in the approximation suggested by 
Stérmer’ consists in putting cos*\=a? in the last term 
in the expression for P. a’ is taken as constant, and is 
some mean value of cos*A. Equations (2) can then be 
integrated once, yielding 


(dx/do)?= (2y)~*e?*+-2(M,+1)e-* 
— (M,+ 1)°a*e-?* — Ki, (3) 


(d\/do)?= K,—sech. 
The first of these equations cannot be integrated 


8 W. E. Milne, Numerical Calculus (Princeton University Press, 
Princeton, 1949), p. 143. 

® C. Stérmer, Avhandl. Norske Videnskaps-Akad. Oslo. I. Mat. 
Naturv. KI. No. 2, 6 (1934). 
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analytically. The second yields 
sink= (1— Ky)! sinK;}(K2—«). (4) 
Now we need a further approximation for the first of 


Eqs. (3). Upon changing back to the variable r in place 
of « and rearranging, one obtains 


do = 2ydrl_(r’— 2y?K1)?+4y(M,+1)r 
—4y7'K?*—(M,+1)*e’} 4. (5) 
The approximation consists in neglecting all except the 
first term in the square brackets, and then performing 
the integration from ro to ». One has, then, 
o=o0t (2K,)3 
X {In[rot+y(2K1)? J—In[ro—y(2Ki)*}}. (6) 


Finally, a similar pair of approximations in d¢/do yield 


¢= gota ?(o—ao)—} (M,4+1)y?°K 
X {Inr?—In[re?—2y?Ki}}. (7) 


Equations (4), (6), and (7) are then the continuation 
of the trajectory from 7o, oo to infinity. 

Stérmer® discusses the effect of the approximation 
using a for cos?A. The effect of the approximation to 
(5) can be seen by expanding the radical using the 
binomial theorem. The first term is that term used in 
getting (6). The second term contributes less than 0.1% 


to the final value of o. 


RESULTS OF CALCULATIONS 


The results of the calculations are shown in Figs. 1 
and 2. Figure 1 is a plot of the geomagnetic latitude of 
the source (here the sun) against the latitude of impact 
with the earth. Figure 2 is a plot of the latitude of the 
source against the geomagnetic longitude of the impact 
point. The various parts of each figure are for various 
values of particle rigidity. The individual curves are 
labeled with the ring current parameters M, and a. 
M, is in units of the earth’s dipole moment, and, in 
these figures, a is in earth radii. Table I gives the calcu- 
lated points from which these curves were drawn. The 
curves for M,=0 are taken from Dwight’s paper,® and 
from the work of Jory.t 

In order to use these curves, one chooses a date, thus 
determining the geographic latitude of the sun. This is 
then converted to geomagnetic latitude, using the time 
of day. The result of this conversion is the source 
latitude in Figs. 1 and 2. One then uses the curves to 
find the geomagnetic local time and latitude of impact 
with the earth for a particle of selected rigidity. 

These results refer mostly to the 0900 zone. Further 
calculations are in progress for the other zones and for 
some lower rigidities as well. 

In order to facilitate the programing of the problem 
for the machine, one trajectory was first calculated 
most of the way by hand. The results of this calculation 


+ F. S. Jory, Phys. Rev. 103, 1068 (1956). 
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Fic. 2. Geomagnetic latitude of the source versus geomagnetic 
impact longitude. The longitude given is the dihedral angle be- 
tween two planes, each of which contains the dipole. One plane 
contains the source, the other contains the impact point. Positive 
longitudes are measured from geomagnetic local noon toward the 
morning. 


agree with the machine value to within the expected 
errors of the hand calculation. That is, the two calcula- 
tions agree to within five parts in the fifth significant 
figure. The machine results were printed out after 
every other step along each trajectory. In addition to 
the coordinates of the particle, some of the functions 
calculated by the machine in carrying out a step were 
printed as well. Hand-calculated checks on these quan- 
tities show that the largest error produced by the 
machine came in the calculation of a square root to 
obtain r, and amounted usually to four or five parts in 
10°, This error on an occasion or two became as large 
as one part in 10°. Study of the effects of this error 
shows that a more important error occurs in the ex- 
trapolation procedure. In using Eqs. (4), (6), and (7), 
one must first calculate K;. This is done from Eq. (3). 
d\/do for this purpose is obtained by a numerical dif- 
ferentiation at the end of the printed trajectory. The 
error in the impact longitude resulting from the error in 
d\/do may amount to about 1° for the two or three 
points of highest impact latitude. For the other points 
it should be 3° or less. The errors in source latitude are 
smaller. 


COMPARISON WITH EXPERIMENT 


Firor® has discussed four great flare-associated cosmic 
ray intensity increases in the light of impact zones as 
calculated for the earth’s dipole field alone, It seems not 
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TABLE I. Impact zones as a function of source latitude for 
vertically arriving particles. Since the impact latitude was an 
initial condition for the numerical integration, it may be taken as 
exact. The asymptotic latitude and impact longitude are thought 
to be well within 1° of the true values in nearly all cases. For the 
two or three cases of highest latitude of impact, the impact longi- 
tude may be in error by as much as 1°. These comparatively large 
errors are due to the extrapolation procedure. Geomagnetic longi- 
tude is measured toward the west from the plane containing the 
dipole and passing through the sun. 
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to be possible to use these data to determine accurately 
the local time dependence of the impact zones. None of 
the data gives any clear evidence of increases in in- 
tensity as the point of observation enters such a zone. 
The experimental evidence for the reality of these zones 
consists in the significantly higher increases in intensity 
observed at stations which were located in an impact 
zone at the time a flare began compared with the 
intensity increases observed at stations located only in 
the background zone. (See Firor’s paper® for a discus- 
sion of the background zone.) If sufficient data were 
collected along these lines, the impact zones would 
eventually be determined as accurately as one might 
wish, but large flares are so rare that this is not a 
practical program. 

A second potential source of information lies in data 
from balloon flights. One should be able to find im- 
portant information about the kinds of particles which 
the sun is capable of emitting, and eventually deter- 
mine the location of the impact zones. The latter is 
probably a very difficult program unless smaller flares 
make their effects felt at high altitude. This may well 
be the case, however. Koshiba and Schein” report an 
observed increase in heavy particle intensity between 
0900 and 1100 on June 24, 1955 at high altitude. They 
interpret this as the effect of the 0900 impact zone on 
solar produced heavy nuclei. 

Probably the best potential source of information for 
the present purpose is the small-flare effect as analyzed 
by Firor.’ He plotted the Climax neutron intensity 
versus time of day averaged over three-month periods, 
and found that the impact zones were clearly visible in 
the difference between the intensity on days of high 
flare index and those of low. Since he grouped the 
counts in one-hour periods in order to get adequate 
statistics, his data cannot reveal the presence or ab- 
sence of the shift of impact time of half an hour or less 
suggested by the present calculations. A more extended 
set of data might detect a shift this small, although the 
comparison will likely be difficult. 

It is particularly to be noticed that the ring current 
does nothing to explain the high-latitude impacts not 
accounted for by Firor’s theory. If the mechanism 
which produces these impacts operates in any significant 
way at lower latitudes, it may render meaningless or 
confusing the comparison with experiment of the 
present theory. 
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Two identical nuclear emulsion stacks were exposed at different distances to the 114-Mev Bevatron Kt- 
beam using the same geometry and Bevatron conditions. A comparison of the K, to r-meson ratios in the 
two stacks combined with the known lifetimes of the Kz2 and Kyo gives (1.18_o.25*°-®5) X 1078 sec for the r* 
lifetime. The ratio of the K,2* to the r* lifetime is then 1.03 with a root-mean-square error of +29%. Thus 
the 7 and the K,2, which according to Dalitz-type analysis should be different particles, have the same life- 
time within experimental errors. The + and Ky, lifetimes can be obtained by a second method which does 
not rely on any previous lifetime information. In this method the ratios of the heavy meson fluxes to the 
proton and pion beam fluxes are compared. The results obtained by this method are (1.04_o 23?) X 1078 sec 
for the r* lifetime and (1.11_o.1:*°48) X 108 sec for the K,* lifetime. Alternate + and K,3 fluxes in the two 


stacks also indicate a lifetime of about 10~° sec. 


I. INTRODUCTION 


XCEPT for a spin-parity difference, the 7 and 6 
mesons so far appear to be the same particle. All 
experimental data thus far give the same mass,!? 
abundance ratios,'~* and interactions with heavy 
nuclei.®:* Because the analysis of r decays requires that 
the 7 and @ should have different spin and parity com- 
binations,’:* it is important to search for some other 
experimental difference. In this experiment the life- 
times of the 7+ and @* are compared by measuring the 
K;, to r ratios at two different distances from the 
Bevatron target. Figure 1 shows the two positions in 
which emulsion stacks were exposed using the same 
copper target with 6.2-Bev protons. Preliminary re- 
sults based on a partial scanning of these stacks were 
reported in a previous letter.? The additional statistics 
has given rise to changes in the lifetime values which 
are not unreasonable. 

Our result for the ratio of the @* (the terms 6* and 
K,2 are used interchangeably) to the r* lifetime is 
(1.0340.30). This is based on the K 2 and K,: lifetimes 
obtained by groups at Princeton’ and Berkeley" using 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and by a 
National Science Foundation research grant. 
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delayed-coincidence techniques. Using the Princeton 
and Berkeley weighted mean of 1.18 10~* sec for the 
lifetime of the Kz, (Kye and the K,2), our result for 
the + lifetime is 


T= (1.18_0.28+?:**) K 10-8 sec. (1) 


The notation ‘7’ is used for mean life rather than 
half-life. 

In addition, this experiment provides an independent 
determination of the lifetimes by comparing the heavy 
meson fluxes with the beam pions and protons of the 
same ‘momentum in the two stacks. This result is 7, 
= (1.04_0.23-)10-§ sec and Trz= (1.11_0.11*?'18) 
X 10-8 sec. Also it was possible to obtain some informa- 
tion on the K,3 and alternate r lifetimes. Figure 2 is a 
plot of the relative probability that our results turn out 
the way they did if one assumes various lifetime values 
for the 7, K,3, and 7’. Our results suggest that all types 
of heavy mesons have the same lifetime. 

These results make the Weinstein-type explanation” 
for the identity of the 7 and @ lifetimes more difficult. 
In this case the interaction between air and 7 or @ mesons 
must be so large that there would be more than one 
transition of r= per 6 feet of air. 


II. EXPERIMENTAL DETAILS 


The two stack positions are shown in Fig. 1. In both 
cases the average beam momentum was 356 Mev/c 
and 6.2-Bev protons were used on the same copper 
target. Each stack consisted of 39 Ilford G5 pellicles, 
6 inchesX7 inchesX600 microns. The stack positions 
were 70 inches apart, which corresponds to 0.82X 10-* 
sec in the K-meson rest system. The beam fluxes per 
cm? for both stacks are given in Table I. Except for 28 
of the + mesons found by area scanning in stack A, all 
of the data were obtained by track scanning which 
involves following gray tracks starting at a distance 
corresponding to 1.6 cm residual range for K mesons. 

The track scanning in stack A gave 625 K,, 25 7, 
9 r’, and 6 K,3. Track scanning of the entire usable 


12 R. Weinstein, (unpublished). 
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region in stack B gave 548 K_,, 28 7, 4 7’, and 4 K,;. In 
most of the track scanning, all gray tracks within 
specified azimuth and dip angle limits were followed. 
However, a smaller portion of the stack-A data was 
obtained by a faster type of track scanning in which 
the scanner was free to use more rigid limits of angle, 
grain density, and visual scattering. Data obtained by 
this fast track scanning technique are used only in the 
case when the 7 lifetime is obtained by the method of 
comparing K, to 7 ratios in combination with the 
known K, lifetime. 

The fastest method for improving the statistics on 
the 7 flux in stack A was area scanning. The area- 
scanning limits in the beam direction covered a region 
in which (75+2)% of the heavy mesons end, as deter- 
mined from the track-scanning data. Scanning effi- 
ciency was continuously checked by independent re- 
scanning of the pickup strips and refollowing of tracks 
not recorded by both scanners. The loss rate for the 
first scanning was found to be less than 5%. We feel 
that scanning efficiency was so high that it could not 
introduce any systematic errors in our lifetime results. 
In the cases where endings were found without second- 
aries, the primaries were grain-counted at 1.5 cm 
residual range in stack A and 2.0 cm in stack B. This 
made it possible to separate proton endings from those 
K, endings where the secondaries were not found. 

In order to increase the K,3 and 7’ statistics, all K 
secondaries in both stacks with a dip less than +41° 
original angle were blob-counted. In this region of dip 
we expect a high detection efficiency for K,3 secondaries 
under 29 Mev and 7’ secondaries under 38 Mev. The 
K,3’s found in this region of dip angle had energies of 
11.3, 16.5, 19.8, 21.5, 27.2, 3744, and 40.0 Mev. The 
alternate 7’s in this region of dip had energies of 8.3, 
12.3, 26.6, 32.3, 37.1, and 38.7 Mev. In the region of 
dip greater than +41° we expect high efficiency for 
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Fic. 2. The likelihood functions for the Kys, 7’, and 7 lifetimes. 
For example, any point on the K,3 curve represents the proba- 
bility of getting our results assuming that lifetime value, divided 
by the probability of getting our results assuming TK,3;=0.83 
X10- sec. 


K,3’s under 20 Mev and alternate 7’s under 28 Mev. In 
this region the K,;’s had energies of 19.3, 19.4, and 
21.4 Mev, and the alternate 7’s had energies of 6.4, 
12.9, 17.2, 26.1, 34.9, 3643, and 49+6 Mev. Errors 
are ~+3%, unless otherwise stated. Of the 23 heavy 
secondaries found, three left the stack before ending. 
In these three cases the identity and energy of the 
secondary was established by grain counting vs residual 
range. 


Ill. ANALYSIS OF RESULTS 
Method 1 


The 7 lifetime, T,, is obtained from the following 
relations : 
R,=C exp(—0.82X 10-8/T,), 


(2) 
Rx=C exp(—0.82X10-°/T x), 


where R stands for the ratio of particles per cm? found 
in stack B to that found in stack A. The constant C is 
determined by the relative exposure times and ge- 
ometries. It is the same for all particles of the same 
mass. The value 0.82 10~* used in Eq. (2) is the travel 
time from stack A to B in the K-meson rest system. 
The following formula is obtained by using the value 
Tx=1.18X10-% sec’ in Eq. (2): 


T,=(0.845+ 1.22 In(Rx/R,) }"X 10-8 sec. (3) 


The K, to 7 ratio obtained by track scanning in stack 
B is 19.5(1+0.19). The combined Ky, to 7 ratio in 
stack A obtained by track scanning, area scanning, and 
fast track scanning is 19.5(1+0.15). The fact that these 
ratios are the same within statistics means that our 
lifetime results for the r and Ky, must be the same 
within statistics. The following lifetime values were 
obtained by using Eq. 3: 


T,= (1.18_o.28*?°) X 10-$ sec, 
T xy3=0.83X 10 sec, (4) 
T,=0.60X 10- sec. 
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TABLE I. Particle fluxes per cm* in Bevatron K-meson beam. 











Number of protons 
on Bevatron 
target 


Target dis- 
tance in 


inches Beam protons per cm? 


Beam pions per cm? Kt flux per cm? r flux per cm? 





108 4.210" 
178 6.0X 10" 


(3.46+0.09) x 105 
(7.65+0.31) X 10# 


44.8 +6.7 
4.350.82 


830 +36 
85.04 3.4 


(9.14-0.29) x 104 
(1.79-0.12) X 104 








The errors on the 7 lifetime are the statistical root- 
mean-square deviations. Small contributions due to 
systematic uncertainties are included. 

Because of the small statistics, it would not be very 
meaningful to present “errors”? on the K,3 and 7’ life- 
times. Instead, we have calculated the lifelihood or 
“relative probability” curves for all possible lifetime 
values from 10~* to 10~® sec for the K,3 and 7’. This is 
shown in Fig. 2 along with the corresponding curve for 
the r. For example, the K,3 curve represents the rela- 
tive probability that one should find 6 K,3’s in stack A 
and 4 in stack B when the K,s lifetime has the value as 
given on the abscissa. Actually this probability is a 
function of both Tx,3 and N4, the value one chooses 
for the relative abundance or the average number of 
Ky,s’s which should be found in stack A if the experi- 
ment were repeated many times. The complete pre- 
sentation of our information on the K,s lifetime would 
be a 3-dimensional plot of P(N 4,7'x,3) vs both N4 and 
TK,3, where P is the relative probability or likelihood 
function. Actually Fig. 2 is a plot of this function for 
N4=6.0 only. Other choices of N'4 give curves of similar 
type with lower heights. The curve of the function 
P'(T kys)= Jo”P(N4,T x,3)dN 4 looks almost the same 
as the curve in Fig. 2. Exactly the same procedure was 
used in obtaining the curve for the 7’. If the 20% 
probabilities are taken as limits, then 0.4X10-°<Tx,3 
<4X 10-8 sec and 0.35X 10-§<T,, <1.5X 10-8 sec. 

Another by-product of this experiment is a deter- 
mination of the relative abundance of 7 mesons. We 
obtain 0.050+0.006 as the fraction of heavy mesons 
which decay to 3 charged pions. 


Method 2 


The preceding analysis made use of other lifetime 
values obtained by counters®” in combination with our 
K to r ratios in order to establish the 7 lifetime. An 
independent approach is to normalize our K and r 
fluxes to the beam proton or pion fluxes found in 
stacks A and B. Then the 7 and Ky lifetimes can be 
determined without making use of any other results. 
This method is dependent upon the assumption that 
the experimental geometry used affects particles of 
different mass in the same way, as long as the momenta 
are the same. If this assumption were correct, the 


13 The stack B pion flux has been corrected for the small de- 
pletion of the pion beam due to decay in flight. In the 70-inch 
path, 9% of the pions decay. In about half of these decays, the 
decay muons are still in the beam direction and are counted as 
pions. 


proton-to-pion ratios in both stacks should be the 
same. The observed proton to pion ratios are 3.80+0.15 
in stack A and 4.28+0.33 in stack B, a (12+9)% dif- 
ference. It is not surprising to find some difference in 
the two ratios, since the multiple scattering angle in 
the Bevatron window (0.09 inch aluminum) goes as 
1/p8, and @ is quite different for protons and pions of 
356 Mev/c. Fortunately the difference in our proton-to- 
pion ratios is so small that it doesn’t have much effect 
in the lifetime determination. The extent of this un- 
certainty can be seen by calculating the r lifetime three 
ways: (a) based on the proton fluxes only, (b) based 
on the pion fluxes only, and (c) based on an interpolated 
flux ratio for a particle of mass 493 Mev, where the 
small discrepancy in proton and pion flux ratios is 
assumed to be due to multiple scattering in the window. 
The respective 7 lifetime results are 0.995, 1.16, and 
1.04 10-8 sec when one uses the following equation: 


R,/R=exp(—0.82X10-*/T,), (5) 


where R=0.219 for the proton stack B to stack A 
ratio, R=0.194 for the pions, and R=0.211 for the 
interpolated value. The values used for R, and Rx, 
are obtained from Table I and do not include the fast 
track-scanning data. The 7 and K, lifetimes and their 
rms errors obtained in this way are 


I,= (1.04_0.23*-#) XK 10-8 sec, 


6 
Txy= (1.11 0.11718) XK 10-8 sec. (6) 


IV. CONCLUSIONS 


The 7 lifetime values obtained by methods 1 and 2 
are in good agreement. Our value of 1.11 10-8 sec for 
the Ky, lifetime agrees well within the errors with the 
value of 1.18X10-* sec obtained by counter tech- 
niques.* Our values of the 7 lifetime are in agreement 
with the earlier determination of Alvarez and Gold- 
haber, who obtained (1.0_0,3+°-7)K 10-8 sec using emul- 
sions 11 inches from .the Bevatron target without 
magnetic analysis. The combined results of all lifetime 
experiments suggest that the charged 7, 0, Ky2, Kys, and 
7’ all have the same lifetime. So far the only observed 
difference in these particles is the spin-parity difference 
of the 7 and 6 decay products.’:* 

Several explanations have been proposed for the 
“identical” lifetimes of the r and @.!*-1516 Since in this 


41. Alvarez and S. Goldhaber, Nuovo cimento 2, 344 (1955). 
16 T, D. Lee and J. Orear, Phys. Rev. 100, 932 (1955). 
16 T, D. Lee and C. N. Yang, Phys. Rev. 104, 822 (1956). 
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experiment the particles decayed while in air, the 
Weinstein” explanation would require the reaction 
T=6 to have a cross section over 300 times geometrical 
for K mesons of velocity 8=0.59 in air. The cascade 
scheme of Lee and Orear,!* which still lacks any experi- 
mental verification, becomes less reasonable as the 
Tt—6 mass difference becomes smaller. Lee and Yang'® 
have recently proposed that there may be only one 
heavy meson of a certain spin and parity, but that its 
parity is not conserved when it decays. They point out 
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that one can postulate nonconservation of parity for all 
weak interactions without contradicting experiment. 

We wish to thank Dr. E. J. Lofgren and members of 
the Radiation Laboratory staff of the University of 
California for their help in obtaining the Bevatron 
exposures. We are grateful to Mrs. J. Bielk, Mrs. 
E. Bierman, Mrs. J. Impeduglia, Mrs. M. Johnson, 
Mr. B. Kuharetz, and Miss J. Lee of the Columbia 
Nuclear Emulsion Group for their help with the scan- 
ning, processing, and measuring. 
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A survey has been made of the differential scattering cross sections for 187-Mev electrons on the even-even 
nuclei ;2Mg™, :Si®, 16S**, »s:A“, and 2sSr®*. It has been possible to separate the elastic scattering from the 
inelastic in all cases and to resolve the inelastic groups from specific nuclear levels for at least one level in 
all cases. A simple Born-approximation analysis of the elastic data yields values of the effective radii and 
surface thicknesses of the nuclear charge densities which (if suitably corrected for failure of the Born 
approximation) are in substantial agreement with the results of Hahn, Ravenhall, and Hofstadter; i.e., 
a radius parameter of c1.08 A!X10-" cm (radius to half-maximum of the charge distribution) and a 
surface thickness of 422.5X10-" cm (thickness from 10% to 90% of the maximum of the charge 
distribution). Phenomenological analysis of the inelastic scattering along the lines laid down by Schiff 
yields some tentative multipolarity assignments, and application of some results of Ravenhall yields 
estimates of (radiative) partial level widths; for the E2 transitions these correspond to lifetimes of 
~19X10- sec (Mg 1.37 Mev) to ~1.4X10~ sec (Sr 1.85 Mev). The observed strengths of the transitions 
are compared to those predicted by Weisskopf theory. 


I. INTRODUCTION 


HE elastic scattering of high-energy electrons by 
atomic nuclei has been the subject of considerable 
experimental study.'-* Recently it has been possible 
in this laboratory to observe certain examples of 
inelastic scattering *" in which the incident high-energy 
electron is scattered with the loss of a discrete quantum 
of energy corresponding to the excitation of a level in 
the target nucleus. 


* The research reported in this document was supported jointly 
by the U. S. Navy (Office of Naval Research) and the U. S 
Atomic Energy Commission, and by the U. S. Air Force through 
the Air Force Office of Scientific Research, Air Research and 
Development Command. 
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The present experiments were initiated as a survey of 
the inelastic and elastic scattering from even-even 
nuclei in the region of intermediate atomic numbers. 
These target materials were chosen for a number of 
reasons: First, most of them are known from gamma-ray 
spectroscopy, angular correlations, etc., to have easily 
excited low-lying levels with spacings on the order of a 
few Mev, which should be resolvable in an experiment 
of the type of Fregeau and Hofstadter." Second, the 
principal isotope of most of these elements occurs in 
high abundance, so that the natural form may be used 
in the targets. Third, the ground state has zero spin 
and even parity in the known cases (see, e.g., Endt 
and Kluyver” and probably in all cases (i.e., from 
shell-structure arguments); furthermore, it usually 
happens” that one or more or the lower levels has 
known total angular momentum and a parity consistent 
with electric-type multipole transitions from the 
ground state. This last point is important because the 


( 054) M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 94 
1954). 
082). Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
19. 

“4B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 
1051 (1953); G. R. Bishop and J. P. Perez y Jorba, Phys. Rev. 
98, 89 (1955). 





187-MEV ELECTRONS 


electric transitions should be particularly easily 
interpreted theoretically,!*!* at least phenomenolog- 
ically, and therefore should be valuable in checking 
the theory. 

While this work was intended primarily to be a 
preliminary survey, it was anticipated that considerable 
information could be derived from the results. The 
elastic-scattering angular distribution should give 
information as to the radial dependence of the nuclear 
charge distributions.*~**!7-8 The inelastic cross sec- 
tions, if measured accurately enough over wide enough 
ranges of scattering angle and energy of the incident 
electrons, should enable one (a) to determine the 
multipolarity and electric or magnetic character of the 
transitions“ which will supplement y- and 8-ray work 
and Coulomb excitation in assigning angular momentum 
and parity to the various states; (b) to determine the 
magnitude and shape of the transition charge density 
and hence obtain considerable information about the 
various wave functions; (c) to derive a number of 
interesting parameters such as the transition prob- 
abilities (or level widths). Such a complete analysis 
is beyond the scope of the present work. However, it 
has been possible to decide with fair certainty that 
several observed transitions are electric monopole, 
quadrupole, or octupole where this was not previously 
known, and to estimate the transition probability and 
certain gross features of the transition charge density 
in the known electric-quadrupole cases. 


II. EXPERIMENTAL METHOD 


The experiments were performed at the first halfway 
station of the Stanford Mark III linear accelerator, 
using the magnetically analyzed and deflected electron 
beam and the 16-in. magnetic spectrometer. The 
accelerator,”®> and the ‘spectrometer and its associated 
counting and beam monitoring equipment including a 
number of recent improvements are described in 
earlier articles.2-®3-! 

The important physical properties of the various 
targets are summarized in Table I. With the exception 
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TABLE I. Target parameters. 








‘ . 10-22 
Principal Target thickness, gross XNo. 
isotope 10-2, atoms/ 
Percent XNo. cm?, 
R Mass abun- atoms principal 
Element No. dance per cm? isotope 


Mg" 24 78.8 1.12 
usi® 28 92.2 0.816 
sS% 32 95.0 1.05 


wSr 8882.7 0.19 


0.38 
isA” 40 99.6 a 
CH. 1 143 2.38 


Radiation 
lengths 


1.93 X10 
1.62 10 
2.64 107? 
2.94X 10 
5.96X 10 


Inches g/cm? 


0.13 0.570 
0.70 0.41 
0.118 0.588 
0.050 0.33 
0.100 0.66 





1.42 
0.885 
1.11 
0.23 
0.46 


0.119 0.275 0.55107 








of the argon, which was used in a high-pressure gas 
target chamber,” all the targets were in the form of 
wafers, roughly 1 in. by 2 in. in size. Surface densities 
were found by weighing and measuring with a precision 
of a few percent; the uncertainty in the Si target 
thickness was slightly greater, possibly 5% because of 
visible pits in the material. The CH: (polyethelene) 
target was used for an “absolute” cross-section cal- 
ibration in the manner described by Fregeau and 
Hofstadter." 

The spectra of electrons scattered at various angles 
were taken as described in previous publications.2-*.-" 
Typical spectrometer curves are shown in Fig. 1. 
They are seen to be characterized by an elastic peak 
and one or more resolved or partially resolved inelastic 
peaks, shifted downward from the elastic peak by the 
characteristic excitation energies of the corresponding 
nuclear levels. The widths of the peaks (i.e., with at 
half-maximum) are well explained by the combined 
effects of beam energy spread, spectrometer resolution 
setting, beam size, and ionization straggling in the 
target; however, while the fold of these effects is an 
essentially Gaussian shape, the observed peaks are 
broader at the base than is a Gaussian (probably 
because of scattering from the spectrometer vacuum 
chamber, exit port, etc.) and have a long, low-energy 
tail resulting from radiation processes in the target. 
In subtracting the tail of the elastic peak from the 
inelastic peaks it usually has been sufficient to fit an 
empirical tail of the form A(Ho—£)"+B(E)—E)* 
and to adjust the parameters until the various peaks 
of a given spectrometer curve have the same shape after 
the subtraction. 

In principle, the relative intensities of the peaks 
should be subject to a number of corrections: (1) 
correction for isotopic abundance, since all isotopes will 
contribute to the elastic peak but only the principal 
isotope will contribute to the inelastic peaks; (2) the 
variation of spectrometer “window width” with energy 
setting should be taken into account (i.e., AE~£); 
(3) the effects of finite resolution in angle (~+1.8°) 
and energy (0.5—1.0 Mev) on the angular distributions; 
(4) effects of plural scattering (the m=2,3--+ terms in 


= Hofstadter, McAllister, and Wiener, Phys. Rev. 96, 854(A) 
54). 
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the Moliére®’ series); (5) corrections for Schwinger” 
and bremsstrahlung radiation. Effect (1) amounts to 
up to 26% (Mg). Effect (2) is generally negligible in 
view of the small shifts of inelastic peaks relative to 
the incident energy. Effect (3) estimated in the manner 
of Hanson, Lyman, and Scott! amounts to perhaps 5% 
in the region of the diffraction minima and has been 


27 G. Molitre, Z. Naturforsch. 3a, 78 (1948). 
* J. Schwinger, Phys. Rev. 75, 898 (1949); H. Suura, Phys. 
Rev. 99, 1020 (1955). 


been ignored. Plural scattering (4) is estimated” to 
contribute <1% to the observed scattered intensities. 

Of the radiation corrections (5), the Schwinger 
effect is estimated to decrease the observed intensity by 
~8% at small angles to ~20% at large angles, and 
the bremsstrahlung in typical cases is estimated® to 
decrease the intensities by ~20% at small angles to 
~40% at large angles. The radiation corrections have 
not been applied in analyzing the data, and the following 
remarks should be made: (a) the corrections vary 
slowly with angle and therefore will affect mainly the 
absolute cross sections; (b) the bremsstrahlung correc- 
tion should be applied to both the “measured” and 
“calculated” cross sections (see Table II for explana- 
tion) but the “measured” cross sections already have 
been corrected for Schwinger effect (because the 
proton cross sections used in this calibration have been 
corrected) while the “calculated” cross section has 
not; (c) the main effect of ignoring the angular depend- 
ence of the radiation corrections will be a slight over- 
estimate of the surface thickness parameters of the 
nuclear charge densities (see Secs. III, IV). 


Ill. ANALYSIS OF ELASTIC DATA 


It is convenient to analyze the scattering cross 
sections by means of the Born approximation." The 
exact calculations of Yennie, ef al.?! show that although 
the Born approximation is considerably in error for 
high-energy electrons in medium-to-high atomic-num- 
bered elements, it is probably still accurate enough to 
account for most of the important features of the 
scattering. 

The Born approximation result, as used here, is 
given in terms of a nuclear form factor, F: 


da/42= (do/d®) psne|F 2, (1) 
F(@)= f (red. (2) 


Here (do/dQ)point is the differential scattering cross 
section of a point charge Ze; q is the momentum transfer 
of the electron in the scattering process; and p(r) is 
the probability density of the charge distribution, 
normalized so that /p(r)d@r=1. 

For the point-charge cross section, it is not clear 
whether one should use the Born-approximation, or 
an exact calculation of the type made by Feshbach.” 
As suggested by Schiff, the correct function may be 
something between these. In the present case, the 


29H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, p. 290. 

*® Using the radiation straggling expressions given by W. Heitler, 
The Quantum Theory of Radiation (Clarendon Press, Oxford, 1954), 
third edition, p. 378. 

31 For bibliography of Born approximation in electron scattering, 
see reference 22. 

#®H. Feshback, Phys. Rev. 88, 295 (1952). 





187-MEV ELECTRONS 1469 


TABLE II. “Calculated cross sections”: experimental angular distributions, expressed in absolute units by fitting elastic data 
to cross sections calculated from the gU charge distributions (Sec. ITI). 














(a) Calculated cross sections in Mg and Si in units of 10-%¢ cm?. To convert to the measured cross sections (Sec. IV), 
multiply the Mg data by 1.28 (+10%) and the Si data by 1.06 (+10%). 
12.Mg*4 
1.37 Mev 


22.2 +3.2 
89 +13 
3.9 +0.7 
1.44 +0.11 
0.52 +0.04 
0.15 +£0.03 
0.042+0.006 


Elastic 1.78 Mev 

65 +0.8 

4.50 +0.60 
2.39 +0.14 
0.76 +0.08 
0.24 +0.02 
0.074+0.012 


Elastic 








382 
61 
10.3 


+11 

+ 3 

+ 0.2 
1.13 + 0.08 
0.11 + 0.02 
0.012 + 0.006 


0.0075+ 0.0019 


0.012+0.002 


(b) Calculated cross sections in S*? in units of 10-%° cm*, To convert to measured cross sections, multiply by 1.41 (+10%). 
Elastic 2.25 Mev 3.81 Mev 5.83 Mev 6.6 Mev* 


+23 17 +3 
480 +15 10.3  +1.2 
o +15 44 +04 
8.55 + 0.35 1.22 +0.08 
0.81 + 0.06 0.225 +0.032 
0.050+ 0.007 0.083 +0.012 
0.060+ 0.008 0.052 +0.008 
0.055+ 0.005 +0.006 


0.026 
0.040+ 0.006 0.0079+0.0024 
0.011+ 0.003 cea 











1250 seis ue 
3.5 +1.2 41 +09 

0.13 +0.05 
0.12 +0.05 
0.047 +0.024 


0.27 +0.06 
0.14 +0.06 
0.059+0.024 


0.34 +0.05 
0.17 +0.06 
0.076+0.024 


0.014-+0.007 
0.019+0.005 


0.028+0.011 
0.015+0.005 


0.012+0.006 
0.006+0.003 





(c) Calculated cross sections in A‘ in units of 10-8 cm?. To correct to measured cross sections, multiply by 1.1 (+14%). 
Angle 1.46 Mev 2.4 Mev 


50° 10.5 +1.9_ “1.6 £09 
60° 14 +01 0.63-+.0.08 
70° ef 


0.32+0.07 








(d) Calculated cross sections in Sr8* in units of 10-83 cm?. To convert to measured cross sections, multiply by 2.05 (+10%). 
Angle Elastic 1.85 Mev 2.76 Mev 4.3 Mev*® 


35° 2640 7 aed NS tie 





45° 
50° 
a 
60° 
70° 
80° 


538 
158 
35.7 
18.0 
10.8 
5.0 
1.38 


17.2 +14 
3.1 +0.4 
0.41+0.12 


0.30+0.11 
0.11-0.05 


13.5 +1.3 
5.1 +0.4 
1.81 +0.13 


0.53 +0.10 
0.168+0.048 


3.7 +0.7 
1.27+0.24 
0.74+0.12 


0.37+0.10 
0.12+0.04 








® This level has not been reported previously, and may represent impurities (see Sec. VI). 


choice is not critical, and the Feshbach results have 
been used (see Figs. 2 and 3). 

In fitting the experimental data, it has proved 
convenient to use a “folded” charge distribution, given 


by 


o(s)= f pol?’)or(r—r a4’, (3) 
where 


J otar= footarr= f oxi)arr=t. 


When (3) is substituted in (2), it follows that 


F(q)=Fo(q)Fi(q), (4) 


where Fy and F; result from the substitution of po and 
pi, respectively, in Eq. (2). The advantage of this is 
that one can use trial functions of such a form that, 
for example, po essentially defines the nuclear radius and 
p; a surface thickness; the resulting form factor is then 


readily calculated for different ratios of the two 
parameters. 

As is shown by Hahn ef al.,° the scattering at these 
energies depends mainly on the shape of the charge 
distribution near the surface and is relatively insensitive 
to the distribution at the center of the nucleus. Hence, 
it is sufficient to take for po(r) a uniform distribution 
of radius R~rA!, where ro~ 1.2 10-* cm; it is then 
assumed that p;(r) is a (spherically symmetric) distribu- 
tion of effective radius ~ro. The following two models 
will be considered : 


3/4 R’, 
id 
0, 


r<R : 
(5) 
r>R, 


pi(r) = (2mg*)-# exp(—r°/2¢’), 


3/4ru', 
0, 


r<u 


pi(r)= | 


r>u. 
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Fic. 2. Elastic angular distributions (observed cross sections 
divided by Feshbach point-charge cross sections). The results of 
Hahn e¢ al. (reference 8) for Ca and of Fregeau and Hofstadter 
(reference 11) for C are included for comparison. 


Substitutions of (5) and (6) in (3) will be termed a 
“Gaussian-uniform” or gU distribution, and substitu- 
tion of (5) and (7) will be termed “uniform-uniform” 
or uU. 

For comparison with other work, the rms radii will 
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Fic. 3. Inelastic angular distributions (observed cross section 
divided by Feshback point-charge cross sections). The results of 
Hahn et al. (reference 8) for Ca and of Fregeau and Hofstadter 
(reference 11) are included for comparison. 


be calculated and expressed in terms of ro*: 


ro=A- Ry, 


RE= (5/3) f PoNer= (5/3), @) 


where 


(ro, {= f r*po, i(r)d*r. 


\ 

It is known from the work of Yennie ef al.”! that, 
while the Born approximation fails completely in the 
region of the zeros predicted by discontinuous distribu- 
tions such as (5), it is quite accurate for values of 
gR <90% of its value at the first zero, and again in the 
region midway between the successive zeros. 

The data-fitting procedure which has been adopted 
consists of choosing several values of R, and for each 
one picking the value of R/g or R/u which best fits 
the calculated |F|? to the experimental |F|?. Because 
the data are rather scanty and because the Born 
approximation is not very accurate, least-square fits 
were not attempted; the best fits were chosen by 
inspection. It is felt that the subjective bias introduced 
by this procedure is at least qualitatively unimportant 
in showing how the parameters vary from element to 
element. Typical “best fits” of the form factors of 
two charge distributions to the data are shown in 
Fig. 4. 

IV. RESULTS: ELASTIC DATA 


(The data of Hahn, ef al. for calcium and of Fregeau 
and Hofstadter" for carbon are included for purposes of 
comparison.) It is seen from Table III that the radial 
and surface-thickness parameters differ appreciably 
with choice of model but are quite constant as a 
function of A and Z for a given model. Thus, for the 
gU model, roS(1.35+0.04)X10-" cm, and g&(1.0 
+0.1)10—" cm for all elements investigated; for the 
uU model, ro(1.32+0.04)K10-" cm and u=(2.0 
+0.3)X10-" cm. The variations of the surface-thick- 
ness parameter from element to element (Table III), 
are greater than the estimated errors, have roughly the © 
same form for both models, and may be real. The rms 
radius possibly varies slowly with A and Z but the 
variation is smooth within the estimated experimental 
accuracy. It should be noted, of course, that any smooth 
variation of the parameters with Z and A may be 
related to the worsening of the Born approximation in 
heavier nuclei. 

It is interesting to note the remarkable agreement 
between the two models for the values of the parameters 
r, and ¢ (see Table IV). Hahn et al.’ also noticed that 
these parameters are nearly independent of the model 
used. 

Some insight as to the validity of using the Born 


% This definition is equivalent to the ro of Hahn ef al., reference 
8. 
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approximation to derive these parameters can be gained 
by comparison with the exact calculations of Hahn 
et al.8 Note that the Fermi smoothed-uniform shape 





® S,R=540xI0cm 
© S,R=372x10'cm 














* S, ,R#5.35x10" om 
@ S, R*3.72x10"3 cm 











Fic. 4. Typical “‘best fits” of squared experimental form factors 
to calculated squared form factors, showing how a variation of 
5-10% of the surface-thickness parameter from its “best” value 
gives noticeably worse fits. Variation of the radial parameter R 
by 2-3% either way also makes the fit worse for all choices of 
the surface-thickness parameter. 


used by Hahn ef al. somewhat resembles the models 
used in the present analysis. Thus for calcium, using the 
scattering data of Hahn et al., 
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TABLE III. Parameters for gU and uU charge distributions. 








(a) Parameters for gU charge distribution. The quantities R and g 
are defined in Sec. [V; ro, ri, and ¢as in Hahn et al. trolaeenen 8): rom AV 
X ((5/3)r2)?; r1 =A~V8c; where c is the radius to half-maximum of charge 
distribution, ¢ is the surface thickness from 10% to 90% of maximum of 
charge density. Accuracy: R, ro, and ri, ~2-3%; g and t, ~5-10%. Values 
are given in units of 10-1* cm. 

Corrected for Born 
approximation® 


A-l/R g ro ri t ro ri t 


0.90 1.39 0.97 2 1.35 0.95 
105 139 1.03 2 1.33 0.99 
if. 135 i908 72: 1.29 0.97 
10 i437 806 2. 1.30 1.03 
2. 
2 


Ele- 
ment 
Ce 1.10 
Mg 1.14 
Si 1.12 
S® 1.17 





Ca“ 1.20 0.93 185 1.14 1.28 1.08 2. 
Sr88 1.20 0.95 1.30 1.17 1.20 1.08 2. 


(b) Parameters for uU charge distribution. The quantities R and u 
are as defined in Sec. IV; ro, r1, and ¢ as in Hahn e¢ al. [reference 8, and 
(a) of this table]. Values are given in units of 107 cm. Accuracy: R, ro, 
and ri, ~2-3%: u and t, ~10%. 





Corrected for Born 
approximation*® 


A-14R ro ri re t 


1.33 0.96 1.29 
1.35 0.97 1.30 
1.35 1.03 1.29 
1.34 1.08 1.28 
1.34 1.14 1.27 
1.28 1.15 1.18 


* Correction factor [1+(3Za/2kR)]~; see Sec. IV. 


Ele- 
ment 


c 1.11 

Me™ = 1.13 

Sis 1.14 

Ss 1.17 

Ca” = 1.202. 

Sr88 1.20 2.0(5) 











(i) gU and uU model (Born approximation) : 
r= (1.14+0.02) 10-" cm, 
t= (2,540.1) X 10-8 cm; 
(ii) Fermi smoothed-uniform (exact calculation): 
r= (1.06+0.02) x 10-" cm, 
t= (2.50.1) 10-% cm. 


The greater-than-probable difference in r; may be 
due in part to the use of different models, but probably 
also is related to the use of the Born approximation, 
which, because its neglects the modifications of the 
incident plane wave by the attractive potential of the 
nucleus, tends to give slightly larger values of the 
nuclear radii than do exact calculations. An estimate of 
this effect based on a uniform charge distribution shows 


TABLE IV. Parameters associated with inelastic scattering. 
Indicated errors in 6; have been estimated roughly in fitting 
calculated squared form factors to the data (see Sec. V). Relative 
errors of I’, r and |M|? are roughly the same as for 8;. See Sec. V 
for definitions. 








TiUs—]i) Tr 
millivolts seconds 


0.40 +0.08 12.5 0.53X 10-% 
0.34 +0.03 0.34 if xwo 
0.18 +0.03 1.1 6.0 x10" 
0.11 +0.01 J 1.6 X10 
0.025+0.005 3.3 X10" 
0.125+0.005 0.71 10-” 
14 x10" 
1.08X10-” 


Ele- 
ment Mev 


Cc 4.43 
Mg” 1.37 
Si® 1.78 
S® 2.25 
A® 2.4 

Ca® 3.73 
Sr®8 1.85 
Sr 2.76 


Energy d, 
parity 


— 
- 


Bi(1i,Is) 





0 
0 
.0093 
0.014+0.001 7 


SPN EAA hd 
=D +100 Bo me 


0.033+0.003 0061 








® Probable. 
> Assumed. 
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(b) 
Fic. 5. Charge distributions calculated for the parameters given 


in Table III. The radius and surface-thickness parameters have 
been corrected by the factor (1+-3Za/2kR)7. 


that the Born-approximation radii should be reduced 
by the factor [1+ (3Za/2kR)}"; for calcium in the 
present experiment this amounts to a 6% correction, 
giving 7; (corrected)=1.08X10-" cm, in excellent 
agreement with Hahn ef al. Figure 5 shows the charge 
distributions defined by the parameters of Table III. 

It will be noticed that the conversion factors from 
“calculated” to “measured” cross sections, given in 
Table II, differ considerably from unity, ranging up 
to factor of 2 for Sr. This discrepancy probably is due 
partly to some undetected experimental error in one of 
the hydrogen calibration points (Sec. II); it is possible 
also that using the Feshbach rather than the Born- 
approximation point-charge cross section was the 
wrong choice. (Thus the Feshbach point-charge cross 
section for Sr is 40% larger than the Born approxima- 
tion, which could account for nearly half the dis- 
crepancy.) This error, although it seriously affects 
the magnitude of the absolute cross sections, will have 
have little effect on the radius and surface-thickness 
parameters. 


V. ANALYSIS OF INELASTIC DATA 


The inelastic cross sections also may be discussed in 
terms of Born-approximation form factors, at least in 
the case of electric-multipole transitions. As is shown by 
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Schiff,!® Eq. (1) again holds in these cases, if the inelastic 
form factor is properly defined. 

Writing out the general form of Eq. (25) of reference 
15, the form factor for inelastic scattering involving an 
electric /-pole transition between an initial nuclear 
state J; and a final state J; is given by 


4r(21-+-1) 


| Fi(Ii,I;) |?= 
27;+1 


mi,mf 


2 


x J julgr)Y wpi(T ms; Iy,my)dr 


(9) 


=6i(Isjl;)|4x f julgr)or'4 (Pre 
=B(I;,Is)| fi'’ |? 


fit(q)=4e f jlgnor't(prtdr; (10) 


here p:(Ii,m;;I;,my) is the transition matrix element 
between the initial and final states. The second equality 
holds because all the p; are assumed to have the same 
radial dependence, so that the radial integral may be 
factored out. The quantity @,(J;,J;), then, brings 
together all the terms of the summations over nuclear 
orientation and in general will depend strongly on the 
details of the nuclear model. For the treatment that 
follows, the normalization of p;*/(r) will be unimport- 
ant, but will be taken arbitrarily so that (r'); ,=R! 
[see Eq. (12) below]. 

Now if we made an assumption as to the form of 
pi*/(r), and evaluate the integral in Eq. (10), and if we 
already know / or can infer it from the experimental 
shape of F; then we can evaluate 8,(J;,J;) by comparing 
fi'’ with the experimental form factors. We may 
relate 8,(J;,J;) to the width of the inverse y-ray 
transition in the following way: 


Expanding the Bessel. function for small values of q, 
we obtain 
pammtrrned—™ Tay 
F1(7;,T 7) |?g-00= Bi (Tif. |] 11 
bh als ta oi alia CNET 


where 


(rept f r'p,'! (r)r'dr. (12) 


This may be combined with an expression given for 
the y-transition width by Ravenhall,™ giving 

27;+1 Bi(1;,Is) 

27,;+1 [1-3---(2/4+1) P 





P,(I1,)= 


el+1/ «\?! 
alata Bi 9 tie “) €, (13) 
C 
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where ¢ is the transition energy. It will be noticed that 
in the special case of J;= J;=0, J=0, Eqs. (9) and (10) 
should be replaced by 


| F (0,0) |*-+0=8(0,0)[¢'r*o, o/3 (14) 


(*)oomde f rp (r)rdr. (15) 


This is because orthogonality of the excited- and ground- 
state wave functions requires that 44 f(po"°(r)r’*dr=0.1 
Also, Eq. (13) does not apply, but should be replaced 
by expressions for I’;.,. and I’;,p., the internal-conversion 
and internal-pair transition widths. 

Following the suggestion of Bohr and Mottleson™ 
and of Schiff,!® it will be assumed tentatively that a 
trial function for p,‘/(r) may be taken as a delta 
function 6(r—R;) when /#0. When this is done, it 
may be seen (Fig. 6) that R; must be some 20-30% 
larger than the value of R obtained for the static charge 
from the elastic data. However, if one smears out the 
delta function by the folding technique of Eq. (13) 
using the value of the parameter g or u [Eqs. (6) and 
(7)] found from the elastic data, then one finds that 
R; (at least in the electric-quadrupole case) can be 
taken as equal to R. 

In this connection it should be pointed out that Eq. 
(14) applies whether or not the p(r) are spherically 
symmetric. Thus, if we assume pi(r), and, hence, Fi(q) 
to be spherically symmetric, then the /th term of a 
multipole expansion of (r) will have the same form as 
the F; in (9) with an additional factor F;.(q): 


| Fi(7i,0,) |?=81(7i,2 7) inf julgr)pr* (r)rdr| | Fi(q)|?. 
(16) 


Equations (12) through (15) will be unchanged because 
Limg+oL F1(9) P= Soi (r)d*r= 1. 

In interpreting the results, it is useful to compare the 
experimental inelastic form factors to the functional 
form of Eq. (16). This has been done in Fig. 6. 

It is of some interest to compare the predictions of 
the Weisskopf** single-particle model to the present 
results. Here the Weisskopf** wave functions for all 
states of the excited nucleon are taken to be constant 
out to radius R,, and zero from R,, to infinity. Then, 
using the results of Ravenhall™ for the inelastic- 
scattering cross section for the single-particle model, 
it follows that 


(do /dQ),' 
(do /dQ) Weisskopf 


14+:3\27 R \"8.(1;,I,) 
ENE 

3 Rw 21+1 
%A. Bohr and B. R. Mottleson, Kgl. Danske Videnskab. 


Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
85 V, F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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Fic. 6. Comparison of typical experimental and calculated 
squared inelastic form factors. Both the Sr (1.85 Mev) and Mg 
(1.37 Mev) are known to be 2+ levels. The calculated curves 
are for a “smeared 6-function” transition charge density (see 
Sec. V) with values of R/g taken from the elastic results. The 
abscissae for the experimental data are scaled by values of R 
taken from the elastic results [Table IIT (a) ]. Shown for compari- 
son (upper curve) is a squared form factor calculated from a 
quadrupole transition charge density whose radial dependence is 
constant for r<R, zero for r>R. This would give a poorer fit to 
the data than the 6-function distribution, indicating that the 
quadrupole vibrational mode is approximated better by a trans- 
verse wave in an incompressible nuclear fluid than by some sort 
of a compressional body wave. 


where the numerator of the first quotient is the 
inelastic cross section, as extrapolated to the forward 
direction, from the present type of experiment. Note 
that |M|? is defined in the same way as |M|? of 
Wilkinson.** 

Since the absolute cross sections are not known with 
great accuracy (Sec. II), the experimental values of 
B.(1;,J;) are based on a calibration of absolute cross 
section obtained by fitting the elastic curves to the 
calculated elastic form-factors. An alternate and very 
convenient method would be to obtain 8,(I;,J;) by 
normalizing the ratio | f,'/|?/|F|*etastic to the experi- 
mental ratio of inelastic to obtain elastic scattering; 
this method is applicable if the measurements go to 
values of gq sufficiently below the first diffraction 
minimum. Table IV summarizes the inelastic results in 
terms of the values of 8,(J,,J;), ',(J;—7,), and other 
related parameters. 


VI. RESULTS—INELASTIC DATA 


In addition to the inelastic scattering observed in the 
present work in ;2Mg"™, 14Si’*, 1sA®, and 4sSr®8, the 
4.43-Mev 2+ and 7.68-Mev 0+ levels in 6C”, reported 
by Fregeau®’ and Hofstadter" and the 3.73-Mev level 
in 2Ca®, reported by Hahn et al.,* will be considered. 


%° DP. H. Wilkinson, Phil. Mag. (to be published). 
57 Through the generosity of Mr. Fregeau, some data on carbon 
more recent than those of reference 11 are included here. 
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Fic. 7. Inelastic “universal curves.” A composite plot of 
inelastic data from Mg, Si, S, Ca, and Sr against gA!. The various 
form factors are arbitrarily normalized to minimize the spread of 
points. The point from sulfur and the point from silicon which 
seem to deviate from the “universal curve” are assumed to contain 
undetected experimental errors. The curves labeled Mg(£2), 
Sr(E2), Ca(E3), and Sr(£3) are calculated for electric-quadrupole 
and-octupole transitions using the “‘smeared 5-function” transition 
charge densities of Sec. V, and are arbitrarily normalized. 


It is found that when the various experimental form 
factors are plotted against gA! and are arbitrarily 
normalized together in the region where the form 
factors are maximum, then practically all the points 
fall (within experimental accuracy) onto several 
“universal” curves, (see Fig. 7). Assuming that all 
the levels observed are electric multipoles,** then one is 
tempted to conclude that there is a distinct universal 
curve for each value of J=0, 2, 3 ---, at least for the 
lower levels in even-even nuclei. This is partially borne 
out by what is known about the levels: thus, Mg 
(1.37 Mev), Si (2.25 Mev), and Sr (1.85 Mev), all of 
which are known 2+ levels,”- fall on essentially the 
same curve; also, Sr (2.76 Mev), which is known" to be 
3+, gives a distinctly different curve. Carbon, however, 
seems to be an exception; the data on the 7.68-Mev, 
0+ level fit with the Mg-Si-Sr 2+ data about as 
well as do the carbon 4.43-Mev 2+ data (see Fig. 8). 
Also, the Mg, Si, and Sr 2+ curves are fitted fairly 
well by the calculated (smeared 6-function) form factors 
using R and g from the elastic data, while the carbon 
curve is not (i.e., carbon 2+ would require a slightly 
smaller g or larger R). 

Undoubtedly, the exact shapes of the form factors 
are dependent on the details of the actual nuclear wave 
functions, and it seems plausible that “universal” 
curves will apply only in nuclei that are heavy enough 
so that a truly collective model is a good approximation. 
(It might also be expected that for the shell model the 
form, but not necessarily the magnitude, of the form 
factor would be the same for all the heavier nuclei.) 

38 Most of the observed transitions are known to be electric 
because of the spins and parities of the levels; also, according to 


the estimates of Schiff (reference 15) magnetic transitions should 
be excited with much lower probability. 
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Fic. 8. Comparison of carbon (reference 11) and argon inelastic 
data to the “universal curves.” The shaded areas, arbitrarily 
normalized, represent the envelopes of the experimental points of 
Fig. 7. E2 refers to quadrupole and £3 to octupole transitions. 
It is evident that the known quadrupole cases (4.43 Mev) deviates 
somewhat from the “universal curve” of the heavier elements, 
while the C (7.68 Mev) would, if appropriately normalized, fit the 
“universal curve” almost as well as the 4.43 Mev. The argon data 
are normalized to make the 2.4 Mev fall on the £2 curve, although 
it could equally well fit the £3 or possibly the monopole curves. 
The A (1.46 Mev) curve clearly has too steep a slope to fit either 
the E2 or E3, and therefore is very probably a monopole. 


With these considerations in mind, it is felt that some 
tentative multipolarity assignments still can be made 
by comparison of the form factors with known cases. 
The following are considered highly probable® (refer 
to Fig. 7)*: 

$#(2.25 Mev), J=2(+); 
Ca(3.73 Mev), J=3(-—). 


The following are possibilities that need further 
investigation (Fig. 8): 


A“(1.46 Mev), J=0(+); 
A“(2.4 Mev), J=2(+). 


The quantities 8; (defined in Sec. V), T, |M|?, and 
the mean life 7, for radiative decay to the ground state 
are listed in Table IV. The transition widths (and 
mean lives), because of their ¢'*' dependence, vary 
widely ; but 8:, which essentially measures the excitation 
probabilities, is much more uniform from element to 
element. 

The values of | M|? (based on R,,.=1.54!X10-* cm, 
and with R from Table III) range from ~1.8 to ~9; 
the results suggest vaguely that the single-particle 
model is best for nuclei that come just before a magic 
number (i.e., C and A), and is better for quadrupole 
than for octupole transitions. 

The estimates of the transition widths turn out to 
be on the order of 0.006 mv for the Sr (2.76 Mev, 3—), 
to 12.5 mv for the C (4.43 Mev, 2+), corresponding 

® Total angular momentum J [referred to as J; in Eqs. (11) 
and (17)] is equivalent to the multipolarity / of the transition by 
virtue of the 0+ nature,of the ground state. 

This was suggested also by Dr. G. Ravenhall and B. Hahn 


(private communication) from an earlier, cursory examination 
of the data. 
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to mean lives for y decay of 1.08 10-” to 0.53X 10-* 
sec. It seems probable that cases will be found among 
the 0+ — 0+ transitions and some of the higher 
multipoles for which the lifetime estimated by this 
means can be compared to that found directly from the 
decay of the metastable state. [The 10~-sec lifetime 
quoted for Sr probably is not such a case, since the 
competing (2.76-Mev, 3—) —>(1.85-Mev, 2+), dipole 
transition would make the actual lifetime much 
shorter. | 

Several partially-resolved levels were seen, especially 
in sulfur. The data on these are not considered reliable 
enough to warrant analysis; for example, it appears 
that the partially resolved 3.8- and 5.8-Mev levels in 
sulfur could be 2+, 3—, or 4+. Also, two levels not 
previously reported were seen, one at ~6.6 Mev in 
sulfur and one at ~4.3 Mev in strontium. Since it is 
uncertain that these are not caused by impurities, 
further investigation is needed to establish this point. 


VII. CONCLUSIONS 


Within the known limitations of the Born approxima- 
tion, it has been confirmed that the elastic scattering 
in the range of Z investigated here can be interpreted 
fairly well in terms of a nuclear radius and surface 
thickness. The rms radius is found to vary quite 
accurately as A! for the models used, and the surface 
thickness is quite constant but may have appreciable 
variation associated with shell structure. The use of 
the “folded” charge distribution is suggested as a 
convenient means of obtaining preliminary estimates 
of the charge radius and surface-thickness parameters. 

Measurement of the inelastic scattering angular 
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distributions has been shown to be a promising method 
for investigating the properties of certain excited states, 
in particular those levels that give rise to electric 
transitions. Angular momentum assignments are pro- 
posed for several levels where this was not known 
previously, and the transition widths or radiative 
lifetimes are calculated. It is difficult, in view of the 
obviously crude transition charge densities used, to 
estimate the absolute accuracy of these measurements; 
but except in cases where the J value is in doubt, it 
seems certain that subsequent work will not alter these 
answers by as much as an order of magnitude. 
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Parity Conjugation and Hyperfragments* 


S. B. Tremant 
Department of Physics, University of Wisconsin, Madison, Wisconsin 
(Received August 31, 1956) 


The parity conjugation scheme recently proposed by Lee and Yang entails that A-hyperfragments should 
exist as parity doublets, so that a given species of hyperfragment should exhibit two distinct lifetimes, 
corresponding respectively to the degenerate even- and odd-parity hyperfragment state functions. Likewise 
there should be two distinct ratios of nonmesonic to mesonic decay. The parity exchange interaction of A 
particles and nucleons, Ai-++n=A2-+n (where A; and Az are the two members of the A particle parity doublet), 
gives rise to the possibility of interesting interference effects in hyperfragment decay. 


INTRODUCTION 
N one of several attempts which have been made to 
account for the apparent mass degeneracy of @ and 
7 mesons, Lee and Yang! have proposed a scheme of 


* Supported by the University of Wisconsin Research Com- 
mittee by means of funds provided by the Wisconsin Alumni 
Research Foundation. 

t Permanent address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 

1T. D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956). 


parity conjugation which runs along the following lines. 
Particles of odd strangeness? (K,A,2) are assumed to 
exist as parity doublets; for given charge there exist 
two particles of each type, the two members of each 
doublet having the same spin and essentially the same 
mass but opposite parity. The @ and +r are the two 
members of the K-meson doublet. The members of the 


~ 2M. Gell-Mann, Phys. Rev. 92, 833 (1953); also M. Gell-Mann 
(to be published). 
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A and & doublets we may denote by Ay, As and 2, Zo. 
Strong interactions are assumed to be invariant under 
the operation of parity conjugation, which is the 
operation of interchanging the two members of each 
parity doublet. This invariance does not hold for weak 
decay processes, however. In particular the A; and A» 
particles, although they both may decay predominantly 
into nucleon+pion, need not have the same lifetimes. 
In fact, because the orbital states of the final products 
are different in the two cases, the lifetimes may well be 
appreciably different. (The apparent equality in 6 and 
r lifetimes remains a mystery in the present scheme.) 
Some evidence for the existence of two A particles with 
appreciably different lifetimes is provided by the experi- 
ments of Steinberger and co-workers,’ although other 
interpretations of their results are possible. A more 
specific experimental test of parity conjugation has 
been proposed by Lee and Yang.‘ 

Here we shall discuss some consequences of the parity 
conjugation scheme for A hyperfragments.® Since the 
binding of A particles to nuclear matter is determined 
by strong interactions, parity conjugation invariance 
requires that hyperfragments must exist as parity 
doublets, i.e., the ground level (and also excited levels) 
has a twofold degeneracy corresponding to two states 
with the same spin but opposite parity. Now A particles 
may interact with nucleons not only according to the 
processes 

Ait neA\y+ n, (1) 


AotneAotn, (2) 
but also through the parity exchange reaction 
AytneActn. (3) 


Parity conjugation invariance entails that the inter- 
actions (1) and (2) have the same strength; the inter- 
action (3) may have a different strength, but aside 
from centrifugal barrier effects there is no @ priori 
reason why it should not be comparable. In general, 
therefore, the hyperfragment state functions of definite 
parity and energy will contain a superposition of A; 
and A» particles. 

Let y. and Yo be the even- and odd-parity state 
functions respectively. We may then write 


ve= Ida (Ai) +465 (A), (4) 


where ¢, and @¢g are normalized wave functions of 
opposite spatial parity. The amplitudes a and b measure 
the mixing of A; and Az in the state function. They 
may be chosen real and are normalized to a?+0?=1. 
For the odd-parity state function we have, by parity 


3 Chretien, Leitner, Samios, Schwartz, and Steinberger (to be 
published). 

4T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

5 For a general review of experimental information on fragments, 
see Fry, Schneps, and Swami, Phys. Rev. 101, 1526 (1956). 
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conjugation invariance, 
Yo= Oba (A2)+bo,(Ai). (5) 


MESONIC DECAY 


Owing to the dual character of the parity, a given 
species of hyperfragment should in general exhibit two 
distinct lifetimes. Let us first restrict ourselves to the 
very light fragments (e.g., ,H*) for which the decay is 
predominantly mesonic. Since the binding energies here 
are small, the A particle presumably spends a large 
fraction of its time outside the residual nucleus. It is 
reasonable to assume therefore that the matrix elements 
connecting the bound A, and A: to their decay products 
are essentially the same as in free decay. Thus, if there 
were no mixing of A; and A: particles in the state 
functions of definite parity, the two hyperfragment 
lifetimes would be essentially the same as the free-decay 
lifetimes of A; and A». But this situation would be 
altered if there were appreciable mixing of A; and Ao. 
Let A; and Az be the free decay rates for A; and As 
respectively ; so that the matrix elements for free decay 
are proportional to \,! and A:!, up to a phase factor. 
Let \, and Xo be the (mesonic) decay rates for the even 
and odd members of the hyperfragment doublet. We 
can then write® 


A,= | Adyt+ Bro! |?= |A |?\y+ | Bl*Xe 
+2(Ard2)! Re(A*B), (6) 
Ao= | A’Ast+- B’Ay}|27= |A’|*\2+ | B’|*y 
+2(A1\2)! Re(A’*B’), (7), 
where, according to our assumption that the matrix 
elements are essentially the same as in free decay, we 


have 
|A|~|A’| =a; 


| B| ~|B’| ~b; (8) 


and 


a+b =1, (9) 


It is evident that the two fragment lifetimes may be 
very different from the A; and A¢ lifetimes, and that a 
comparison of the various decay rates can lead to 
valuable information on the strength of Ai, Az mixing 
in hyperfragment state functions. For example, suppose 
that A; and A» have very different lifetimes; neverthe- 
less, if a and 6 are comparable, then in contrast to free 
A decay, the two fragments will have comparable 
lifetimes. 


* These are the partial rates for mesonic decay and can be 
identified with the total decay rates only to the extent that 
nonmesonic decay is negligible. Also, it must be emphasized that 
the relative phase of A and B, which determines the magnitude 
of the interference term, depends on the details of the interaction 
of the A decay products with the residual nucleus. The hyper- 
fragment decay rate is the sum of partial rates into various, 
orthogonal, final states which differ in the number and kinds of 
final particles and in their orbital states. In the primary act, the 
decay products of A; and A: are in mutually orthogonal orbital 
states. Interference can come about only by interaction of the 
decay products with the residual nucleus, which makes it possible 
for both A; and A: to contribute to the same final states. 





PARITY CONJUGATION AND 


NONMESONIC DECAY 


We now turn to the question of nonmesonic hyper- 
fragment decay, which is known to predominate over 
mesonic decay in heavier fragments. Ruderman and 
Karplus,’ assuming the existence of only one kind of A 
particle, have obtained theoretical expressions for the 
ratio of nonmesonic to mesonic decay and have shown 
that this ratio depends sensitively on the orbital 
angular momentum / which characterizes the final state 
in the free A decay. They assume that the matrix 
element for the (real or virtual) process 


A-n+r 


is proportional to q', where q is the pion momentum. 
In nonmesonic decay the meson is produced virtually 
and is then reabsorbed by another nucleon, so that the 
primary act for nonmesonic hyperfragment decay is 


Atn—on'+24+n-n'+n". 


If we denote by g the virtual pion momentum in the 
above process and by gy the pion momentum in free 
decay, then the ratio of nonmesonic to mesonic disinte- 
gration is proportional to 


(q6/qs)™, 


where the constant of proportionality depends on the 
pion-nucleon coupling constant and also on the proba- 
bility that the A particle will be found inside the 
nucleus.* For heavy hyperfragments the latter proba- 
bility is essentially unity and on this score alone the 
possibility of Ai, Az mixing does not affect the arguments 
of Ruderman and Karplus. For lighter fragments this 
probability may be much less than unity, and Ruder- 
man and Karplus have calculated it in terms of the 
known binding energies, assuming the A particle is in 
an S state. But if there is Ax, Az mixing, then when the 
A, is in an S state Az, must be in a P state, and vice 
versa; so the situation becomes more complicated. To 
simplify the discussion, however, let us consider only 
heavy fragments for which both the A; and A, wave 
functions are confined to the nucleus. Then, associating 
the quantum number / with the A; particle and /+1 
with the Az particle (so that the A spin is j=/+4), 
we have for the ratio of nonmesonic to mesonic decay 


7M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956). 

8 Throughout this discussion we accept uncritically the model 
of Ruderman and Karplus and consider only those modifications 
which would come about because of the existence of two kinds of 
A particles. 
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in the even parity fragment 


A" (qo/qs)"\1#+-B" (qo/q7)**A24 |? 


Mat, aia ’ 


Adi?+ Brat 





(10) 


which may be written 


AV” ; ” ' . 
ET itil ncaa 
A)yt+ Brat 


(10) 
If we follow Ruderman and Karplus and assume that 
the A; and Az matrix elements are essentially the same 
as in free decay, then 


|A”|=a; |B”| ~b. (11) 


We may also note here that, from the kinematics of 
mesonic and nonmesonic decay, one finds 


(qo/qr) + 4.1. (12) 


The constant of proportionality in Eq. (10’) is the same 
as given by Ruderman and Karplus. The second factor 
in Eq. (10’) represents the correction to their results 
which comes about because of Ai, Az mixing. In the 
same way, for the odd-parity fragment we have 


|A’"(go/gs)A2? + B"As , 
Qo~ (qo fa Perey 


A’) + B’ry} 
where again we shall assume 


|B’ | =b. (14) 


We see now that the consequence of the existence of 
two A particles is that one must distinguish two ratios 
of nonmesonic to mesonic decay, corresponding respec- 
tively to the even- and odd-parity hyperfragments. In 
general these ratios will be different. Present experi- 
ments determine only some sort of average value. Even 
if there were no A,, Az mixing this would affect the 
conclusions on the A spin which are drawn from a 
comparison of the Ruderman-Karplus analysis with 
present experiments. In addition, if there is appreciable 
Ai, Ae mixing the above correction factors which must 
be applied to the Ruderman-Karplus formulas may be 
very significant. This would be especially true if the 
phases of the coefficients A”, B” or A’”’, B’” were such 
as to lead to cancellations in one or both of the numer- 
ators, Eqs. (10’) and (13). 


|A’”’| =a; 
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Search for Double Stars Produced by Fast «- Mesons* 


W. F. Fry anp D. C. Wop 
Department of Physics, University of Wisconsin, Madison, Wisconsin 
(Received August 1, 1956) 


Nuclear emulsions, exposed to 220-Mev x~ mesons, were searched for double stars which could be due to 
a_~ meson trapped in a mesonic orbit about a nuclear fragment. No fragment disintegrations were observed 


from 7000 fast #-meson stars. 





HEN Danysz and Pniewski! reported a very 
unusual event in which a nuclear fragment, 
from a cosmic-ray star, stopped in the emulsion and 
subsequently disintegrated with an energy release of 
140 to 180 Mev, two possible explanations for the 
event were given. It was suggested (A) that the frag- 
ment may have contained a negative meson in an 
orbit around it and that after the fragment stopped 
the negative meson was absorbed, or (B) that the 
fragment may have contained a bound particle, such 
as a hyperon, which disintegrated after the fragment 
stopped in the emulsion, a so-called hyperfragment. 
Although many such events are explained by assum- 
ing the disintegration of a A hyperfragment, other 
events are inconclusive. In about 80% of the fragment 
disintegrations which are interpreted as due to bound 
A hyperons, the connecting track ($10 microns) is too 
short to be identified and the energy release cannot be 
determined.’ These disintegrations cannot be analyzed 
and hence might be due to very low-energy x~ mesons 
or #~ mesons bound to a fragment rather than A° 
hyperons. If these connected stars were due to very 
slow z~ mesons, it might be expected that similar 
events would be observed from, say, 220-Mev inter- 
actions. So if one could find delayed fragment dis- 


* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Association. 

1M. Danysz and J. Pniewski, Phil. Mag. 44, 348 (1953). 

. Fry Schneps, and Swami, Phys. Rev. 99, 1561 (1955); Phys. 


Rev. 101, 1526 (1956). 


integrations from stars caused by 220-Mev a mesons, 
then, there would be very good evidence for postulate 
(A) because the threshold energy for the production of 
a hyperon in a pion-nucleus collision is 590 Mev. To 
study these problems, a stack of photographic emulsions 
was exposed to a 220-Mev x--meson beam from the 
cyclotron at the University of Chicago. 

The emulsions were area-scanned for connected stars 
under a low magnification (100). After a star was 
found, the gray and black tracks were followed for at 
least 1000 y or until they stopped. Seven thousand stars 
were observed in the plates. Eleven double stars were 
found which were connected by a gray or black track. 
In two cases it could be shown that the secondary star 
was due to a collision of the x meson from the primary 
star with the nucleus of an atom in the emulsion. In the 
other nine cases, the s~ mesons from the primary star 
clearly came to rest and caused another star. The nine 
m~ mesons have ranges from primary to secondary star 
of 33, 39, 60, 187, 209, 237, 270, 440, and 561 microns. 
No events were observed which could be interpreted as 
fragment disintegrations. Since the frequency of non- 
mesonic disintegrations that are observed from very 
high-energy interactions and which have a short con- 
necting track is about 1/1500, we conclude that these 
events are probably not due to very slow m~ mesons or 
to m mesons found in a mesonic orbit about the 
fragment. 

The authors are indebted to Professor H. L. Anderson 
for the exposures of the nuclear emulsions to the 
Chicago cyclotron. 
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Separation of the Cross Section for Scattering of Photons by Protons 
into Spin-Flip and Non-Spin-Flip Parts* 


R. Gomezt AND D. Watecxat 
Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received August 15, 1956) 


The spin-flip and non-spin-flip scattering amplitudes of the differential cross section for Compton scat- 
tering by protons are presented, and the corresponding cross sections are also given. 





OWELL has calculated the differential cross section 
for Compton scattering by a Dirac particle with 
an anomalous magnetic moment.! In order to include 
properly effects due to the internal structure of the 
proton, it is necessary to know the scattering amplitudes 
for the spin-flip and non-spin-flip parts of this cross 
section.” 
One takes the second-order contributions of the 
perturbation 


heh 
H'=—ea:- A———8[e-H—ia-E]} 
2Mc 


between the positive-energy eigenstates of the unper- 
turbed Hamiltonian 


H’=ca:p+B8Me. 


The quantity \e#/2Mc is the anomalous magnetic 
moment of the proton, 1.8 nuclear magnetons (for 
neutrons, ee«-A=0 and A\eh/2Mc=—1.9 nuclear mag- 
netons).’ 

Spin up is taken as a positive spin projection along 
the direction of recoil of the proton, which is taken as 
the z axis. Since the proton is initially at rest, its initial 
spin can be sharply quantized along any axis. 

The cross section for given incident and final photon 
polarizations can be written 


1,é@\*sR\/sE£ 

io (55) Ga)(5) 

Me be 
X3{]Ai]?+]Ao]?+]Asl?+] Aal*}dQ, 


where A; is the amplitude for spin up going to spin up, 
Az is the amplitude for spin down going to spin down, 
A; is the amplitude for spin down to spin up, etc. 


* This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

¢ General Electric Fellow, now at the California Institute of 
Technology. 

t National Science Foundation Predoctoral Fellow. 

1J. L. Powell, Phys. Rev. 75, 32 (1949) and private com- 
munication. 

2 Pugh, Gomez, Frisch, and Janes (to be published). 

3 For the Proca particle with A=—1 and charge +e, see 
S. B. Batdorf and R. Thomas, Phys. Rev. 59, 621 (1941). 


Since A2= A;* and Ay= — A3*, the cross section can be 
written 


(EEE ses sin 


The scattering amplitudes are given in Appendix 1. 
The spin-flip and non-spin-flip cross sections are given 
by 


(=). ae —){lAsl*, 
(Baan aara) (is)(G) 
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Fic. 1. Angular dependence of spin-flip and non-spin-flip cross 
sections for ko/u=0.1, relative to or = (82/3) (e/Mc2)?, 


The non-spin-flip cross section and the total cross 
section, averaged over initial photon polarizations and 
summed over final polarizations, are given in Appendix 
2 and the results for ko/u=0.1 are shown in Fig. 1. 
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APPENDIX 1. SCATTERING AMPLITUDES 
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In these expressions, @) and @ are polarization vectors, ko=hKoc and k=hKce are wave numbers (the subscript 
zero referring to initial photons), u= Mc’, Ak=ko—k, and E is the final proton energy. The parameters are related 
by the Compton formula: wAk=kok(1—cos@) and the conservation of energy: E+k=yu+ho. 
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Approximation Method for Short Wavelength or High-Energy Scattering* 


L. I. Scurrr 
Stanford University, Stanford, California 


(Received August 27, 1956) 


The approximation method developed in a recent paper is extended to the scattering theory of Maxwell’s 
equations and of the Schrédinger equation with spin-orbit interaction. Both of these situations are more 
complicated than the Schrédinger and Dirac cases considered earlier. However, while the electromagnetic 
case yields the earlier type of result in which the Born formula is modified by the inclusion of an additional 
phase factor, the Schrédinger spin-orbit case cannot be put in such a simple form. Brief mention is also 
made of the tensor interaction, which is even more complicated than the spin-orbit interaction, and of the 
space-exchange interaction, which can be treated by this method only if the potential is symmetric with 


respect to inversion. 


I. INTRODUCTION 


N a recent paper,! an approximation method for 

high-energy potential scattering was developed that 
expresses the scattered amplitude in terms of a quad- 
rature, similar to the Born approximation but superior 
to it in accuracy. The method was applied there to the 
scattering theory of the Schrédinger and Dirac equa- 
tions. In both cases, it yielded formulas which have 
the structure of the Born formula, except that an 
additional exponential phase factor appears in the 
integrand; this extra phase is proportional to the 
integral of the scattering potential from infinity along 
the incident direction to the point of integration, and 
then out to infinity along the direction of scattering. 

It was conjectured in that paper that this approxi- 
mation method could be extended to the scattering 
theory of other wave equations. While it is not our 
purpose to belabor this point by examining a large 
number of other cases, there are two which have points 
of special interest, and which are considered in detail 
in this paper. The classical electromagnetic case is 
expected to be of some practical interest. Here, we 
must of course speak of a short-wavelength rather than 
a high-energy approximation; it should be especially 


: Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research, Air Research and Development 


Command. 
11. I. Schiff, Phys. Rev. 103, 443 (1956). 


useful for computation of the scattering from extended, 
nonspherical regions in which the refractive index (real 
or complex) is slowly-varying and close to unity. 
Although the analytic structure of the calculation is 
somewhat more complicated even than that of Dirac 
scattering treated earlier, the result again comes out in 
the form of the Born integral with an additional phase 
term, as described in the preceding paragraph. The 
other case considered here in detail is Schrédinger scat- 
tering where the potential is partly of spin-orbit type. 
Here, both the structure of the calculation and the form 
of the final result are considerably more complicated 
than in the other three cases. 

The electromagnetic case is discussed in Sec. II, and 
the Schrédinger spin-orbit case in Sec. III. The four 
cases are compared, and the tensor and space-exchange 
interactions are briefly mentioned, in Sec. IV. All cal- 
culational details that follow in straightforward 
fashion from reference 1 are omitted throughout, and 
the earlier notation is used without further explanation. 


II. ELECTROMAGNETIC SCATTERED AMPLITUDE 


We start with the harmonic form of Maxwell’s 
equations expressed in mks units: 


Vv XE= ioB=iwu(r)H, 


(1) 
Vv XH= —iwD = — we(r)E, 
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where E and H are the electric and magnetic field 
strengths, e(r) and u(r) approach ¢€ and yo outside the 
scattering region, and the time dependence has the form 
exp(—iwt). We have assumed here that there is no free 
charge or current density; the two equations ¥V-D=0 
and ¥V-B=0 are automatically satisfied. 

Second-order wave equations for E and H are readily 
obtained from Eqs. (1); in Cartesian coordinates they 
are 


(V?+#)E= —6E—vX (vy XE)—v(a-E), 
(V+)H=—k#@H-2x(vXH)—v(v-H), 








| -o+02-(=)] 


We wish to obtain a solution of Eqs. (4) and (5) 
with the asymptotic form 


E(r) — Eo exp(iko-r)+17~ exp (ikr)f(Ky,ko), Eo-ko=0. 


This can be done by iterating Eq. (4) to obtain the 
infinite Born series for the scattered amplitude f: 


E(k ko)= = (4r)-* f sai f exp(—ihy-1,) 


XTC (on )P 1: * -T2G(p1)TiEo 


Xexp(iko-t)d71---dra, (6) 


where I’, is given by Eq. (5) evaluated in terms of r, 
rather than r. Equation (6) can be put in a form suitable 
for application of the stationary phase approximation 
by considering the quantity [',G(p,_1:)A, where A is 
any vector that is independent of r,. Now 


v G(0s-1) _ (ik —Ps— 1 )p.G (p.— 1) ’ 


where #,—: is a unit vector parallel to o,_,. In the spirit 
of our entire approximation procedure, we neglect 
1/p.1 in comparison with ik. Thus each of the free 
partial derivative operators in I',G(p,1)A can be 
replaced by ik times the appropriate component of 
p.1. With this substitution into Eq. (6), the spatial 
operational character of the I'’s disappears, and we can 
replace expi(ko-ri1—k,-r,.) in the integrand by 


expi(—ky- en1— che: —ky- om +q- tm 
—ko- @n—i— het —ko- 91), 


( 9 8 @ Firs a [ary a 
| Hebb (=) |- (v%y+Ay)—— (=) |- (ve+As)—— (=)| 
oy oz Ox Ox Ox Ox Ox Ox 
a [ad a 8 @ f&% a ars 
| - oro (=)| | —FB+2—+y,——)hy—— (=)| [or (=) 
oy oy Ox oz oy oy oy oy 
é ti) 
|- (%y+Ay)—— (=) 
oz oz 
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where 
e=e(1+x), w=uo(1t+y), k=w(eouo)!, 
B= (1+«)(1+7)—1=x+y+ey, 
4=V[In(1+«)], v=V[In(i+vy)]. (3) 


We shall work with the first of Eqs. (2), which we write 


in the form 
(V-+)E=TE. (4) 


I’ is a linear tensor operator, and hence can be repre- 
sented by a three-row, three-column matrix; in this 
representation, the vector E is a three-row, one-column 
matrix: 





7) r) ) Ne 
| Hetty a (=) 
ox =O 02 02 J 


E, 


E,|. 
E, 





as in the earlier treatment of the Schrédinger case.’ 
Now when the stationary phase approximation is 
applied to the integrations over 01, ---@n-1, the unit 
vector f,-1 is replaced by kp if s<m, and by h; if s>m. 
Thus the partial derivative operators in the I’s of 
Eq. (7) are replaced by the appropriate components of 
either iko or iky. 


A. Large-Scattering Angle 


For scattering angle @ large in comparison with 
(kR)-}, each term of the sum over x in the stationary 
phase approximation to Eq. (6) must be summed over 
m from 1 to n. This leads to the following approximate 
expression for the scattered amplitude: 


£(k,,ke)=— (40) (—i/28)2 f a f asks 
0 


n=1 m=1 


xf dpn—1 exp(iq:tmn)T f+ 
0 


XT pel 2’: E ‘TE, (7) 
where I’,° for s<_m is the T of Eq. (5) with the partial 
derivatives replaced by the appropriate components of 
iky and evaluated at the point tm—ko(om—1++**+ps); 
and 'f for s>m is T with the partial derivatives re- 
placed by components of ik, and evaluated at 
Int hy(ps1+++:+pm); I'm’ is of course evaluated at 


2 This procedure is somewhat simpler than that used in reference 
1 for the Dirac case, and could have been applied there. 
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I'm. The exact evaluation of Eq. (7) is complicated by 
the fact that the I'’s are matrices. It can nevertheless 
be carried through without further approximation, 
although this is not done here; the result so obtained 
can be regarded as further justification for the simpler 
procedure which will now be followed. 

We start by examining the orders of magnitude of 
the various matrix elements of I’, given by Eq. (5) 
after replacement of the derivatives, denoting by R the 
spatial extent of the scattering region. Our approxi- 
mation is based on the assumptions that kR>1 and 
B<1. Then d and v appear to be of order 8/R, and this 
means that the off-diagonal elements of I’ are of order 
k8/R. Similarly, the first terms of the diagonal elements 
are of order k’8, and the remaining terms are of order 
k8/R. It would thus seem that, consistently with our 
approximation, each of the I’’s in Eq. (7) can be replaced 
by —’6 times a unit matrix, in which case the evalu- 
ation of (7) would proceed just as in the Schrédinger 
case. Such an evaluation would clearly be incorrect, 
however, since it would make the scattered amplitude 
f parallel to the incident amplitude Eo, whereas actually 
f must be perpendicular to ky. The error lies in the 
assumption that 2 and v are always of order 8/R. When 
multiplied by a factor such as exp(iq-r,,), the gradient 
Of Am OF vm is not of order 1/R, as assumed above, but 
by partial integration is of order g or k. Thus the matrix 
elements of I’,,° neglected above are actually of the 
same order as those retained. However, this remark 
does not apply to the other I'’s; here the partial inte- 
gration cannot be performed, and each of them can be 
replaced by —&’6 times a unit matrix. 

The evaluation of Eq. (7) now proceeds in a straight- 
forward manner, and leads to 


— 
(yk) = — (te) f exp| Gan) + f B(r—kos)ds 


+ f a(rt+has| |1°(0)Butr, (8) 


where I(r) is I’,,° with r,, replaced by r. We choose 
axes such that kp is along the positive z axis, and k, is 
in the xz plane, making an angle @ with the positive 
zaxis and an angle +/2—6 with the positive x axis. 
The partial integrations are readily carried out. Since 
the integrals in the exponent of the integrand are of 
smaller order than q-r, these have the effect of replacing 
Az by —ixgz, etc., and dA,/dy by —xq.g,, etc. The end 
result is that I(r) in Eq. (8) is replaced by the matrix 


cos’ 0 sin@(1—cos6) 


— kx 0 1 0 
—sinécos# 0 cosé+sin’é | 


cos@ 0 O 
—ky{ 0 cosé 0]; (9) 
—sind O 1 


here 8 has, for consistency, been replaced by x+y. 
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Equations (8) and (9) give the large-angle scattering. 
It is easily verified that f is perpendicular to k, for any 
incident polarization Eo. Also, this result has, like those 
for the Schrédinger and Dirac cases, the simple 
structure of the Born approximation modified by the 
inclusion of path integrals in the exponent of the 
integrand. 


B. Small-Scattering Angle 


When @ is small in comparison with (kR)~!, the 
different stationary phase regions that correspond to 
the different values of m coalesce into a single one for 
each value of n. Also Eq. (9) shows that I’,,.° becomes 
—k?(x+) times a unit matrix, as do all of the other 
T’s. Thus the calculation of the scattered amplitude 
proceeds in exactly the same manner as the corre- 
sponding calculation in the Schrédinger case, and leads 
to 


f(k;,ko) = (itBo/2n) f f expi(q2x+q,y) 


— 
x|1-ex0]— f ateyeds| laa. (10) 


III. SCHRODINGER SPIN-ORBIT SCATTERED 
AMPLITUDE 


The Schrédinger equation with a potential that is 
partly of spin-orbit type may be written 


(V+— U)y=0, 


(11) 
U=U,(r)—iU2(r)e- (rX¥). 


y is a two-component spinor wave function, and the 
three Cartesian components of @ are the two-row, two- 
column Pauli spin matrices. We wish to obtain a 
solution of Eq. (11) with the asymptotic form 


V(r) > ao exp(iko- r)+1r~ exp (ikr) f(Kky,ko), 


where 4p is one of two unit spinors that form a complete 
set. 

Equation (11) can be handled in just the same way 
as Eq. (4). We iterate it to obtain the infinite Born 
series for f that is analogous to Eq. (6), replace the 
gradient operator in U by the appropriate 7k,, and 
apply the stationary phase approximation. The result 
for the large-angle scattering amplitude has a structure 
analogous to Eq. (7): 


f(kpko) = — (4x) x (-i/28)—4 f Sits 


n=1 m= 


xf do f dpn-1 exp(iq-tn)U,/--- 
0 0 


x Um4U,?: “5. U "ao, (12) 


where 
U,,°= Ui(tm)+ U2(tm)o- (Tm Ko), 
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and the other U’s have analogous forms with 


Te=Im—Ro(om-rt::*+p,) for s<m, 
and 


t= Imthy (pert: +:+pm) for s>m. 
We note now the simplifying feature that 


t,Xko=tmXko for s<_m, 


(13) 


and 
rXky=tmXky for s>m. 


Thus the U’s that appear to the right and to the left of 
U,° in Eq. (12) involve the p’s only through the argu- 
ments of U; and U2, and not through the o matrices. 
The components of the e’s that enter into Eq. (12) do, 
however, still depend on r,,. As we shall now see, this 
is the main complicating aspect of this situation as 
compared with the three other considered earlier, but 
it is still not as complicated as it would be if the ¢ 
components were to depend on the p’s as well as on rn. 

As in the Dirac case, we are interested not so much 
in f itself as in the scalar product of f with a;, which is 
one of two unit spinors that form a complete set. In 
calculating d;f, we first consider the combination 
GU f-++UmytUn?---Uyao. We wish to separate the 
@ dependence from the coordinate dependence of each 
of the U’s, so that the techniques used earlier can be 
applied to the evaluation of the p integrations and the 
sums over m and n. This can be done by introducing 
projection operators 


P*(1)=34[(0-rXk,)/2|rXki| ] 


which can be applied to ao and ay. We replace ao by 
Po*(tm)dot+Po-(tm)ao; then the product U,,°---U,° 
operating on dp yields a product of factors of the form 
Ui:+U2|tmXko| when acting on Pot(rm)ao, and a 
product of factors of the form U;—U:2|tmXko| when 
acting on P -(t»)do. In similar fashion, d can be 
replaced by GP;*(tm)+4;P;-(tm), and the product 
U,J-+-Umsy operating to the left on d is similarly 
decomposed. In this way, d;f breaks up into a sum of 
four terms, each of which involves p integrations and 
sums over m and m that have the familiar pattern and 
lead to exponentials. 

There remain in the integrand factors of the form 
G,P;*(r)Po*(r)ao. The differential cross section (ignor- 
ing polarization effects) can be found by averaging the 
absolute square of d;f over the two initial spinors ao 
and summing over the two final spinors ay. Since the 
projection operators are position-dependent, this must 
of course be done before the integration over r is 
carried out; the spur evaluations are straightforward 
and are omitted here. The final result is considerably 
more complicated than those obtained in the three 
earlier cases. With axes chosen as in Sec. II, the differ- 
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ential cross section can be written in the form 


2 


o(kyjks)= f A(By++-ry cos6)dr 


2 


+ f ABetr cosé—z sin) |dr 





+ fav sin6dr +|f4 {a+4[(2°+-y") cosé 


2 


2 
—xz sind ]}dr +| | fase 


2 
-|f Aéxzdr si] fase 


2 2 
+| f atret +| sso | sind cose, (14) 


2 





where 


1 vs) 
A= (4r)" expifarr—— f U,(r—hos)ds 
0 


1 © 
et Uile+ has], 


a= U, cosBy cosB;—ik(2?+-y*)'U2 sinBy cosBy, 
B=kU:2 cosBy cosBy—i(a?+")-1U sin Bo cosB,, 
y= —[R(x?+*)!U2 sinBo sinBy+iU cosBy sinB; ] 
X[(* cos#—z sin6)?+-? }-3, 
6= —[U; sinBo sinBy+ihk(2?+-y*)!U2 cosBo sinB; | 
X (22+-4")-IL (x cosé—z sind)?+? 4, 
Bo=} f (a2+-y?)!U2(r— hos) ds, 


0 


(15) 


B;= if [(x cos#—z sind)?+-?}!U2(r+k;s)ds. 


It should be noted that we have assumed implicitly 
throughout this section that U,; and kRU» are of the 
same order of magnitude. If on the other hand it is 
assumed that U; and U2 are of the same order, then 
all of the U; factors in Eqs. (15) can be dropped; this 
does not make a calculation based on Eq. (14) much 
more practical. 

The small-angle amplitude can be obtained in a 
similar way ; while somewhat simpler in form than Eqs. 
(14) and (15), it is not possible to carry out the z inte- 
gration explicitly to yield a form as simple as Eq. (10). 

The Born approximation is obtained from Eqs. (14) 
and (15) by letting all the path integrals vanish. This 
means that A becomes (47)! exp(iq:r), a becomes Ui, 
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B becomes kU», and y and 6 vanish. The result is 


2 


oB(ky,Ko) = (44)? fo: exp(iq-r)dr 


2 


+k fous exp(iq-r)dr 


+R Jes exrvia-nar | (16) 


Comparison of Eqs. (16) and (14) shows that the latter 
does not have the simple modified Born structure 
possessed by the corresponding expressions for the 
Schrédinger, Dirac, and Maxwell equations. 

Before leaving the Schrédinger spin-orbit case, it is 
instructive to inquire why it is that the Dirac case has 
a simpler structure when its nonrelativistic reduction 
contains a spin-orbit interaction.* Our approximation 
for the Dirac case is correct to all orders in v/c, but 
within each order it contains only the leading terms in 
V/E’ and 1/kR, where V is the potential and E’ the 
kinetic energy. Now the spin-orbit interaction arises 
from the Dirac equation in the (v/c)? correction to the 
Schrédinger equation. It is of order h*kV/m*c?R, 
whereas the lowest relativistic mass correction, which 
also appears in the (v/c)? correction to the Schrédinger 
equation, is of order h?k?E’/mc?. Thus the spin-orbit 
interaction is of order (V/E’)(1/kR) with respect to 
the relativistic mass correction; it is therefore auto- 
matically neglected in our treatment of the Dirac case, 
which is why the complications found earlier in this 
section do not then appear. 


IV. DISCUSSION 


In reference 1 and the present paper, we have con- 
sidered four examples for the application of our short- 
wavelength or high-energy scattering approximation 
method. The Schrédinger case is the simplest of these, 
since the wave function has only one component, and 
the potential has no operator characteristics. In the 
Dirac case, the wave function has four components, and 
the equivalent “potential” operates both on these 


3 The writer is indebted to Professor S. D. Drell for raising this 
question. 
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components (through the Dirac @ matrices) and on the 
space coordinate arguments of y (through the gradient 
operator). The reasons that these operator character- 
istics do not complicate the situation are, first, that V 
can be replaced by iko or ik; in the iteration process, and 
second, that @ enters only in the combination a-¥V, 
which becomes ia-ko or ia-k;, and can then be taken 
outside the spatial integrations. 

In the Maxwell case, the field vector has three com- 
ponents, and the equivalent “potential” I’ given by 
Eq. (5) again operates both on them and on the space 
coordinates. As in the Dirac case, ¥ can be replaced 
by ik or ik,, but now I has off-diagonal matrix elements 
which are coordinate-dependent, and hence cannot be 
taken outside the spatial integrations. As it happens, 
these off-diagonal elements, and also the nonconstant 
parts of the diagonal elements, are small enough so 
that they can be neglected consistently. Thus the I'’s 
effectively lose all of their operational character, except 
for T’,,°, which also appears in the Born approximation. 

In the Schrédinger spin-orbit case, the wave function 
has two components, and the potential U given by Eq. 
(11) operates both on them and on the space coor- 
dinates. The gradient operator still causes no difficulty, 
but now the spin operator does, since its form (that is, 
the linear combination of o,, o, and o, that enters) 
depends on the coordinates. Not only can it not be 
taken outside of the spatial integrations, but all matrix 
elements are of the same order of magnitude, so that 
an approximation like that made in the Maxwell case 
is impossible here. The complicated result given in 
Eqs. (14) and (15) stems directly from this fact. 

Two still more complicated situations may be men- 


‘tioned in conclusion. First, the tensor interaction 


between two spin 3 particles in a triplet state leads to 
a matrix which not only has coordinate-dependent 
elements that are all of the same order of magnitude, 
but for which there is dependence on the p’s as well as 
on fm [see the discussion immediately below Eq. (13) ]. 
Second, the space-exchange interaction between two 
colliding particles can be put in reasonably simple form 
when the scattering potential is symmetric with respect 
to inversion [U(r)=U(—r) ], but otherwise does not 
appear to be tractable by our method. It does not seem 
worthwhile to quote formulas in these two cases. 
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Quantum Effects in the Interaction between Electrons and High-Frequency Fields. 
Vacuum Fluctuation Phenomena 
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A calculation of dispersion caused by vacuum fluctuations in the velocity of an electron passing through a 
cavity, when performed by conventional methods, leads to a divergent result. This divergence is due to first- 
order coupling between electron and free-space radiation field. A unitary transformation is used to eliminate 
this coupling and still retain first-order coupling with a radiation field which differs from the free-space field, 
since the latter coupling is needed to discuss electron interaction with a cavity. With the transformed 
Hamiltonian, equations of motion are derived, and from these, the expectation value of the velocity incre- 
ment and the dispersion of velocity are obtained. The former is the same as that obtained with the con- 
ventional Hamiltonian, but the latter is now given by a convergent result. 





N the first article of this series,’ a calculation was 
made of the dispersion in velocity of an electron 
passing through a cavity. Part of the result was clearly 
due to the quantum properties of the field, or vacuum 
fluctuations. However, this part did not seem sus- 
ceptible to unambiguous interpretation, since it was 
divergent. The reason for the divergence is, of course, 
the fact (which has been well recognized in self-energy 
calculations) that, in the conventional quantum-me- 
chanical formalism, the electron is “bare,’”’ and virtual 
processes are responsible for the difficulties. A canonical 
transformation may be used to “clothe”’ the electron in 
its virtual field. Such transformations have been used in 
computing the Lamb shift, both in relativistic and non- 
relativistic calculations. They have the effect of elimi- 
nating the first-order interaction between a free electron 
and the radiation field. There is a class of phenomena, 
however, for which it is not desirable to eliminate com- 
pletely the first-order interaction between the electron 
and radiation field. These are phenomena dealing with 
the interaction between an electron and the radiation 
field as modified by a cavity. Since this modification is 
physically significant, one wants to eliminate only the 
coupling between the electron and the free-space aspects 
of the radiation field, so that the formalism finally refers 
to the physical electron interacting with the cavity. To 
this end, we introduce a canonical transformation which 
is formally different from the one used in the case of a 
free-space field. 

It is more convenient to deal initially with a finite 
normalizing volume than it is to deal with infinite space. 
We therefore enclose our cavity in a large cubical box of 
volume V with reflecting walls. At the end of the 
calculation we will let V go to infinity. The space to 
which the radiation field is confined consists of the 
interior of the cavity, the apertures of the cavity, and 


1I. R. Senitzky, Phys. Rev. 95, 904 (1954); 98, 875 (1955); 
hereafter referred to as (I) and (II) respectively. 

* J. Schwinger, Phys. Rev. 73, 416 (1948); the nonrelativistic 
version of Schwinger’s theory is described by H. A. Bethe, 
Electromagnetic Shift of Energy Levels (Institut International De 
Physique Solvay, Huitieme Conseil, Brussels, 1948). 


the exterior of the cavity contained in V. The cavity 
walls are assumed to be perfectly conducting. 

Let the electric and magnetic parts of the radiation 
field be given by 


E=—4rcP, H=vxXA. 
In the usual manner, we expand 
A=) ,.Q.u™(r), P= QL, Pau” (r), (1) 


where the index m refers to the nth normal mode of the 
radiation field, u‘” (r) isa normalized function describing 
the spatial dependence of the vector potential,? and Q 
and P are the coordinate and momentum operators of 
the radiation oscillators, satisfying the commutation 
relationship [Q,,P,]=ih, all other pairs commuting. 
We also introduce, for later use, the non-Hermitian 


operators 
dn=4(Ont4riceP,/wn), 


| : (2) 
an*=3(0,—49ic?P,,/wn). 

There are, broadly speaking, three groups of modes 
over which the summation in Eq. (1) must be taken. 
There are those modes which are confined mainly to the 
inside of the cavity. These are the modes which one 
usually associates with a cavity, and which are utilized 
in the practical applications of cavities. They are low- 
frequency modes, in the sense that the wavelengths 
corresponding to these modes are larger than the cavity 
apertures. For these modes, the function u(r) is sub- 
stantially different from zero only inside the cavity (and 
possibly in or near the apertures). We will refer to this 
group of modes as group I. Likewise, there is a low 
frequency group of modes, also corresponding to wave- 
lengths larger than the cavity apertures, which are 
confined to the space outside of the cavity; that is, 
modes for which u(r) is substantially different from zero 
only in the exterior of the cavity. We refer to this group 
of modes as group II. On the other hand, those modes 
for which the wavelength is smaller than the cavity 


’ The function u,(r) is a solution of the equation V?u,+ (wn/c)*Un 
=0, subject to the conditions nXu=O0 at the wall of the cavity, 
JSwdér=1, and divu=0. 
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QUANTUM EFFECTS 


apertures will not be confined completely either to the 
interior or exterior of the cavity, and, as the frequency 
becomes high, these modes will become similar to free- 
space modes except in the immediate neighborhood of 
the walls of the cavity. We refer to this group of modes 
as group III. The scheme of ordering the modes is not 
critical, but for simplicity we adopt a scheme in which 
groups I and II precede group III, and, in group III, 
increasing order corresponds roughly to increasing 
frequency. 
Consider the usual nonrelativistic Hamiltonian 


H=Ho+Hit+ A, 

where 
P Wn 
Hy=—+> (hin) 


On*dn, 
2m 2 


rhc 


e 
Hy=—p: > (a,u™ +a,*u™*), 
mon 


2 
H2=——_L> (anu +4,*u™ *) P. 
2mc? n 


We introduce a canonical transformation which pro- 
duces a Hamiltonian 


H’ =e'8He-'S=Hot+ Hi t+i[S,Ho]+--+, (3) 
by means of the operator 


S=D 1 Sn, 
where 


} iep a, t 
5, ere “| iinet ante (p,v)u” 
meh wn Mw n 


—1 2 
+(—) (p,v)’u™ + coe 
Mon 
—1 i(n) 
+(—) (ovyiou [He (4) 


MW pn, 


The notation (p,V) f(r) stands for p-V f(r) +V/(r)-p. 
In the complex conjugate part of S,“”, a is replaced by 
a*, The integer j(m) is an increasing function of n which 
becomes infinite as » approaches infinity. The rate at 
which j() becomes infinite may be that of any positive 
power of 7.4 One need not, for present purposes, specify 
j(n) with greater detail. For simplicity of notation, we 
will omit the argument of j(m) henceforth. We note that 
S is a Hermitian operator (since divu=0) so that the 
transformation of the Hamiltonian is unitary, as it 
must be, of course. 

The significance of the transformation will become 
apparent later. It might be mentioned, however, that 
the number of terms, 7, occurring in the square bracket 


4 This requirement on the asymptotic behavior of j(m) is not a 
necessary but a sufficient one. As will be seen later, it is necessary 
only that the integrals in (13) and (15) converge. 
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in Eq. (4) is a measure of the degree of decoupling 
between the electron and the mth mode. The trans- 
formation thus provides for a gradual decoupling of the 
modes as their order increases. 

We will first derive an explicit expression for the 
transformed Hamiltonian, and then, with it, derive the 
equations of motion. In a straightforward manner, one 
obtains 


e 
iLS,4,Ho]= ——p: (a,u+a,*u™) 
mc 


é —14 i+1 
-~»|( ) a,(p,V) #1 y(n) 


mec Wnm 


i \in 
+(—) ont(p.v) Hue 

Wnm 
We therefore have 
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p Wn 
H’ _ —+> (hin) ——n*0y 
2rhc 
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( yee} anv) a 
mc nm (WnM 


+ (i) i+1q,,*(p,V) Frly(n)*), (5) 


up to first order in e. 

It is to be noted that, although S,/ contains a series of 
terms up to the jth, the transformed Hamiltonian con- 
tains only a (j-+1)th term, all the other terms canceling 
out. With this Hamiltonian, we obtain 


—i\im 
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+(j+1)p-d.(p,v)4u™ ]+c.c. }, 
and, up to the first power in e, 
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aie’ 
+ jp-3(p,A) 0] (—) [(p,w) #4. 
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+G-+1)p-3.(9,9)44.]| +0 (6) 


These equations of motion are seemingly more com- 
plicated than the usual ones. Before we proceed to the 
main problem of calculating the dispersion in velocity— 
a quantum-mechanical effect which cannot be calculated 
unambiguously with the usual equations—we use Eq. 
(6) to calculate the expectation value of the increment 
in velocity of an electron passing through a cavity—an 
essentially classical effect which can be calculated with 
the usual equations. 
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We consider the initial state of the electron and field 
to be the same as the one described in (I) and (II). For 
the electron, we have 


bt! ( a =) (7) 
7,0) =b-*x-* expt ———-+ ; 
¢(r,0) mt exp ae 


where 6 is the initial half-width and % is the velocity of 
the electron wave packet. For the field, we have 


( 4c2\? “(1p ' Boe - )] (8) 
P,,0)={ — } exp] -——{ 3P,.’—-——EoP, } |, 
o( ) 9 4 hun , 4rc : 


where the index s refers to the oscillating mode, and Eo 
is the amplitude of oscillation. The significance of 
Eqs. (7) and (8) is discussed in detail in (I). Equation 
(8) implies that there is only one oscillating mode, the 
sth, and the other modes are in their lowest energy 
states. The sth mode is, of course, in group I. 

In order to obtain the velocity increment, we use the 
relationship 


ar,m0-()—0-(0)= f #(é)dt, (9) 


where # is given by Eq. (6). This is a relationship be- 
tween operators. The expectation value depends, of 
course, on the states of the electron and field. For the 
states described by Eqs. (7) and (8), which come as 
close as possible to being “classical” states [see (I), in 
particular, footnote 10], the expectation value of a 
function of the dynamical variables, as seen in (I), is 
equal to the classical value of this function plus a small 
quantum-mechanical correction term. The quantum- 
mechanical correction term is of interest mainly in those 
cases where the classical term vanishes, since then we 
are dealing with a purely quantum mechanical effect 
rather than with a small quantum-mechanical correction 
to a classical effect. Since the velocity increment of 
Eq. (9) is a classical effect, and since, for purposes of the 
present discussion, we are not interested in the small 
quantum-mechanical correction to the classical value, 
we replace the dynamical variables in the expression for 
&(t) by their classical values in calculating Av,. [By 
classical value of a dynamical variable, we mean the 
expectation value of the dynamical variable for the 
states (7) and (8). ] This means that we can make the 
following substitutions: 


r—>(vot,0,0), 
p/m—vo= (20,0,0), 
On(t)—> 5 nL o(C/wn)e~ *™*. 
The last expression is derived from Eqs. (II 9), (II 12), 
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(II 23), and (2). We thus obtain 


1 t —i\ 
seem —tte anf eof (=) 
Ws “0 Wn 


dit? 
X (j+1)—a. (vol) 
dati? 
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Noting that u, vanishes outside of the cavity, and that 
the initial and final times put v0, respectively, in front 
of and in back of the cavity, we perform successive 
integrations by parts to get 


e t 
ae.=—Eof dtu," (voli) sinwsty. 


m 0 


This corresponds to the second term in Eq. (I 21), which 
is the classical result. Thus, although our transformed 
Hamiltonian (5) is different from the conventional 
Hamiltonian, it yields the conventional result for a 
classical effect. 

Our main problem is to calculate the dispersion in the 
velocity of the electron as it traverses a cavity. In (I) 
we found the dispersion to consist of several terms, only 
one of which was due to vacuum fluctuations.* In order 
to simplify the following calculations and to concentrate 
on the essential aspects of the present problem, we 
consider the case in which there is no oscillating field in 
the cavity. This consideration does not affect the above- 
mentioned vacuum fluctuation term but does eliminate 
some of the other terms in the velocity dispersion. 

The dispersion in electron velocity is expressed quan- 
tum-mechanically as the expectation value of the square 
of the deviation from the expectation value of the 
velocity. We have 


(Lv2()—(v2()) P) 
=(v.7(t))—(v2 (4) : 
=[(v7(0))—(@.(0))"] 
+[(v.(0)Av.+Av.v2(0) —2(Av.)(v2(0))] 
+[((Avz)?)—(Av2)"]. (10) 


The first square bracket on the right side of Eq. (10) 
refers to the initial spread of the wave packet (with 
respect to the momentum), is evaluated in (I), and is 
not of present interest since it has nothing to do with the 
vacuum fluctuations. The second square bracket and the 
second term in the third square bracket vanish because 
the expectation value of any expression linear in the 
a, Or d,* vanishes for the nonoscillating (lowest energy) 


5 The last term in Eq. (I 30). 
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state given by Eq. (8).° The dispersion in velocity re- 
sulting from vacuum fluctuations is therefore given by 
((Av,)*), which we proceed to calculate. 

Setting 


1, (ou) (p,¥) 42+ j(P,¥) p30), 
and 
— (wam)~#{ (pv)! + (7+1) (p,v)p-d.u™}, 


we have 
e ' , 
((a0.))=——¥ fat f dtslan()an* (ts) 
m'¢? n 0 0 


X [A alts) +iBn(t1) [A n* (te) —iBn* (te) | 
+4n* (tian (te) [A n*(t:) —7Bn* (th) J 
XA n(te) +7Bn (te) ]). 


All terms which in themselves refer to two different 
modes have been dropped from the above expression, 
since the expectation value of terms such as dnd,*, 
m#n, is zero. The same consideration holds for terms 
containing @,(t:)dn (to) and an*(t1)an* (te). 

We now note that for the lowest energy state 


(a,*an)=0, 
(dn(ti)an* (t2)) = (2ahe?/wn)eion-), 


We note, furthermore, that since (@,@,*) is a purely 
quantum-mechanical quantity which vanishes in the 
classical limit, we obtain a first-order quantum-me- 
chanical result’ by letting the quantities in the square 
brackets assume their classical values, as previously 
defined. 

We therefore have 


deh 1] ¢' 
idea — J dtye-iont 
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; 
m % Wn 
dit? 


Pl ae 
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x[ +9 


1 qi 2 
~i(j+2)— a." (va) an 


w,? dt 


The above summation is over the modes of all the three 
groups mentioned previously. We consider the summa- 
tion over each group of modes separately. 

The modes of group I vanish outside of the cavity, so 
that we can apply repeated integration by parts to the 


§ Since we are now considering the square of a first-order term, 
we should, strictly speaking, consider also second-order terms. 
These are, however, of no physical interest in the present dis- 
cussion. 

7 “First order’’ refers here to a quantum-mechanical correction 
to the classical result and is not to be confused with the power of e. 
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integral in Eq. (11). Thus we obtain, for the dispersion 
resulting from the first group of modes, which we 
designate by the subscript I, 


é | ae 2 
((Av,)?))= 2 E' hos} f dtye~*#™ "14 (yol)| . (12) 
0 


2 
mn 


It is to be noted that this result is independent of j(m). 

We consider next group III; that is, the high-fre- 
quency modes which exist both inside and outside of the 
cavity. (Group II will be considered last.) If the 
wavelength is small compared to the aperture, the value 
of u along the x axis will be affected only slightly by the 
presence of the cavity, so that, for evaluation along the 
x axis, we can approximate the «‘””’s in group III by the 
free-space (as confined in the cubical box) modes. These 
are 

uz (x,0,0)=8,V-! coslan(wn/c)x+6, |, 


where 6, <2, and a,<1. We can now carry out the 


differentiations in Eq. (11) to obtain, as the contribution 
to the dispersion from the high-frequency modes, 
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We can easily see that 
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If j(m) does not vary too rapidly with n, we can 
approximate the summation in the last inequality by an 
integral. For large V, the number of modes in a fre- 
quency interval dw is (V/ )u*dw, so that n=Va*/39*e*, 
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We therefore have 


Vo\ 24 72 V \t -@ vo \ 24") 2(n 
zm() 7x(—) f in(“) PO) oy) 
n Cl wn, \3re 0 c ni 


where the moth mode is the lowest frequency mode in 
group III. Now the integral in Eq. (13) converges, since 
j(n) goes to infinity with m as some positive power of n, 
so that 

((Av 2)*)u11 =constant X V-4. 


As the normalizing volume V goes to infinity, the 
contribution to the dispersion from the modes of group 
III goes to zero. We therefore see that with the modified 
Hamiltonian, the high-frequency modes do not con- 
tribute to the dispersion. 

We consider now the remaining group of modes, the 
low-frequency modes which are substantially different 
from zero only outside the cavity. Far from the cavity 
the spatial variation of these modes approaches that of 
the free-space modes. We denote the free-space mode 
(our “free space,” of course, is contained in the cubical 
box of volume V mentioned previously), which the 
mode approaches, by w™, and set UM=w\—y™, 
Returning to Eq. (11), we have 


é 1 
((Av.)*)n= 2rh— >a 


m* n Wn 
x | O,w,™ (vot) —0,U, (Vols) | P, 


where the operator O, is defined by 
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—2Re > —(0,w.™ (vols) [[0,*U * (vols) J. (14) 
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The first summation on the right side of Eq. (14) 
vanishes as the normalizing volume V goes to infinity, 
according to the same reasoning which was employed 
for the high-frequency (group III) modes, since the 
w')’s are the free-space modes. 

The U‘’s approach zero at some distance from the 
cavity, since there the u”’s and w‘”’s approach each 
other. We can therefore calculate O,U‘ by successive 
integrations, just as we did O,w for the modes of 


SENITZKY 


group I. In fact, we have 


t 2 
10,0 (ve) [Pw f dtye~*#""U ™ (Voty)| . 
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It can be seen easily, now, that the last summation of 
Eq. (14) vanishes. We have 


1 
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Now, we can factor out the normalization constant 
from U.)(vol:) by writing U2” (vol:)=V—-F™ (vol), 
where F” is a dimensionless quantity independent of V. 
The integral 


t 
f diye tents f(r) (Vols) 
0 


is not yet independent of V, however, because w, con- 
tains V through the relationship w,& (37°c'n/V)}*. Inside 
the cavity F is a sinusoidal function with an amplitude 
of the order of unity, so that the above integral is of the 
order of w,~!(1—/c)—. We therefore see that the last 
term in Eq. (14) is less than 


x 00 \ «™ j(n) 
constant V-1 f in(~) 2:3 


0 c n 


(15) 


The integral converges for the same reason as does the 
integral in Eq. (13), so that as V becomes infinite the 
above expression vanishes. Thus, for the contribution of 
the outside low frequency modes, we obtain 
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((Av2)?)11=20— DO" hn 
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We note that this expression is similar to that of Eq. (12) 
for the modes inside the cavity, except that the mode 
function u™ is replaced by U\, the difference between 
the corresponding mode functions existing in the pres- 
ence and absence of the cavity. 

Since the normalizing volume is arbitrarily large, and 
the frequency spacing is therefore arbitrarily small, we 
can write the summation of Eq. (16) as an integral. We 
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have 
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where w, corresponds to the highest frequency mode of 
group II. Combining Eqs. (11), (12), and (17), we 
obtain, for the dispersion of the electron velocity re- 
sulting from vacuum fluctuations, 
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This expression depends only on the cavity properties, 
and references to the normalization volume V have 
dropped out, as they should. It must be remembered 
that the summation terminates at the frequency at 
which the modes begin to pass through the cavity 
apertures. 

Not very much can be said about the summation in 
Eq. (18) without going into the details of the cavity 
geometry, which is beyond the scope of the present 
analysis. If the structure of the cavity is such that for 
some mode u,‘")(vol) is a periodic function with fre- 
quency w,, so that we have a “resonance” or “traveling 
wave” effect, then the contribution of that mode to the 
summation may be large. 

In the last term of Eq. (18), however, there can be no 


t 
xX } dtye~ ” “F) (yoy) 
0 
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resonance effect, and the contribution of the term is 
small. We can estimate its order of magnitude by noting 
that the integral within the absolute value sign is of the 
order of w(1—%/c). Assuming v/c to be small, we 
find that the last term in Eq. (18) is of the order of 


(e/m)*hw?/ne*. (19) 


In order to judge the significance of this quantity, we 
compare it to the initial dispersion in velocity of the 
electron, h?/2m*b*, (see I). The initial dispersion, of 
course, is due to the fact that the electron is a localized 
wave packet of half-width b. We see that the ratio of 
(19) to the initial dispersion is (27/137) (b/d.)*, where A, 
is the wavelength corresponding to w,. Now X, is of the 
order of magnitude of the apertures of the cavity, so 
that 6/d, is a very small number, and the last term in 
Eq. (18) is an insignificant quantity. We conclude, then, 
that the mean square fluctuation in the electron velocity 


produced by vacuum fluctuations is 
e t 2 

2r— >! hon f dtye~ ton tigy (™) (vols) ; 
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m? n 


(20) 


where the summation is only over those modes confined 
to the cavity. This expression is formally identical with 
the one derived in (I) for the dispersion resulting from 
vacuum fluctuations, except that the summation in (20) 
terminates, while that in (I) is infinite. 

We see, thus, that the unitary transformation of 
Eqs. (3) and (4) eliminates first-order interaction be- 
tween the electron and a free-space radiation field while 
properly representing the first-order interaction between 
the electron and the modified radiation field. 

The author is indebted to Professor Julian Schwinger 
for informative conversations concerning the above 
subject and for his reading of the manuscript. 
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Emission of Electromagnetic Radiation by 
the Impact of Positive Ions of Hydrogen 
on Metal Surfaces 


Rari M. Cuaupuri, MustAFA YAR KHAN, 
AND ABDUL LATIF TASEER 
Physics Department, Government College, Lahore, West Pakistan 
(Received April 23, 1956) 


HE impact of positive ions on metals results in 
(a) emission of secondary electrons, (b) produc- 
tion of neutral atoms and negative ions, (c) sputtering, 
and (d) reflection of ions. These various phenomena 
have been discussed in detail by Massey and Burhop. 
Very little data are, however, available on the emission 
of electromagnetic radiations by the impact of positively 
charged particles of moderate energies on clean well- 
degassed metal surfaces. The present note deals with the 
emission of electromagnetic radiation by the impact of 
positive ions of hydrogen on a clean well-degassed nickel 
target. 

Cockcroft and Walton? carried out their historic 
experiments in search of penetrating electromagnetic 
radiation which may be emitted by the impact of 
protons of high energies up to 700 kev, on metals. 
They came to the conclusion that the intensity of 
the radiation, if emitted, was very low. A search for 
softer electromagnetic radiation using ions of lower 
energies was made by Thomson,’ Gerthsen,‘ and 
Verwiebe.* Their results were inconclusive. Mayer® 
reported the emission of characteristic lines of alkali 
atoms when their ions strike a metal target covered 
with a thin layer of alkali. He was, however, not able 
to detect the emission of electromagnetic radiation from 
a clean, well-degassed metal surface. In a recent 
communication’ it has been reported that positive ions 
of helium of energies up to 3000 electron volts give 
rise to electromagnetic radiation upon striking a clean, 
well-degassed nickel target. These experiments have 
now been extended to positive ions of hydrogen and 
neon, It has been observed that electromagnetic 
radiation is emitted when ions of hydrogen and neon of 
energies 300-3000 ev strike a clean nickel target. The 
intensity of the radiation obtained with hydrogen posi- 
tive ions is much greater than that obtained with ions 
of neon or helium under similar conditions. With a 
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hydrogen positive ion current of 7X 10~° amp flowing 
to the nickel target, the number of counts obtained per 
minute in the photomultiplier is about 28 000, whereas 
the helium and neon positive ion currents of 2.5 10~ 
amp this number is about 300 and 1300 per min, re- 
spectively. The photomultiplier cathode was at a dis- 
tance of 6.5 cm from the target. We have thus calcu- 
lated that the number of protons required to emit one 
photon from nickel would be between 210° and 
5X 10+. 

The experimental arrangement has already been 
described.’ A well-defined beam of positive ions is 
obtained from a discharge tube and particles of a 
definite energy range are selected by passing the ion 
beam through an electrostatic field produced between 
two parallel metal plates placed in an analyzer behind 
the cathode where high vacuum is maintained during 
the experiments. 

The electromagnetic radiation emitted by the impact 
of positive ions on nickel is detected by photomultipliers 
with glass windows. 

We have carefully examined the effect of the target 
surface conditions on the intensity of the radiation 
emitted from it by carrying out the experiments 
immediately after degassing it and 24 hours later. 
It has been observed that the intensity of the radiation 
from a clean well-degassed surface is less than that from 
an undegassed target. 

The target was degassed by bombarding it with an 
electron beam in vacuum. 

The wavelengths of the electromagnetic radiation 
emitted by the impact of protons on a clean well-de- 
gassed nickel target have been determined by using 
gelatine filters supplied by Kodak Limited of London. 
We have come to the conclusion that most of the radia- 
tion detected in our experiments lies in the ultraviolet 
region between 3300 A and 4000 A, and that there are 
lines between 4700 A and 4900 A. We have so far been 
unable to detect any other lines in the visible region. 

We are of the opinion that the formation of “adions” 
on a clean well-degassed nickel target is not very 
probable as might have been the case in Mayer’s 
experiments with a metal surface covered with a thin 
layer of alkali atoms. 

Experiments are now in progress in this laboratory 
using protons of energies of a few hundred kev to get 
more data on the emission, if any, of soft electro- 
magnetic radiation from metals under these conditions. 
The protons are obtained from a Cockcroft-Walton type 
1.2-million-volt cascade generator with an Oliphant- 
type ion source. The energy of the protons is selected by 
a magnetic analyzer at 15° focusing. 

The details of the experiments will be published later. 

We are grateful to Sir John Cockcroft for his en- 
couragement and interest in these experiments. We are 
also indebted to him and to Dr. Denis Taylor of the 
Atomic Energy Research Establishment, Harwell for 
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having kindly supplied us with photomultipliers and 
electronic equipment which have enabled us to carry 
out these experiments. 
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Multiple Production of Strange Particles 


Tsar-CutU AND MAx MoranD 


Faculté des Sciences, Sorbonne, Paris, France 
(Received October 11, 1956) 


IFTEEN cases'* of pair production of strange 

particles have been reported in nuclear interactions 
caused by artifically accelerated particles and about 
as many others‘ in nuclear interactions caused by 
cosmic rays. A triple production” has been found among 
the particles of a cosmic-ray shower. We have now 
observed in the Sardinia stack $36 (consisting of 40 
sheets of 600u stripped emulsion) an event which 
involves at least three strange particles coming from 
a star of the type 14+-5p. The charged strange particles 
identified are a hyperon =~ captured at the end of its 
trajectory, a hyperon + decaying in flight, and a 
negative K meson interacting in flight. 

The negative hyperon is ejected from the primary star 
at a dip angle of +2° relative to the plane of the 
emulsion and has a flat trajectory of length 876y. 
It comes to rest in the emulsion and produces a small 
star of three prongs. Direct mass determinations made 
on this track using blob-gap measurements give 
(28302-560)m, and multiple scattering (2560+790)m,. 
The two longer prongs of the small star can be identified 
as a particles and the third, the shortest, could also be 
an a particle; the star has a visible energy of about 18 
Mev. The longest prong is too long, and the shortest 
is too short, for either of them to be a radioactive a 
particle. The probability of an accidental coincidence” 
between a radioactive star and the end of a proton is 
less than 10—". The small star indicates that the primary 
particle is a hyperon =~. 

Close to the negative hyperon (at an angle of 13° 
measured clockwise) a positive hyperon is emitted at 
a dip angle of +2°. After traversing a distance of 
8.6 mm approximately parallel to the plane of the 
emulsion, the track shows a deflection of 35° with an 
appreciable increase of ionization and multiple scatter- 
ing afterwards. It ends in the next plate. The trajectory, 
4535u, after the deflection can be identified as that of a 
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proton. Assuming a two-body decay into a proton and a 
neutral meson, we obtain a Q value of 115+20 Mev. 
Measurements on the 8.6-mm trajectory of the rate of 
change of ionization give (2765+670)m., and measure- 
ments of multiple scattering and ionization give 
(2200+ 230)m,. 

A negative K meson appears at 114° measured 
clockwise from the positive hyperon. This particle has 
an ionization twice the minimum and a dip angle of 
—3°. After traversing 285y it interacts with a nucleus 
of the emulsion and produces two particles. One, 
forming an inclined black track, can be traced to its 
ending point and may be identified as a proton; the 
other traverses 24 plates covering a distance totalling 
3.75 cm, at dip angles varying between 30° and 15°, 
and leaves the stack before coming to rest in the emul- 
sion. The trajectories of the three particles are coplanar 
but the momenta are not balanced. The incident particle 
has a mass of (662+290)m, measured by ionization 
and scattering ; the energy balance of the three particles 
excludes the possibility of this incident particle being 
a m meson or a proton. The particle with a trajectory 
of length 3.75 cm has a mass value of (2480+150)m., 
determined by measuring the rate of change of ioniza- 
tion; scattering measurements based on the third 
difference confirm the mass value of a hyperon. 
The interaction must therefore be the capture of a 
negative K meson by a nucleus with production of 
a hyperon. 

The three strange particles happen to be emitted 
nearly in the same plane and to have the same sign 
of strangeness. As strangeness is conserved in the 
associated production of strange particles, there should 
be another three strange particles of the opposite sign, 
positive or neutral K mesons or 6° mesons. No positive 
K meson has been found among the low-energy prongs. 
If one of the three strange particles, e.g., the negative 
hyperon, were an antiparticle (strangeness +1), then 
it would be sufficient to postulate one neutral strange 
particle which would not be observed. 
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ITH apparatus described in part previously,’ 

189.6-Mev electrons have been scattered through 

60° in the laboratory frame from polyethylene and 

carbon targets. Results of this investigation have 

yielded an absolute cross section for scattering from 
protons under these conditions. 

Electron scattering from protons in the energy range 
100 Mev to 550 Mev has been studied previously,*~* 
but absolute cross sections have been obtained only 
approximately. Results of the relative scattering are 
compared with the Rosenbluth’ formula interpreted 
as if the proton had a diffuse charge and a diffuse 
magnetic moment.® In this manner shapes and sizes of 
the charge and magnetic moment distributions are 
obtained. The radiative correction calculated by 
Schwinger® does not enter in a sensitive manner into 
such a relative comparison since its angular dependence 
is very small. The present determination of an absolute 
cross section eliminates one degree of freedom in the 
comparison with theory and provides a check on the 
radiative correction. 

The choice of conditions (189.6 Mev, 60°) for this 
determination was convenient. Thus, scattering from 
the proton’s magnetic moment contributes only ~7% 
to the cross section under these conditions. Hence the 
interpretation of the experiment is not sensitive to 
existing uncertainties in the size of the magnetic moment 
distribution (do/o20.02dR2/R:), which makes only a 
small uncertainty in the 7% contribution. In addition, 
values of the momentum transfer g in the center-of-mass 
system are small enough, so that the squares of the 
form factors are determined to within 1% by the rms 
radius of the distributions (F*+1—4¢@°R?). The shapes 
of the density distributions thus need not be known 
accurately in order to interpret the experiment. The 
recoil energy of the proton is ~17 Mev, so that the 
hydrogen and carbon scattering peaks present in the 
scattering from polyethylene are well separated. For 
this reason the carbon contributes only a 15% back- 
ground to the hydrogen peak area. 

Now charge scattering contributes ~93% to the 
cross section, and, since the finite size makes an ~17% 
contribution to the square of the charge form factor 
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(F;), the cross section is somewhat sensitive to the 
charge radius (do/o—0.3dR,/R:). This fact is 
desirable from the standpoint of obtaining information 
about the size of the charge distribution alone. It is 
undesirable from the standpoint of checking the 
radiative correction. The interpretation of the experi-’ 
ment consists in determining whether or not the 
experimental cross section is consistent with the radia- 
tive correction and existing values of the charge radius. 

A preliminary analysis of the data yields a differential 
cross section of (1.20+0.07)10-* cm?. The fractional 
energy resolution, AE/E, required for the radiative 
correction is approximately just the peak width 
observed in the experiment. However, the radiative 
correction is very insensitive to AE/E for values in 
this range. The experimental peak widths are very 
nearly 1% so that a value 0.01 can be assumed for 
AE/E, yielding a radiative correction of 0.836. This 
correction is applied to the Rosenbluth formula for a 
diffuse proton,’ assuming a magnetic moment rms 
radius of 0.77X10-% cm. The result is compared with 
the above central experimental value, and an rms 
radius of 0.75X10-" cm is determined for the charge. 
This radius is consistent with existing values.® 
Y The details of the experimental arrangement and 
procedure and a more thorough analysis of the data 
will be presented in a paper to be submitted soon to 
the Physical Review. It may be possible at that time 
to establish smaller limits of uncertainty on the 
experimental cross section. 

The author wishes to thank Dr. Robert Hofstadter 
for suggesting this problem and for making many 
valuable suggestions contributing toward its solution. 
Dr. J. A. McIntyre and Mr. A. W. Knudsen have 
presented many worthwhile ideas. Miss Monica Eder 
has been very helpful in taking data. 
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